Sensitivity Analysis of a Mathematical Model for The Transmission of Measles with Passive Immunity
ABSTRACT
A deterministic compartmental model for measles transmission incorporating a passively immune class is developed and analyzed. The model is formulated as a system of ordinary differential equations capturing the dynamics of passive immunity, susceptibility, exposure, infection, and recovery. Analytical and numerical sensitivity analyses of the basic reproduction number(R₀), are performed to identify epidemiological parameters that most strongly influence disease transmission. The results show that the effective contact rate and vaccination coverage are the most influential parameters, underscoring the importance of sustained immunization and reduced contact during outbreaks. The study provides quantitative insights relevant for measles control and public health planning.
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1 Introduction

Measles remains one of the most contagious viral infectious diseases affecting children worldwide, despite the availability of a safe and effective vaccine. It is transmitted through respiratory droplets and direct contact with infectious secretions, which can remain viable in the air or on contaminated surfaces for up to two hours. Due to its high basic reproduction number (R₀), measles continues to pose a serious public health challenge, particularly in low- and middle-income countries where vaccination coverage remains sub-optimal (Moss, 2017; Metcalf et al., 2018).
Although global measles mortality has declined significantly following the introduction of routine immunization programs, outbreaks continue to occur, largely driven by immunity gaps, delayed vaccination, population mobility, and inequitable access to healthcare services (Dabbagh et al., 2018; WHO & UNICEF, 2023). In sub-Saharan Africa, including Kenya, the uptake of the second dose of the measles-containing vaccine (MCV2) remains below the level required to achieve herd immunity, thereby sustaining transmission within vulnerable populations.
Maternal antibodies provide temporary passive immunity to newborns; however, this protection wanes within a few months after birth, exposing infants to infection before they become eligible for routine vaccination (Leuridan & Van Damme, 2019). This early loss of maternal immunity has important implications for measles transmission dynamics and highlights the need to explicitly incorporate passive immunity into mathematical models.
Mathematical modeling is a well-established tool for understanding measles dynamics and assessing the impact of vaccination and other control strategies (Thompson et al., 2018; Bonyah & Khan, 2020). However, uncertainty in epidemiological parameters necessitates sensitivity analysis to identify parameters that most strongly influence disease transmission. In particular, sensitivity analysis of R0R_0R0​ provides guidance on which public health interventions are likely to be most effective (Li et al., 2019).
In this study, a deterministic compartmental model for measles transmission with passive immunity is formulated and analyzed. Both analytical and numerical sensitivity analyses are conducted to assess the relative importance of key parameters, with the aim of informing effective measles control strategies.
2. Formulation of the Mathematical Model of Measles
In this section, we describe and develop the model of measles dynamics based on the several assumptions.
2.1 Model assumptions
In developing the model, the following assumptions were made;
1. Individuals get into the system by birth only.
2. Al new born infants acquire passive immunity from their mothers hence they are disease free.
3. All the variables and parameters used in the model are non-negative.
4. All recovered individuals acquire permanent immunity.
5. There is free interaction within the population. 
2.2 Justification of Model Assumptions
The assumption that individuals enter the population through birth reflects the long-term demographic dynamics of measles, which primarily affects children. The inclusion of a passively immune class acknowledges that newborns receive maternal antibodies that provide temporary protection against infection. This assumption is supported by immunological studies showing that maternal antibodies decay within a few months after birth.
Permanent immunity following recovery is a well-established characteristic of measles infection and justifies the absence of reinfection in the recovered class. Homogeneous mixing, although an idealization, allows the model to focus on average transmission behavior and facilitates analytical tractability. While real populations exhibit heterogeneous contact patterns, the homogeneous mixing assumption remains widely accepted in baseline measles models.
The assumption of non-negative state variables ensures biological feasibility, while the exclusion of immigration and emigration simplifies the analysis without significantly altering the qualitative behavior of the system over the timescale considered.
2.3 Model structure and equations 
The population is subdivided into five compartments: passively immune (M), susceptible (S), exposed (E), infectious (I), and recovered (R). The model assumes homogeneous mixing, permanent immunity after recovery, such that

The flow of individuals between compartments is illustrated in Figure 1.
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Figure 1: Schematics depicting transitions between different compartments, transmission and mortalities rates (Authors 2019)
The measles transmission model with passive immunity incorporates several epidemiological and demographic parameters. Each parameter represents a specific biological or public health process and is defined as follows:
	Parameter
	Description

	
	Effective contact rate between susceptible and infectious individuals

	
	Rate of loss of passive immunity

	
	Proportion of individuals successfully vaccinated at birth

	
	Progression rate from exposed to infectious class

	
	Recovery rate of infectious individuals

	
	Natural death rate

	
	Disease-induced death rate



Table 1: summarizes the model parameters and their epidemiological interpretations.
The model is governed by the following system of ordinary differential equations:

[bookmark: _Toc529816217]2.4 Interpretation of Model Parameters
Each parameter in the model has a clear epidemiological interpretation. The effective contact rate captures both the frequency of contact between individuals and the probability of transmission per contact. This parameter is influenced by behavioral, cultural, and environmental factors, making it one of the most variable and influential components of the model.
The rate of loss of passive immunity determines the speed at which infants transition from the protected class to the susceptible class. This parameter plays a critical role in shaping early-life susceptibility and has important implications for vaccination timing. The vaccination parameter represents the proportion of newborns who successfully acquire immunity through immunization at birth or shortly thereafter.
The progression rate from exposed to infectious individuals reflects the incubation period of measles, while the recovery rate determines the duration of infectiousness. Natural and disease-induced death rates account for demographic turnover and disease severity, respectively. Together, these parameters govern the flow of individuals through the compartments and determine the overall disease dynamics.

2.5 Basic Reproduction Number 
Basic reproduction number, , is a significant threshold in determining whether the disease dies out or persists in the population. It is a measure of the speed with which a disease spreads through a population. Using the next-generation matrix approach, ​ is computed as the dominant eigenvalue of the linearized infection subsystem evaluated at the disease-free equilibrium (DFE).  A consistent notation    is used throughout the manuscript.

[bookmark: _Toc529816232]3. Sensitivity Analysis
The normalized forward sensitivity index of R0 with respect to a parameter p is defined as:

This index measures the relative change in   resulting from a relative change in parameter p.
3.1 Importance of Sensitivity Analysis in Epidemiological Modeling
Sensitivity analysis is a crucial component of mathematical epidemiology, particularly when models rely on parameters that are difficult to estimate accurately. In real-world settings, parameter values may vary across populations and over time due to behavioral changes, intervention strategies, or data limitations. Sensitivity analysis helps assess the robustness of model predictions under such uncertainty.
The normalized forward sensitivity index used in this study provides a dimensionless measure of how responsive the basic reproduction number is to changes in each parameter. A positive sensitivity index indicates that an increase in the parameter leads to an increase in R₀, while a negative index implies a reduction in transmission potential.
Analytical sensitivity analysis offers valuable qualitative insights by revealing direct mathematical relationships between parameters and R₀. Numerical sensitivity analysis complements this approach by allowing simultaneous variation of multiple parameters and validating analytical findings under realistic conditions.
In the context of measles control, sensitivity analysis is particularly relevant because it highlights parameters that can be targeted through public health interventions. Parameters with high sensitivity indices warrant greater attention, as small improvements in these parameters can yield substantial reductions in disease transmission.


3.2 Analytical Sensitivity Indices
Analytical expressions for the sensitivity indices of R₀ with respect to key parameters are derived in the subsections below. The results show that R₀  is positively sensitive to the effective contact rate and negatively sensitive to vaccination coverage, recovery rate, and progression rate. These findings are consistent with established epidemiological theory.
3.2.1 Sensitivity with respect to the contact rate
The partial derivative of R₀ with respect to β is:

Hence, the sensitivity index is:

This indicates that the basic reproduction number is directly proportional to the contact rate.

3.2.2 Sensitivity with respect to vaccination coverage
The partial derivative of R₀ with respect to θ is:

Thus, the sensitivity index is:

This negative value implies that an increase in vaccination coverage significantly reduces measles transmission.

3.2.3 Sensitivity with respect to the progression rate 
The partial derivative of  with respect to is:

Therefore, the sensitivity index is:

This result shows that increasing the progression rate from exposed to infectious reduces R₀ by shortening the latent period.

3.2.4  Sensitivity with respect to the recovery rate
The partial derivative of R₀ with respect to γ is:

Hence, the sensitivity index is:

This indicates that faster recovery decreases the average infectious period and lowers disease transmission.

3.2.5 Sensitivity with respect to the disease-induced death rate
The partial derivative of R₀ with respect to δ is:

Thus, the sensitivity index is:


	Parameter
	Description
	Sensitivity Index

	
	Contact rate
	

	
	Vaccination at birth
	

	
	Progression rate
	

	
	Recovery rate
	

	
	Disease-induced death rate
	


Table 2: Sensitivity Indices of
3.3. Numerical Simulations
Numerical sensitivity indices are computed using baseline parameter values (Appendix A). The results, summarized in Table 3, confirm that the effective contact rate and vaccination coverage are the most influential parameters affecting R₀.
[bookmark: _Toc11149207]3.3.1 equilibrium points and basic reproduction number
The model admits a disease-free equilibrium (DFE), given explicitly by

where the equilibrium values are defined in terms of model parameters.
When , an endemic equilibrium (EE) exists and is given by

with all components positive. 
The equilibrium points of our model were analyzed  at high contact rate using Matlab software. From the results, it was found that the DFE is,

While the EE point for our model  is,

the EE point for our model at   is, 

The basic reproductive number  for  and  for . 
[bookmark: _Toc11149208]3.3.2  sensitivity index
Using parameter values in Appendix A, the sensitivity of  to all the parameters are given out in the table 3 below. This indices will be used to identify parameters with high impact on  and to which intervention strategies are to target.
	Parameter
	Sensitivity index

	
	+1.00000

	
	-0.962819

	
	+0.000686

	
	

	
	-0.016918

	
	+0.961543

	
	- 0.00051

	
	-0.982492


[bookmark: _Toc11149273]Table 3: the constant sensitivity indices of model parameters

The signs and magnitude of the sensitivity indices, helps to show the direction of the response to small variation in the input parameters and importance of each parameter in the model output respectively. From the computed sensitivity indices in table 3, the parameters  and  have positive indices. This indicates that  increases when these parameters are increased, when all the other parameters are held constant. The parameters  and  have negative indices. This indicates increase in these parameters while holding constant all the other parameter, decreases  value. The parameter that is most sensitive is the contact rate, , followed by  then , while the least sensitive one is the recovery rate, .
From the sensitivity indices it shows that to reduce measles transmission in a population, vaccination and treating the infected people will stop the disease from being transmitted.
Sensitivity of the model variables to all the parameters at endemic equilibrium point was also carried out numerically and the results are shown in the table below.

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


[bookmark: _Toc11149274]Table 4: The sensitivity indices for the model variables to the parameters at EE.
From the table, the most sensitive parameter is the recovery rate due to measles treatment. It shows that the recovery increase when the measles treatment is increased. From the table, it is also shown that if the proportion of those who are successfully vaccinated is increased, the number of exposure to the virus reduces and infection is also reduced. The effect of passive immunity from maternal antibodies is also evident from the table. Increase in the immunity decreases the number of the exposed and increases the number of recovered individuals.	 When the contact rate is increased, the number of exposed and infected individuals also increases, while the rate at which the susceptible individual becomes exposed is increased it increases the number of infected individuals.



3.3.3 Interpretation of Numerical Sensitivity Results
The numerical sensitivity indices reveal that the effective contact rate is the most influential parameter affecting R₀. This finding underscores the importance of social behavior, population density, and movement patterns in measles transmission. Interventions aimed at reducing contact rates during outbreaks, such as isolation and public awareness campaigns, can therefore play a supportive role alongside vaccination.
Vaccination coverage exhibits a strong negative sensitivity index, confirming its critical role in disease control. Increasing vaccination coverage reduces the pool of susceptible individuals and enhances herd immunity, thereby lowering transmission potential. The progression and recovery rates exhibit moderate sensitivity, indicating that improvements in case management and early diagnosis contribute to transmission reduction, albeit to a lesser extent.
The relatively low sensitivity associated with disease-induced mortality reflects the fact that measles transmission is driven more by contact and susceptibility than by fatal outcomes.

3.3.4 The effect on 
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Figure 2: Sensitivity of  to contact rate
The number of infections are increasing with increase to the individuals coming into contact with the infected individuals.
[image: ]
Figure 3: Sensitivity of  to Vaccination coverage
From Figure 3 above the number of infections decreases with increase with increase in the number of individuals who get vaccinated.
[image: ]
Figure 4: Sensitivity of  to progression rate
 The figure shows that increasing the progression rate from exposed to infectious reduces R₀ by shortening the latent period.
4. Discussion and Conclusion
The findings of this study have important implications for measles control and elimination strategies. The dominance of vaccination coverage in determining transmission dynamics reinforces the need for sustained investment in routine immunization programs. Efforts should focus on improving access to vaccination services, addressing vaccine hesitancy, and ensuring completion of the recommended two-dose schedule.
The role of passive immunity highlights the vulnerability of infants and the importance of herd immunity in protecting this age group. Policymakers should consider strategies that maintain high population immunity, particularly in settings with high birth rates.
Overall, the results demonstrate that mathematical modeling combined with sensitivity analysis provides a powerful framework for informing evidence-based public health decision-making.
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Appendices
Appendix A: Data for baseline parameter values
In this appendix we show the data, explanation for the parameter values of the model and the references for the values.
Table A1: The parameter values of the model and the references for the values.
	Parameter description
	symbol
	dimension
	value
	Range of value
	reference

	Birth rate
	
	
	
	
	

	Mortality rate
	
	
	
	
	

	Contact rate
	
	
	
	
	

	Infectious rate
	
	
	
	
	

	Recovery rate due to treatment
	
	
	
	
	

	Rate of mortality due to measles
	
	
	
	
	

	passive immunity loss rate
	
	
	
	
	

	Proportion of those at birth were vaccinated successfully
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