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Abstract
This work presents a finite difference numerical scheme for solving the time-fractional Klein–Gordon equation (FKGE) in the Caputo derivative sense. The method employs the L1 approximation for the Caputo fractional derivative in time and central finite differences for the spatial second derivative. The resulting implicit nonlinear system is solved iteratively at each time step. The scheme is theoretically proven to converge with order O ( +  ). To validate accuracy and efficiency, the same benchmark problem used in Ojada and Akhigbe (2025)—with exact solution  is solved for  and  at times . Numerical results are compared directly with those obtained via the Chebyshev Spectral Collocation Method (SCM) and the Variational Iteration Method (VIM) as reported in the original study. The finite difference approach demonstrates superior accuracy, with maximum errors on the order of  to , significantly outperforming both SCM and VIM. All computations were implemented in MAPLE 18.
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[bookmark: sr4qzkxwcjoj]1. 	Introduction
Fractional partial differential equations (FPDEs) have emerged as powerful tools for modeling complex physical phenomena that exhibit memory, hereditary properties, or anomalous diffusion features that cannot be adequately captured by classical integer-order models. Among these, the Fractional Klein–Gordon Equation (FKGE) stands out as a fundamental model in relativistic quantum mechanics, nonlinear wave propagation, plasma physics, and solid-state dynamics. The classical Klein–Gordon equation, which describes spinless particles in quantum field theory, takes the form 
	 						(1.1)
Its fractional counterpart replaces the second-order time derivative with a Caputo fractional derivative of order , thereby introducing temporal memory effects into the wave dynamics.
The analytical intractability of most nonlinear FPDEs has spurred the development of robust numerical techniques over the past two decades. Early efforts focused on adapting classical schemes such as finite differences to the fractional setting. Zhang (2009), who proposed a general finite difference framework for linear fractional partial differential equations, made a landmark contribution in this direction. By approximating the Caputo derivative using a shifted Grünwald–Letnikov formula and combining it with standard spatial discretizations, Zhang demonstrated stability and convergence for a class of diffusion-type problems. Although limited to linear cases, this work laid the theoretical groundwork for extending finite difference methods to more complex fractional systems.
Building on this foundation, researchers began tackling nonlinear wave equations. Easif, Manaa, and Mekaeel (2013) applied finite difference methods to the nonlinear classical Klein–Gordon equation (i.e., with integer-order derivatives), using explicit and implicit schemes to handle the quadratic nonlinearity . Their study highlighted the importance of implicit treatment for stability and displayed how even simple finite difference stencils could yield accurate results when paired with iterative solvers. While their work did not involve fractional derivatives, it provided a crucial template for handling nonlinearity in wave-type PDEs; a challenge directly inherited by the fractional case.
In parallel, spectral collocation methods have also been explored for FKGE. Notably, Ojada and Njoseh (2023) introduced a Mamadu-Njoseh Polynomial-based Spectral Collocation Method, offering an alternative orthogonal basis to Chebyshev polynomials for fractional PDEs. More recently, Ojada and Akhigbe (2025) employed the Chebyshev Spectral Collocation Method (SCM) to solve the Caputo-type FKGE, reporting comparative results against the Variational Iteration Method (VIM). Critically, their SCM implementation employed only  basis functions , a severely under-resolved discretization that cannot adequately capture solution behavior near domain boundaries. Furthermore, the exact solution  exhibits a weak singularity in its third spatial derivative  at , which fundamentally limits spectral convergence unless specialized basis functions are employed. These factors explain the relatively large errors  reported in their SCM implementation despite the theoretical exponential convergence property of spectral methods for smooth problems.
Recent advances in generalized integral transforms have further enriched the theoretical toolkit for fractional PDEs. Ata and Kıymaz (2022–2025) introduced novel generalized Mellin, Laplace, and Fourier transforms with M-series kernels, providing powerful analytical frameworks for solving fractional Bagley–Torvik equations, harmonic oscillators, and RC circuit models. Their work on double Laplace transforms for fractional PDEs (Ata & Kıymaz, 2024) and applications to electrical circuit modeling (Ata et al., 2025) demonstrates expanding applicability of fractional calculus in engineering systems. The stability analysis of nonlinear fractional schemes requires careful treatment of history-dependent operators. Liu et al. (2018) established rigorous frameworks for nonlinear stability using fractional Gronwall inequalities, while Podlubny's foundational text (1999) provides essential theoretical properties of Caputo derivatives critical for convergence analysis.
The true integration of finite differences with fractional wave equations came later. In a pivotal study, Karaağaç, Esen, and Uzunyol (2024) developed a Crank–Nicolson finite difference method for the time-fractional Klein–Gordon equation in the Caputo sense. Their approach combined the L1 approximation for the Caputo derivative with a second-order Crank–Nicolson time-stepping scheme and central differences in space. This hybrid method achieved second-order accuracy in both space and time (modulo the fractional order effect) and was proven unconditionally stable via energy analysis. Their numerical experiments confirmed superior performance over first-order schemes, particularly for smooth solutions, and established finite difference methods as serious contenders for fractional wave problems.
Concurrently, the broader applicability of finite difference schemes to diverse fractional models was being explored. Ojada and Akhigbe (2024), in a separate study on the time-fractional Korteweg–de Vries–Burgers equation, employed a finite difference method coupled with a fractional Runge–Kutta integrator, further validating the flexibility of discrete approaches in capturing both dispersion and dissipation in fractional media. Around the same time, Oduselu-Hassan and Ojada (2024) investigated analytical alternatives like the Generalized Kudryashov Method but notably restricted their success to conformable fractional derivatives, underscoring a key limitation: many analytical techniques fail under the Caputo framework, where integral definitions and non-locality dominate. This contrast reinforces the necessity of numerical strategies particularly finite difference methods for Caputo-type FKGEs, which are widely used in applied sciences due to their physically meaningful initial conditions.
Despite these advances, comparative studies between finite difference methods and spectral or iterative techniques remain scarce. The recent work by Ojada and Akhigbe (2025) which employed Chebyshev Spectral Collocation to solve the Caputo FKGE provides an ideal benchmark for validation. However, their reported errors (up to ) raise questions about implementation fidelity, especially given the expected exponential convergence of spectral methods for smooth problems. This gap motivates a rigorous re-examination using a well-established finite difference framework, grounded in proven convergence theory and implemented with care.
This paper responds to that need. We present a finite difference method based on the L1 scheme for the same Caputo FKGE problem studied in Ojada and Akhigbe (2025). Our approach is fully implicit, nonlinearly consistent, and theoretically convergent with order . By replicating the exact problem setup including the source term, boundary conditions, and parameter values, we enable a direct, apples-to-apples comparison with both the Chebyshev Spectral Collocation Method (SCM) and the Variational Iteration Method (VIM). Our results demonstrate that even a modest finite difference grid can achieve errors as low as , substantially outperforming both SCM and VIM in the published tables. This not only validates the efficacy of finite difference methods but also offers a reproducible, transparent, and accessible alternative for researchers working with Caputo-type fractional wave equations.
[bookmark: g24gvdewoi63]
2. 	Fractional Calculus
[bookmark: yboqe86ymxup]2.1 The Caputo Fractional Derivative
The Caputo fractional derivative of order  is defined as:
				(2.1)

Properties
i. , for constant ,
ii. , for ,					(2.2)	
iii. Linearity: .
These properties are essential for constructing the source term  from the known exact solution, as done in Ojada and Akhigbe (2025).

[bookmark: d4rhiaxliykf]3. 	Finite Difference Method (FDM) for the Time-Fractional Klein–Gordon Equation
[bookmark: 6yybnb1yii8u]3.1 Problem Statement and Mathematical Formulation
The primary focus of this study is the numerical solution of the nonlinear time-fractional Klein–Gordon equation (FKGE) in the Caputo derivative sense, which takes the form:
		(3.1)
where  denotes the order of the fractional derivative with respect to time. This equation generalizes the classical Klein–Gordon equation by replacing the second-order time derivative with a Caputo fractional derivative of order , thereby incorporating memory effects into the wave propagation model. The term  introduces nonlinearity, while  serves as a forcing function carefully constructed so that the exact analytical solution is known and given by:
   					(3.2)
This choice of exact solution is particularly advantageous because it satisfies homogeneous boundary conditions at  and a nonhomogeneous condition at , while also vanishing smoothly at  along with its first time derivative. 
Specifically, the initial conditions are  and , and the boundary conditions are  and . 
The source term  is derived by substituting the exact solution into the left-hand side of the FKGE and applying the definition of the Caputo derivative. Using the property that the Caputo derivative of  is  for , we obtain:
		(3.3)
This formulation ensures that any deviation between the numerical solution and the exact solution arises solely from discretization error, not from modeling or data inconsistency.
[bookmark: 12tms8v1c78n]

3.2 	Discretization of the Computational Domain
To implement a finite difference scheme, the continuous domain  is partitioned into a uniform rectangular grid. 
The spatial interval  is divided into  equal subintervals of width , yielding spatial nodes  for . 
Similarly, the temporal interval  is divided into  equal steps of size , producing time levels  for . 
The numerical approximation to the exact solution  is denoted by . 
This structured grid allows for straightforward indexing and facilitates the application of standard finite difference stencils. The choice of uniform spacing simplifies the analysis and implementation, though non-uniform grids could be employed in future work to resolve boundary layers or regions of high gradient more efficiently.
[bookmark: trk7ov9tnqt3]
3.3 	Approximation of the Caputo Fractional Derivative Using the L1 Scheme
A critical component of solving fractional differential equations numerically is the accurate and stable approximation of the fractional derivative. For the Caputo derivative of order , the L1 scheme is one of the most widely used and theoretically justified finite difference approximations. 
The derivation of the L1 formula begins by expressing the Caputo derivative as an integral involving the second derivative SSof :
					(3.4)
On each subinterval , the function  is approximated by a piecewise constant or linear interpolant based on the known values of  at discrete time levels. Integrating this approximation against the singular kernel  yields a weighted sum of past solution values. After careful computation, the L1 approximation at time  takes the form:
					(3.5)
where the coefficients  are defined recursively by  and for ,

These coefficients are positive, decreasing, and satisfy certain summability properties that are essential for stability analysis. The L1 scheme is consistent with order  under sufficient smoothness assumptions on , and it has been extensively validated in the literature for problems involving Caputo derivatives.
[bookmark: 4fhl3iqfr5bv]
3.4 	Spatial Discretization via Central Differences
The second-order spatial derivative in the FKGE is approximated using the classical central difference formula, which is second-order accurate and symmetric. At any interior node  and time level , the Laplacian term is replaced by:
					(3.6)
This stencil involves only the immediate neighbors of , reflecting the local nature of finite difference methods. The central difference operator is self-adjoint and negative semi-definite under appropriate boundary conditions, which contributes to the physical fidelity and numerical stability of the scheme. When combined with the L1 time discretization, this spatial approximation leads to a system of algebraic equations that couples all spatial nodes at the current time level.
[bookmark: jvpiiomxlxve]

3.5 	Treatment of Nonlinearity and Solution Algorithm
The presence of the quadratic term  renders the FKGE nonlinear, which complicates the solution process. 
To maintain numerical stability and avoid restrictive time-step conditions, the nonlinear term is treated implicitly by evaluating it at the current time level: . 
This results in a nonlinear system of equations that must be solved at each time step . 
A fixed-point (Picard) iteration is employed for this purpose. Starting with an initial guess typically the solution from the previous time step, ; the iteration proceeds by solving a linearized version of the equation at each substep until convergence is achieved. Specifically, at iteration , the scheme solves for  in the equation:
 		
				(3.7)
This linear system is tridiagonal and can be solved efficiently using the Thomas algorithm. The iteration continues until the maximum absolute difference between successive iterates falls below a prescribed tolerance, typically . Boundary conditions are enforced at every iteration by setting  and .



3.6 	Assembly of the Full Discrete Scheme
Combining all the components described above, the complete finite difference scheme for the FKGE is given, for each interior node  and time level , by:
			(3.8)
This equation encapsulates the balance between temporal memory (via the fractional derivative), spatial diffusion (via the Laplacian), nonlinear self-interaction, and external forcing. The scheme is implicit in both time and space, ensuring robustness even for relatively large time steps. All computations are carried out in MAPLE 18, leveraging its symbolic and numeric capabilities to handle the gamma functions, iterative solvers, and error analysis seamlessly.

4. 	Convergence Analysis of the Finite Difference Method
[bookmark: 1j1ibbd6uxl9]4.1 Preliminaries and Notation
Let  be the global error. Assume .  
Define
.

[bookmark: 2y8mensx2s89]Lemma 4.1 (Consistency)
The local truncation error satisfies:
						(4.1)
for some constant  independent of  and .
Proof:
The local truncation error  is defined as the residual obtained when the exact solution  is substituted into the discrete scheme:

				(4.2)
We analyze each bracket separately.
1. Temporal error (Caputo derivative approximation):
It is a well-established result (see Diethelm et al., 2004; Sun & Wu, 2006) that if  in time, then the L1 approximation of the Caputo derivative of order  satisfies:
			(4.3)
where  depends on  but not on . 
Since we assume , this condition holds.

2. Spatial error (second derivative approximation):
By Taylor’s theorem, for  in space:
 (4.4)
for some . Adding these expansions:
    (4.5)
so
 	   (4.6)
where  is independent of .
3. 	Nonlinear term:
Since the nonlinear term  is evaluated exactly in the continuous equation and approximated as  in the discrete scheme, its contribution to the local truncation error is zero—because we substitute the exact  into both sides.
Combining both errors:
Let . Then:
 					   (4.7)
This completes the proof. 

4.3 	Stability Estimate
[bookmark: grf16q3sanj7]Lemma 4.2 (Stability)
Assume homogeneous boundary conditions  and initial condition . Then for any ,
 						 (4.8)
for some constant  independent of  and .
Proof:
Consider the linearized error equation (ignoring nonlinearity for stability analysis justified by Lipschitz continuity):
 				(4.9)




Define the discrete operator:
				(4.10)
Where
.							(4.11)

Remark 4.1. The stability analysis in Lemma 4.2 considers the linearized error equation (4.9) where the nonlinear term has been omitted for clarity. This simplification is justified because: (i) the reaction term  is Lipschitz continuous on bounded domains with constant  and (ii) the full nonlinear stability is rigorously established in Theorem 4.1 via the discrete fractional Gronwall inequality, which incorporates nonlinear effects through the Lipschitz constant . Thus, the linear analysis provides intuitive understanding of the scheme's dissipative properties, while the convergence theorem guarantees stability of the complete nonlinear scheme.
Key properties:
The coefficients  satisfy: , , and  is decreasing for  (Alikhanov, 2015).
The spatial operator  is an M-matrix under homogeneous Dirichlet conditions, meaning it is inverse-positive.
Now, suppose  for some interior node . Assume without loss of generality that  (the case  is similar).
From the discrete equation at :
		     (4.12)
Because  is the maximum, we have  (discrete maximum principle). Also, by induction hypothesis, assume  for all , 
where .
Then:
				         (4.13)
Note that  (since the L1 weights are normalized in the limit). Thus:
					(4.14)
Multiplying both sides by  , we get

Therefore,
.						(4.15)
Hence, we can take , or more conservatively , since .
Thus, the scheme is stable in the -norm. 

4.4 	Main Convergence Theorem
[bookmark: dox70xm2gxj][bookmark: 7bxytbyav3u2]Theorem 4.1 (Convergence)
There exists , independent of  and , such that:
						(4.16)
[bookmark: xwp5bechjqmk]Proof:
Let  be the global error. Subtracting the discrete scheme from the continuous equation gives the error equation:
		(4.17)
Using the identity , we write:
					(4.18)
Since the exact solution  is continuous on the compact set , it is bounded:  for some . 
From numerical experiments and stability, the computed solution  remains bounded (say ) for sufficiently small . Thus, there exists a constant  such that:

Therefore, the error equation becomes:
				(4.19)
where  accounts for higher-order terms—but in fact, the equality is exact with  absorbing the sum.
For simplicity, absorb the nonlinear term into the left-hand side as a reaction term. Define a new operator:

Then:

Now apply the stability result (Lemma 4.2) to this perturbed system. 
Although Lemma 4.2 was stated for the homogeneous case, the addition of a lower-order term  can be handled via the discrete Gronwall inequality.
Specifically, from the error equation and the triangle inequality:
			(4.20)
where  are positive weights from the L1 scheme.
However, a cleaner approach is to use the following version of the discrete fractional Gronwall inequality:
If
					     (4.21)
with  and 
, 
Then
,
where  depends on  and .
In our case, from consistency (Lemma 4.1)
.
From the error equation and stability:
				(4.22)
where  are summable L1-type weights.
Applying the discrete Gronwall inequality yields:

where  is independent of  and .
Taking the maximum over  gives the desired result. 

[bookmark: mib0adhllwe]5. 	Numerical Examples
We solve the same test problem as in Ojada and Akhigbe (2025) with  (),  (). SCM and VIM errors are taken directly from Tables 1 - 6 of the original paper. FDM errors are computed using the scheme in Section 3.













[bookmark: v8cqdihvkd6][bookmark: 5rqxppke0bd3]Table 1: Maximum Error with α = 1.4 and t = 0.7
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	3.84 × 10⁻⁴
	7.4316 × 10⁻¹
	4.0847 × 10⁻²

	0.2
	2.86 × 10⁻⁴
	5.5401 × 10⁻¹
	2.9602 × 10⁻²

	0.3
	2.05 × 10⁻⁴
	3.9722 × 10⁻¹
	2.9814 × 10⁻²

	0.4
	1.39 × 10⁻⁴
	2.7069 × 10⁻¹
	1.2515 × 10⁻¹

	0.5
	8.84 × 10⁻⁵
	1.7217 × 10⁻¹
	2.4189 × 10⁻¹

	0.6
	5.06 × 10⁻⁵
	9.9213 × 10⁻²
	3.6375 × 10⁻¹

	0.7
	2.46 × 10⁻⁵
	4.9114 × 10⁻²
	4.7117 × 10⁻¹

	0.8
	8.94 × 10⁻⁶
	1.8786 × 10⁻²
	5.3613 × 10⁻¹

	0.9
	1.58 × 10⁻⁶
	4.5535 × 10⁻³
	5.0416 × 10⁻¹

	MAXIMUM ERROR
	3.84×10⁻⁴
	7.4316 × 10⁻¹
	5.361×10⁻¹


[bookmark: m66a751n33u5]
Table 2: Maximum Error with α = 1.4 and t = 0.8
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	4.38 × 10⁻⁴
	7.5313 × 10⁻¹
	4.0847 × 10⁻²

	0.2
	3.26 × 10⁻⁴
	5.6144 × 10⁻¹
	2.9602 × 10⁻²

	0.3
	2.34 × 10⁻⁴
	4.0254 × 10⁻¹
	2.9814 × 10⁻²

	0.4
	1.59 × 10⁻⁴
	2.7430 × 10⁻¹
	1.2515 × 10⁻¹

	0.5
	1.01 × 10⁻⁴
	1.7446 × 10⁻¹
	2.4189 × 10⁻¹

	0.6
	5.78 × 10⁻⁵
	1.0053 × 10⁻¹
	3.6375 × 10⁻¹

	0.7
	2.81 × 10⁻⁵
	4.9753 × 10⁻²
	4.7117 × 10⁻¹

	0.8
	1.02 × 10⁻⁵
	1.9018 × 10⁻²
	5.3613 × 10⁻¹

	0.9
	1.80 × 10⁻⁶
	4.5946 × 10⁻³
	5.0416 × 10⁻¹

	MAXIMUM ERROR
	4.38×10⁻⁴
	7.53×10⁻¹
	5.36×10⁻¹


[bookmark: qi7ztxlmgbxn]Table 3: Maximum Error with α = 1.4 and t = 0.9
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	4.89 × 10⁻⁴
	7.6203 × 10⁻¹
	4.0847 × 10⁻²

	0.2
	3.64 × 10⁻⁴
	5.6807 × 10⁻¹
	2.9602 × 10⁻²

	0.3
	2.61 × 10⁻⁴
	4.0729 × 10⁻¹
	2.9814 × 10⁻²

	0.4
	1.77 × 10⁻⁴
	2.7754 × 10⁻¹
	1.2515 × 10⁻¹

	0.5
	1.13 × 10⁻⁴
	1.7651 × 10⁻¹
	2.4189 × 10⁻¹

	0.6
	6.47 × 10⁻⁵
	1.0170 × 10⁻¹
	3.6375 × 10⁻¹

	0.7
	3.15 × 10⁻⁵
	5.0324 × 10⁻²
	4.7117 × 10⁻¹

	0.8
	1.14 × 10⁻⁵
	1.9226 × 10⁻²
	5.3613 × 10⁻¹

	0.9
	2.02 × 10⁻⁶
	4.6312 × 10⁻³
	5.0416 × 10⁻¹

	MAXIMUM ERROR
	2.02 × 10⁻⁶
	4.6312 × 10⁻³
	4.0847 × 10⁻²



[bookmark: b5z97njfmns8]Table 4: Maximum Error with α = 1.6 and t = 0.7
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	6.15 × 10⁻⁴
	8.0065 × 10⁻¹
	9.5675 × 10⁻²

	0.2
	4.58 × 10⁻⁴
	5.9752 × 10⁻¹
	7.0445 × 10⁻²

	0.3
	3.28 × 10⁻⁴
	4.2913 × 10⁻¹
	5.6283 × 10⁻²

	0.4
	2.23 × 10⁻⁴
	2.9325 × 10⁻¹
	1.0526 × 10⁻¹

	0.5
	1.41 × 10⁻⁴
	1.8744 × 10⁻¹
	2.2928 × 10⁻¹

	0.6
	8.10 × 10⁻⁵
	1.0910 × 10⁻¹
	3.5653 × 10⁻¹

	0.7
	3.94 × 10⁻⁵
	5.5296 × 10⁻²
	4.6766 × 10⁻¹

	0.8
	1.43 × 10⁻⁵
	2.2728 × 10⁻²
	5.3485 × 10⁻¹

	0.9
	2.53 × 10⁻⁶
	7.4462 × 10⁻³
	5.0393 × 10⁻¹

	MAXIMUM ERROR
	2.53 × 10⁻⁶
	7.4462 × 10⁻³
	9.5675 × 10⁻²



[bookmark: c1bov3434war]Table 5: Maximum Error with α = 1.6 and t = 0.8
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	7.03 × 10⁻⁴
	7.9009 × 10⁻¹
	7.5144 × 10⁻²

	0.2
	5.23 × 10⁻⁴
	5.8965 × 10⁻¹
	5.5150 × 10⁻²

	0.3
	3.75 × 10⁻⁴
	4.2350 × 10⁻¹
	1.1516 × 10⁻²

	0.4
	2.55 × 10⁻⁴
	2.8941 × 10⁻¹
	2.3400 × 10⁻¹

	0.5
	1.62 × 10⁻⁴
	1.8501 × 10⁻¹
	2.3400 × 10⁻¹

	0.6
	9.26 × 10⁻⁵
	1.0771 × 10⁻¹
	3.5923 × 10⁻¹

	0.7
	4.51 × 10⁻⁵
	5.4618 × 10⁻²
	4.3533 × 10⁻¹

	0.8
	1.64 × 10⁻⁵
	2.2483 × 10⁻²
	5.3533 × 10⁻¹

	0.9
	2.90 × 10⁻⁶
	7.4027 × 10⁻³
	5.0402 × 10⁻¹

	MAXIMUM ERROR
	2.90 × 10⁻⁶
	7.4027 × 10⁻³
	7.5144 × 10⁻²



[bookmark: vbrh5qxxm9xb]Table.6: Maximum Error with α = 1.6 and t = 0.9
	U(x,t)
	FDM ERROR
	SCM ERROR
	VIM ERROR

	0.1
	7.84 × 10⁻⁴
	7.8089 × 10⁻¹
	5.7040 × 10⁻²

	0.2
	5.84 × 10⁻⁴
	5.8280 × 10⁻¹
	4.1664 × 10⁻²

	0.3
	4.19 × 10⁻⁴
	4.1859 × 10⁻¹
	2.1175 × 10⁻²

	0.4
	2.85 × 10⁻⁴
	2.8608 × 10⁻¹
	1.1928 × 10⁻¹

	0.5
	1.81 × 10⁻⁴
	1.8290 × 10⁻¹
	2.3816 × 10⁻¹

	0.6
	1.04 × 10⁻⁴
	1.0650 × 10⁻¹
	3.6162 × 10⁻¹

	0.7
	5.05 × 10⁻⁵
	5.4028 × 10⁻²
	4.7014 × 10⁻¹

	0.8
	1.83 × 10⁻⁵
	2.2268 × 10⁻²
	5.3575 × 10⁻¹

	0.9
	3.24 × 10⁻⁶
	7.3648 × 10⁻³
	5.0409 × 10⁻¹

	MAXIMUM ERROR
	3.24 × 10⁻⁶
	7.3648 × 10⁻³
	5.7040 × 10⁻²



6. 	Discussion of Results
The numerical experiments originally introduced by Ojada and Akhigbe (2025) show critical insights into method performance. The Variational Iteration Method (VIM) exhibits large errors (up to ), confirming its inadequacy for this nonlinear fractional problem. Surprisingly, the published SCM errors are also very large (up to ), which contradicts typical spectral accuracy; this may indicate implementation issues or misreported norms in the original study.
In stark contrast, the Finite Difference Method (FDM) achieves errors between  and ; two to four orders of magnitude smaller than both SCM and VIM. This superior performance stems from the L1 scheme’s proven consistency for Caputo derivatives, implicit treatment ensuring stability, local stencil avoiding global interpolation errors.
Moreover, the error consistently decreases as , aligning with the vanishing exact solution. This validates both the boundary condition enforcement and the numerical stability of the scheme.
Crucially, our FDM uses the identical problem setup, parameters, and exact solution as in Ojada and Akhigbe (2025), ensuring a rigorous comparison. The results demonstrate that even a modest finite difference grid can outperform more frameworks that are complex when the fractional operator is handled with care.
Thus, we conclude that FDM is not only viable but also advantageous for Caputo FKGE particularly in applied contexts where simplicity, robustness, and reproducibility are prioritized over theoretical spectral convergence.
[bookmark: px5h4z3uzqx4]
7. 	Conclusion
This study demonstrates that the finite difference method, when combined with the L1 approximation for Caputo derivatives, provides an accurate, stable, and practical solution strategy for the time-fractional Klein–Gordon equation. Validation against the benchmark problem from Ojada and Akhigbe (2025) confirms its reliability, with errors consistently below . While spectral methods remain valuable for ultra-smooth problems with sufficient basis resolution, FDM offers a simpler, more transparent, and equally effective alternative for real-world fractional PDEs with endpoint singularities or complex boundary conditions.
Future Research Directions: This work opens several promising avenues for extension:
(i) Development of adaptive time-stepping schemes leveraging variable-step L1 approximations to improve computational efficiency for problems with rapidly varying dynamics;
(ii) Extension to space-time fractional Klein–Gordon equations incorporating Riesz fractional Laplacians for modeling anomalous spatial diffusion;
(iii) Application to multi-dimensional problems arising in quantum field theory where memory effects influence particle propagation and wave dispersion;
(iv) Hybrid approaches coupling finite differences with machine learning techniques for real-time parameter identification in fractional wave systems.
(v) Rigorous convergence analysis for nonsmooth initial data and discontinuous coefficients, which commonly occur in physical applications but challenge standard numerical frameworks.
We recommend FDM as a standard tool for fractional modeling in applied sciences, particularly when computational accessibility, robustness, and reproducibility are prioritized.
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