DETERMINING THE CONTINUITY OF SOME POLYNOMIALS USING SPLINE FUNCTIONS

	
ABSTRACT
This study provides an empirical and theoretical exploration of spline functions, focusing on their application in constructing the continuity of polynomials at breakpoints, commonly referred to as knots. The research outlines the mathematical foundation of spline functions and demonstrates their practical utility through illustrative example. Using blood pressure data from patients, a polynomial continuity model of order four was developed to address discontinuities at specified breakpoints. The model effectively ensures smooth transitions between polynomial segments, demonstrating its applicability in real-world scenarios. Additionally, the constructed continuity model shows potential for use in interpolation tasks, offering a robust framework for analysing and modeling data characterized by abrupt changes. This work highlights the versatility and effectiveness of spline functions in maintaining polynomial continuity and enhancing data interpolation methodologies.
Key words: Polynomials, Spline Functions,  Theoretical Exploration, Mathematical Foundation
1            INTRODUCTION
Continuity, understood within mathematics dealing with calculus and analysis, denotes the smooth and uninterrupted transition of the function throughout its domain. Being smooth and differentiable mathematical expressions, given by the sum of variable powers, polynomials possess inherent continuity on their domains. However, when applied in certain fields such as numerical analysis, computer-aided design, and approximation theory, their continuity often has to be tested under more additional conditions, especially when polynomials serve as parts of a piecewise-defined function like splines. This involves a deeper investigation of their behaviour at such specific points of interest. Spline functions are piecewise polynomial functions that connect smoothly at specified points known as knots.




[bookmark: _Hlk183020255][bookmark: _Hlk183020278]The signature feature for splines is their ability to preserve certain forms of smoothness for the function itself, as well as its derivatives up to a certain order. This property, called -continuity, means that the -order derivative of the spline is continuous across all knots. For instance, a -continuous spline ensures a smooth gradient transition at each knot, while -continuity ensures smooth transitions in both the gradient and curvature. The versatility of spline functions makes them appealing to use across a wide array of applications, from curve fitting and data interpolation to computer graphics and numerical simulations. The determination of polynomial continuity when forming splines involves analysing the behaviour of these polynomials at their boundaries. Matching conditions have to be met by each polynomial segment at the knots for a spline function to satisfy continuity conditions.


For instance,  -continuity requires that the values of the function and its first derivative agree at points where adjacent polynomial pieces meet. On the other hand, for \-continuity, the second derivatives have to agree. Enforcing such continuity conditions is particularly important in applications that require precision, as discontinuities in derivatives can yield inconvenient artifacts or inaccuracies of models. Spline functions possess a crucially advantageous local nature in practical applications. Unlike global polynomial representations, which may exhibit oscillatory behaviour or require high-degree polynomials to approximate complex functions, splines provide flexible and efficient solutions for complicated problems by dividing a domain into small intervals and approximating each interval by a lower-degree polynomial. Besides reducing computational complexity, such an approach gives significant control over the function because any modifications in one segment would not affect the entire function.
This feature is especially beneficial in computer-aided design (CAD), where localized adjustments to curves and surfaces are often necessary, and in numerical methods, where adaptive schemes are used to improve accuracy. The mathematical foundations of spline functions have been extensively studied, with significant contributions from researchers over several decades. De Boor et al. 2001, gives a comprehensive account of the theoretical underpinning and the practical computation of splines, and illustrates in particular the important role played by the continuity conditions in their construction. The pioneering work of Schoenberg 1946 introduced B-splines as a basis for spline functions which considerably simplifies the task of imposing continuity conditions. In the work of Bartels, Beatty, and Barsky (1987), further practical issues were pursued in spline interpolation and approximation, giving algorithms that guarantee smooth passage between the polynomial pieces.
The paper have formed the basis upon which splines see their applications in many fields. Applications of spline functions extend far beyond theoretical mathematics. In computer graphics, splines are used to create smooth and visually appealing curves and surfaces, such as Bézier curves and NURBS (Non-Uniform Rational B-Splines), which rely on continuity conditions to ensure seamless transitions. In biomechanics, splines are employed to model joint movements and anatomical shapes, where ensuring smooth transitions is essential for realistic representations. Signal processing utilizes splines in signal reconstruction and filtering, where discontinuities may lead to errors or distortions. Additionally, in structural engineering, the splines model the distribution of stresses and deformations; hence, smoothness has a direct relation to simulation accuracy.
The study of polynomial continuity through the functions of a spline is also crucial for higher-dimensional problems. Bivariate and multivariate splines refer to polynomials that have more than two variables, which are applied in areas like surface fitting, finite element analysis, and approximation of data with several variables. Continuity in these scenarios is an issue of smoothness conditions along several dimensions, an uphill task but very necessary for good models. Among such researchers in multivariate splines is Lai and Schumaker 2007, who focused on theoretical and practical aspects of multivariate splines. Other developments in the field of spline theory involve adaptive spline methods, in which knots are placed adaptively depending on the function being approximated. Such methods allow for more flexibility and efficiency, particularly when the behaviour of the underlying function is not uniform, and have been described by Powell (1981) and Lyche and Mørken (2008).
Adaptive splines find their applications in image processing and, more interestingly, in the geospatial modeling of varied data across different regions. The general mathematical concepts of splines, along with the basis of continuity, have also been extended to other domains, including time-dependent problems and even stochastic modeling. An example in this regard is time-series analysis, in which spline functions are utilized to construct smooth interpolations or approximations of temporal data. Similarly, in uncertainty quantification, splines enable a method of representing probabilistic models under continuous conditions; see the work of Wahba 1990. In this context, the determination of continuity by polynomials through the help of splines gives insight into theoretical and practical aspects of these mathematical tools. In fact, by looking at the conditions required by the functions regarding continuity to construct a spline, it is possible to further develop the research about splines in depth and their use in the modeling of complex systems with smooth transitions within polynomial segments. Moreover, the theoretical point of view is enriched by practical applications, underlining the role of splines in solving real problems from different fields.

2	SPLINE FUNCTION 
Carl de Boor and Michael Powell (1980) discussed splines within the framework of computational geometry, highlighting their precision and the mathematical rigor behind their construction. They described splines as versatile tools for both interpolation and approximation in multi-dimensional spaces.





Spline functions are obtained by piecing together polynomials in a smooth fashion at fixed points, called knots. That is, we divide the interval extending from lower limit   to upper limit point   over which we wish to approximate a curve into  subintervals separated by interior boundaries called knots, or join points or sometimes breakpoints. Schoenberg (1946) introduced the concept of splines as piecewise polynomial functions that provide smooth approximations of data. He described splines as essential tools in approximation theory, particularly emphasizing their continuity and differentiability properties. De Boor (1978) expanded on the computational aspects of splines, defining them as piecewise polynomials constructed to meet specific smoothness criteria at the data points (knots). He emphasized their practical utility in numerical algorithms and singled out B-splines as a convenient basis in implementation.


Consider the simplest case in which a single breakpoint divides interval () into subintervals. The spline function is, within each interval, a polynomial of specified degree or order- the number of coefficients which defines the polynomial and is one greater than its degree. let's use 'm' to designate the order of the polynomial, so that degree is . At the interior breakpoint (k), the two polynomials are required to join smoothly. In the most common case, this means that the derivatives match up to the order one less that the degree. In fact, if they matched up to derivative whose order equalled the degree, they would be the same polynomial. Thus, a spline function defined in this has one extra degree of freedom than a polynomial extending over the entire interval. For example, let each polynomial be a straight-line segment, and therefore of degree one. In this, they join at the breakpoint with matching derivatives up to degree O; in short, they simply join and having identical values at the breakpoint. Since the first polynomial has two degrees of freedom (slope and intercept), and the second having its value already defined at the join point, is left with only one degree of freedom (slope). The total polygonal line has three degrees of freedom. Farin 1997 described spline functions in the context of computer-aided geometric design. He outlined the contribution of spline functions in the production of smooth curves and surfaces. Further, he mentioned that it is especially for its locality properties, which allow a given data point to change its position, since only the immediate neighbourhood will be affected. Press et al. (2007) described splines as tools for interpolation that balance smoothness against fidelity to data. In their work on numerical recipes, they stated that in general, when dealing with cubic splines, one is able to minimize oscillations while retaining natural flowing of the data.
According to Bartels, Beatty, and Barsky (1987), splines are mathematical constructs used for interpolation and approximation. They emphasized that constraints on derivatives at knots were critical in desirable levels of smoothness and continuity. Eilers and Marx 1996 described the penalized splines, henceforth called P-splines, by extending the principle of smoothing noisy data with regularization. According to them, splines are flexible functions that can be adapted to data trends subject to controlling overfitting by placing penalties on the second derivative. Ramsey and Schafer (2012), in their book on functional data analysis, described splines as a method of representing complicated data structures in a continuous form. They reiterated the flexibility of splines to fit various functional forms.

choose the order ‘m’ of a spline
The most common type of spline is the cubic spline in which each polynomial is a cubic, or of order 4. Because the segments join with matching derivatives up to order 2, they appear to the eye to be beautifully smooth. This is because the second derivative measure is the curvature of the curve, and the curvature match at the knots, so that the curvature appears to change smoothly. However, in choosing the order say ‘m’ that we use depends on how many derivatives we will need to compute from the spline function. A cubic spline is smooth in itself, but its first derivative will appear to change with noticeable abruptness at the knots, and its second derivative will be a polynomial line. What this means is that, if we want a smooth second derivatives, we had better use a spline of order at least six, so that its second derivatives will be at least smooth as a cubic spline

3	CHOOSING THE KNOTS (K)
The more join points, the more flexible the spline. Moreover, this principle applies locally; if we need a lot of flexibility in a particular region of t, we use more join points in this region. And of course, less where we don’t need much curvature. However, it is pointless to have breakpoints without data. There should in most situations be at least one observed value t, within the subinterval. If one suspects that there is a sharp feature in a particular region, only one or two data values in it.
Hence, to determine the continuity of some polynomials using spline function, a study of blood pressure of adult over a period of time on data that covers low blood pressure, normal blood pressure and high blood pressure. The data was divided into three distinct subsets and three separate time trends estimated.             

If a liner time trend  , 
[bookmark: _Hlk183074073]           Where, 

            the dependent (response) variable you aim to predict or explain


            the predictor variables that influence 



            the change inassociated with a non-unit increase in 

[bookmark: _Hlk183075363]            the residuals

And using the basis functions for spline, depends on the number of knot and the degree of the spline
We may postulate the following model.
Period 1 low (blood pressure)   
Period 2 (normal pressure)   
Period 3 (High Blood Pressure)   
Where (L, U) is the time interval
Function is parameterized as: 

The estimated trends can be represented in the figure (1) below




                O                                      L                              U                            t



Figure (1) Estimated trends (discontinuity at join points).
Therefore, there is nothing in the unrestricted estimation process to ensure that the functions meet at the join t = 1. And t = u thus creating an instantaneous jump or discontinuities at the join points.
One method of overcoming this is to reformulate the model by defining  Vicinity will pretty much climate any hope of adequately describing it, and the fitted curve may as well be smooth. The problem of deciding exactly where to position knots is often finessed in one of two ways. First, users often just make them equally spaced, but of course paying attention to the requirement of having at least one observation in every subinterval. The second strategy is the place a join point at every fixed number of observed values of ‘t’ sometimes called quantile placement. This has the advantage of ensuring that there is a reasonable amount of data associated with each subinterval

4	ILLUSTRATIONS


 The following table shows the age  in years and blood pressure readings  in (10 mmHg) of an organization over a period of time


Table 1: shows the age  in years and blood pressure readings  in (10 mmHg) of an organization over a period of time
	
Period
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	
Age 
	20
	21
	23
	24
	26
	28
	29
	30
	32
	33

	Blood Pressure


	1.5
	1.7
	0.7
	1.6
	0.9
	1.8
	1.5
	1.2
	1.3
	1.7



	
Period
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21

	
[bookmark: _Hlk177481362]Age 
	35
	37
	38
	40
	42
	43
	45
	46
	48
	49
	50

	
Blood Pressure
	1.4
	1.8
	2.0
	1.4
	2.0
	1.9
	1.7
	2.2
	1.5
	1.6
	2.3



	
Period
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31

	
Age 
	51
	52
	53
	54
	55
	56
	57
	58
	59
	60

	Blood Pressure


	1.2
	1.1
	1.8
	1.6
	1.4
	2.7
	1.5
	2.5
	1.6
	2.4



We classify the data into the following arbitrary periods:

Period 1    

Period 2   

Period 3    
We define the following 
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Table 2: The new set of data is as thus;
	
Period 
	

	

	

	


	1
	20
	0
	0
	1.5

	2
	21
	0
	0
	1.7

	3
	23
	0
	0
	0.7

	4
	24
	0
	0
	1.6

	5
	26
	0
	0
	0.9

	6
	28
	0
	0
	1.8

	7
	29
	0
	0
	1.5

	8
	30
	0
	0
	1.2

	9
	32
	0
	0
	1.3

	10
	33
	0
	0
	1.7

	11
	35
	0
	0
	1.4

	12
	37
	0
	0
	1.8

	13
	38
	0
	0
	2.0

	14
	40
	1
	0
	1.4

	15
	42
	2
	0
	2.0

	16
	43
	3
	0
	1.9

	17
	45
	5
	0
	1.7

	18
	46
	6
	0
	2.2

	19
	48
	8
	0
	1.5

	20
	49
	9
	0
	1.6

	21
	50
	10
	1
	2.3

	22
	51
	11
	2
	1.2

	23
	52
	12
	3
	1.1

	24
	53
	13
	4
	1.8

	25
	54
	14
	5
	1.6

	26
	55
	15
	6
	1.4

	27
	56
	16
	7
	2.7

	28
	57
	17
	8
	1.5

	29
	58
	18
	9
	2.5

	30
	59
	19
	10
	1.6

	31
	60
	20
	11
	2.4


The linear spline function is therefore,




The model can now be fitted by the usual least squares method to estimate the parameters  and  respectively
SOLUTION

Period 1: 

[bookmark: _Hlk149241069]                                                                                                                (1)
	
Period 
	
Age
	
Blood Pressure
	

	


	1
	20
	1.5
	400
	30.0

	2
	21
	1.7
	441
	35.7

	3
	23
	0.7
	529
	16.1

	4
	24
	1.6
	576
	38.4

	5
	26
	0.9
	676
	23.4

	6
	28
	1.8
	784
	50.4

	7
	29
	1.5
	841
	43.5

	8
	30
	1.2
	900
	36.0

	9
	32
	1.3
	1024
	41.6

	10
	33
	1.7
	1089
	56.1

	11
	35
	1.4
	1225
	49.0

	12
	37
	1.8
	1369
	66.6

	13
	38
	2.0
	1444
	76.0

	14
	40
	1.4
	1600
	56.0


     n=14                       416                       20.5                    12,898                 618.8
Table 3: least squares method to estimate Blood Pressure


but

           

              

            


          

         

                But 

                      1.46 – (0.018) (29.71)
                                 1.46 – 0.54

                                     0.92
Therefore, from equation 1 above;

                                                                                             (2)

        

               
Table 4: Least squares method to estimate parameter (Period 15-20)
	
Period 
	
Age
	
Blood Pressure
	
		
	


	15
	42
	2.0
	1764
	84.0

	16
	43
	1.9
	1849
	81.7

	17
	45
	1.7
	2025
	76.5

	18
	46
	2.2
	2116
	101.2

	19
	48
	1.5
	2304
	72.0

	20
	49
	1.5
	2401
	78.4


         n=6                        273                     10.9                    12459                  493.8


      

      

         

         

         

       

         But    

 = 1.82 – (-0.057) (45.5)
        =  1.82 + 2.5935

= 4.41
Therefore, from equation (3)

                    


                     4.41+(-0.057)


                4.41-0.057                                                           (4)
for period 3

     

[bookmark: _Hlk148765725]                                                                  (5)


[bookmark: _GoBack]Table 5: Least squares method to estimate parameter (Period 21-31)


	
Period 
	
Age
	
Blood Pressure
	

	


	21
	50
	2.3
	2500
	115.0

	22
	51
	1.2
	2601
	61.2

	23
	52
	1.1
	2704
	57.2

	24
	53
	1.8
	2809
	95.4

	25
	54
	1.6
	2916
	86.4

	26
	55
	1.4
	3025
	77.0

	27
	56
	2.7
	3136
	151.2

	28
	57
	1.5
	3249
	85.5

	29
	58
	2.5
	3364
	145.0

	30
	59
	1.6
	3481
	94.4

	31
	60
	2.4
	3600
	144.0


          n=11                     605                     20.1                    33385                  1112.3

                             

                              

                                 

                             

                

               

          But 

            =1.83 – (0.062) (55)
                           1.83 – 3.41

              =       -1.58
Therefore, from (5)

               

                                                                           (6)
Thus, reparametrizes the function as 

                                                   (7)
where

               

 -0.057 – 0.02
           = - 0.077

                -0.08

     

      

0.062 – (-0.08+0.02)

      0.062 – (-0.06)
                   = 0.062+0.06
                   = 0.122
                       0.12
From the above parameters, we can obtain the linear spline function as 





      CONCLUSION
A significant improvement is achieved by dividing the basic interval into smaller subintervals and using a different polynomial to approximate the function in each subinterval. These polynomials are not independent; they are joined together at specific points called knots. By carefully selecting these knots and ensuring that the polynomials meet with a certain degree of smoothness (which means that not only the function itself but also some of its derivatives are continuous at the knots), we get a piecewise as polynomial function known a spline.
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