


Quantile Plot Visualization of Central Composite Designs in Multidimensional Space

Abstract
This study assesses and compares the prediction variances (PV) of competing response surface designs, including Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution (MinRes) V designs. While traditional single-value optimality criteria (A-, D-, G-, and I-optimality) and prediction-based assessments such as Variance Dispersion Graphs (VDG) and Fraction of Design Space (FDS) provide useful insights, they fall short of fully characterizing the distribution of PV across the design space. Consequently, quantile plots are employed to examine the stability and prediction capability of these designs, providing a more comprehensive assessment of their performance. The results reveal clear differences in the distribution and stability of prediction variances among the designs, with some designs exhibiting more robust and uniform predictive behaviour across the experimental region. These findings demonstrate that quantile plots offer valuable complementary information beyond conventional criteria and support more informed design selection in response surface methodology, thereby improving prediction reliability and experimental efficiency.
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1. Introduction
The single-value optimality criteria, such as A-, D-, G-, and I- optimality criteria, are commonly employed in evaluating response surface designs. These criteria provide a concise summary of a design's performance but sometimes fail to elucidate how the prediction variance of the response surface is distributed throughout the region of interest (Giovannitti-Jensen and Myers, 1989). For prediction-based assessments, alternative graphical techniques, including variance dispersion graph (VDG), fraction of design space (FDS) plots, and quantile plots, offer a more comprehensive evaluation of the prediction variances of competing response surface designs (Borkowski, 1995; Li-liang et al., 2009; Ukegbu and Chigbu, 2015; Onwuamaeze, 2021).
The VDG, proposed by Giovannitti-Jensen and Myers (1989) and applied by Borkowski (1995), Li-liang et al. (2009), Ukegbu and Chigbu (2015), and Onwuamaeze (2021), is a two-dimensional plot that displays the maximum, minimum, and average prediction variance (PV) function on concentric spheres inside the region of interest against their radii (Goldfarb et al., 2004). This graphical technique allows for the visualization of the uniformity of the variance of a predicted value in multidimensional space (Li-liang et al., 2009). The VDG plot can identify sub-regions where the design predicts the response well and where it does not (Myers et al., 1992).
Another graphical technique, the FDS plot, developed by Zahran et al. (2003), plots the prediction variance against the fraction of design space that is less than or equal to the given prediction variance value. The cumulative fraction provides the experimenter with a sketch of the prediction variance throughout the design region (Godfarb et al., 2004). While VDG and FDS plots offer valuable insights, they do not provide information about the distribution of prediction variance on a given region of interest, except for the centre and extreme points (Khuri et al., 1999). To address this limitation, Khuri et al. (1996) proposed quantile plots, which show the full description of the distribution of prediction variances, including the first quartile, median, and third quartile, on a given sphere in terms of its quantiles (Borkowski, 1995; Chigbu and Umelo-Ibemere, 2015).
This study aims to re-examine the stability and prediction capability of three second-order response surface designs: Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution V (MinRes) designs. By employing quantile plots to evaluate the prediction variance in the cuboidal region, this research seeks to provide a detailed description of the distribution of prediction variance and recommend designs based on their performance characteristics.
1.1 Second-Order Response Surface Designs
This paper considers three second-order response surface designs: Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution V (MinRes V) design. These designs are commonly used for fitting a second-order model and have similar structures comprising a factorial portion, an axial portion, and centre points. The difference between the designs lies in the nature of the factorial portion. While the CCD uses a full or fractional factorial of resolution V or higher, the SCD utilizes a fractional factorial of resolution III. The MinRes V designs are equirreplicated two-level irregular fractions of resolution V that can be used as standalone designs or as the factorial portion of CCD in response surface methodology (Chigbu et al., 2009).
The Central Composite Design (CCD) was developed by Box and Wilson (1951) and is the most widely used class of second-order model designs. The CCD consists of:
















full () or fractional () factorial design of at least resolution V, each point is of the form  () = (); axial points or star runs, axial points or star runs, is of the form  =  for. The centre point, is of the form () = (see, for example, Onukogu and Chigbu 2002, pp.72-73). CCD makes use of points to estimate the model parameters according to Atkinson and Donev (1992, p. 68). According to Montgomery (2005), for a cuboidal region of interest, the best choice of from the view point of the prediction variance for the CCD is to set (see also Borror et al. 2005).
The Small Composite Design (SCD), introduced by Hartley (1959), offers a more compact alternative to the Central Composite Design (CCD). Unlike CCD, SCD's factorial portion is not a full 2k design or a resolution V fraction (Myers and Montgomery, 2002). Instead, it has a resolution III design, where main effects are not aliased with each other, but are aliased with two-factor interactions, and two-factor interactions may be aliased with each other (Zahran, 2002). The factorial portion of SCD is based on Plackett-Burman designs, while the axial portion and number of centre points are chosen arbitrarily.
In contrast, the Minimum-run Resolution V (MinResV) design, developed by Oehlert and Whitcomb (2002), is a smaller alternative to standard two-level designs for estimation. Similar to CCD, MinResV's basic construction involves a factorial portion of resolution V, ensuring that no main effect or two-factor interaction is aliased with another main effect or two-factor interaction. However, two-factor interactions may be aliased with three-factor interactions (Montgomery, 2005, p. 338).








The total number of design runs for each case can be calculated using the formula:  where  is the factorial portion (for) or fractional factorial portion (for) and  is an integer, is the axial portion while  is the number of centre points. The size of the factorial portion differs according to design variation thereby making them unequal across all designs for any given number of factors, .  
1.2. Model Description
The model used in response surface analysis of second-order designs is the second-order polynomial given by:

                                                                                   (1)
In matrix notation (1) can be written as in (2)

                                                                                                                                    (2)












where y is an  vector of observed response;  is an  expanded design matrix (or model matrix);  is a vector of unknown coefficients, and is the random error term which are normally and independently distributed with a mean zero and variance . An n-point response surface design can be represented by  design matrix. Each of the n-rows corresponds to an experimental run or point, and the  column entries correspond to an experimental setting of the  design variables. This design is expanded into design matrix, the number of columns, p, is the number of parameters in the model. See Borror et al (2006). The predicted response  at a point  in a region of interest is given by (3) as


                                                                                                                           (3)


and the variance of , or the prediction variance at , is of the form 

                                                                                               (4)



where is the vector of coordinates of a point in the design space expanded to model form,  is the expanded design matrix and  is the error variance.


Since these designs may consist of different numbers of runs, we consider first weighting the prediction variance by, the number of experimental runs, to make the comparisons fair. Furthermore, the prediction variance is made scale free by dividing it by, the error variance. We thus obtain the quantity in (5)

                                                                                              (5)



which we refer to as the scaled prediction variance (SPV), and  is the number of design points. The scaling is used to facilitate comparison among competing designs, to know if additional run improves the prediction capability of the design relative to the cost of the design represented by : see, for example, Giovannitti-Jensen and Myers (1989), Borkowski (1995), Borkowski (2003), Montgomery (2005), Anderson-Cook et a (2009),  Li-Lang et al. (2009), Khuri et al (1999) and Onwuamaeze (2021). Li-Lang et al. (2009) stated that small values of  is desirable. 
2. Material and Methods
2.1. Graphical technique for evaluation





The graphical techniques used to compare the three designs are; CCD, SCD and MinRes V design is the quantile plot of the prediction variance. The quantile plot was introduced by Khuri, Kim and Um (1996) and is used to chart the behaviour of the prediction variance distribution within the region of interest. The quantile of the scaled prediction variance can be estimated by randomly selecting a large number of points on a sphere and evaluating the SPV in equation (4) at each one of these points. The random selection of points is conveniently achieved by using spherical coordinates, see for example, Umelo (2018), Khuri, Harison and Cornell (1999), Jang, Anderson-Cook and Kim (2011). Any point on  can be represented using  independent spherical coordinates such that





where values of  are randomly selected from independent uniform distribution such that  (Khuri and Mukhopadhyay  2010). For a given 











r, the resulting values of are used to evaluate the SPV.  A large number of points are chosen in this manner to obtain a sample,  consisting of SPV values on. The quantiles  of  are obtained and the plots of versus, can be obtained for any value of r within the region of interest. Using this method, the prediction variance properties of more than one design can be compared by superimposing their respective quantiles of their prediction variance for each value of  inside the region. This is called the combined quantile plots.  CCD, SCD and MinRes V for three factors (k  3) with 2, 3, and 5 centre points are compared by using the combined quantile plots, (see for example, Khuri, Kim & Um, 1996, Chigbu & Umelo-Ibemere, 2015 and Umelo‑Ibemere, 2023). The second-order model of the form in equation (1) is fitted using the face-centred cube ( 1) for CCD, SCD and MinRes V.  The quantiles of the scaled prediction variance for each design (CCD, SCD, MinRes V) are evaluated for k  3 with 2, 3 and 5 centre points. For each k, 10,000 points are randomly generated from uniform distribution on S(r) by using . Then, the plot of the quantiles  versus p for the designs are obtained. Programme code was written in R to generate uniform random numbers, obtain the scaled prediction variance (SPV), the quantiles   and the combined quantile plots. 

The Quantile of the scaled prediction variance for CCD, SCD and MinRes V designs are the designs commonly used for fitting second-order models. We considered a cuboidal region as our region of interest, which means that the axial parameter   1. Both designs are for k = 3 with centre points n0 = 2, 3 and 5. All the designs were scaled so that their points will fall within sphere of radius . The design with stable scaled prediction variance (no dispersion) and smaller values of the scaled prediction variances are preferred to other designs. 
3. Results and Discussion
Figure 1 and figure 2 show the quantile plot and boxplot respectively for different values of radius, r. These plots enable us to determine the values of r that will give a clear picture for the comparison of the three designs that were considered. From Figure 1, we notice that there is no variation in the SPV values for r = 0.1, 0.2, 0.4, 0.6 and 0.8 but a slight variation in SPV values from r =1.0 to r = 1.7. We also note that the Q0.1(p), Q0.2(p), Q0.4(p), Q0.6(p) and Q0.8(p) are equal for all p and smaller than all other Qr(p). For r = 1.0, 1.2, …, 1.7, Qr(p) increases as r increases for any p. Similarly, for a clearer picture, the boxplot of quantile of scaled prediction variance are displayed in Figure 2.  Figure 3 to figure 14 showed the combined quantile plot for CCD, SCD, and MinRes V design for k = 3 with 2, 3, 5 centre points for selected values of r. For r = 0.1, Figure 3, Figure 7 and Figure 11 showed that the quantiles of the scaled prediction variances (QSPV) are equal and stable throughout the design region for 2, 3 and 5 centre points respectively at different values of p. For r = 1.2, Figure 4 shows that at 2 centre points the QSPV of SCD is smaller than CCD and MinRes V from the origin of the designs but at p = 0.1, the QSPV of CCD becomes smaller, making the SCD predict well towards the origin but deteriorate with an increase in p. Also, in Figure 8 at 3 centre point, the QSPV of SCD and MinRes V are smaller than that of CCD from the origin but at about p = 0.2, the QSPV of CCD becomes smaller than that of MinRes V and SCD for all other values of p. Similarly, Figure 12 shows that the QSPV of the designs are equal at the origin but at p = 0.5, the QSPV for CCD and MinRes V becomes smaller than that of SCD at 5 centre point. When r = 1.6. Figure 5, Figure 9, and Figure 13 show that as the centre point increases the QSPV of the designs decreases. Considering r = 1.7 in Figure 6, Figure 10 and Figure 14, the QSPV also decreases as the centre point is increasing.    
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4. CONCLUSION 
This study explores the use of quantile plots to evaluate and compare the prediction variance (PV) of three widely used second-order response surface designs: Central Composite Design (CCD), Small Composite Design (SCD), and Minimum-Run Resolution V (MinRes V), within a multidimensional experimental region. Unlike traditional optimality criteria (A-, D-, G-, I-optimality) or conventional graphical techniques such as Variance Dispersion Graphs (VDG) and Fraction of Design Space (FDS) plots, quantile plots provide a complete view of the distribution of prediction variance across the design space, allowing for a more nuanced assessment of design stability and robustness to model assumptions.
The results reveal that designs with smaller scaled prediction variance and minimal dispersion offer more reliable and uniform predictions, and that increasing the number of center points (up to five) improves stability throughout the design region. Among the designs considered, CCD consistently exhibits superior performance in terms of stability, smaller quantiles of PV, and robustness across the design space, followed by MinRes V and SCD. These findings confirm that quantile plots are a powerful tool for comparing designs, supporting informed decision-making when selecting experimental designs for multidimensional response surface methodology.
Overall, the study emphasizes that incorporating quantile plot analysis into experimental design evaluation can enhance prediction reliability, optimize experimental efficiency, and provide clear guidance for design selection in complex, multidimensional settings.
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Figure 7: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(r) = 0.1
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Figure 8: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(s
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Figure 9: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(r) = 1.6
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Figure 11: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 5 center points and radius(r) = 0.1
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Figure 12: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 5 center points and radius(r) = 1.2
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