Dual Generalized Pandita Numbers

Abstract.In this paper, we introduce the dual generalized Pandita numbers defined over the bidimen-
sional Clifford algebra of hyperbolic numbers. As special cases, we examine the dual Pandita and dual
Pandita Lucas numbers. We derive Binet formulas, construct generating functions, and establish summation
identities for these sequences. Furthermore, we present matrix representations associated with the proposed
number sequences.
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1. Introduction

Dual numbers, first introduced by W.K. Clifford in 1873, represent a fascinating mathematical construct
with a wide range of applications. They play a pivotal role in screw theory, the modeling of planar joints,
and iterative techniques for displacement analysis in spatial mechanisms. Additionally, dual numbers are in-
strumental in the inertial force analysis of spatial systems and continue to find relevance in various branches

of kinematics and robotics.Here are some general information about the applications of dual numbers.

e Engineering and Physics:
Used in electrical engineering and control systems.
Applied in wave analysis and signal processing.
Utilized in mechanical engineering for vibration analysis, among other applications.
e Mathematics and Geometry:
Alongside complex numbers, dual numbers contribute to the extension of mathematical struc-
tures.

Employed in geometry to represent various transformations.
1
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Computer Science:

Found in graphics and image processing.

Used in robotics and control systems for modeling and analysis.
e Finance and Economics:
Applied in risk analysis and financial engineering.

Utilized in option pricing and portfolio management.

Optimization Problems:
Used for finding solutions in optimization problems.

Acts as a tool in linear programming and decision-making models.

Quantum Mechanics:

Employed in quantum computers and quantum mechanics for mathematical representation.

Next, we give some information raleted to hypercomplex number system and then we give some proper-
ities about dual number. As discussed in [7], the hypercomplex numbers systems are extensions of real
numbers. Some examples of hypercomplex number systems ,which is commutative , are complex numbers,

hyperbolic numbers and dual numbers.

e Complex numbers are formed by extending the real number system with the imaginary unit, denoted

, which satisfies the equation i = —1. Complex numbers is defined as follows,

29
1

as

C={z=a+ib:a,be R,i%=—1}.

e As discussed in [13], hyperbolic numbers extend the real number system with the hyperbolic unit

j, where j2 = 1. Hyperbolic numbers is defined as follows,
H={h=a+jb:a,beR,j2=1,j#+1}.

e As discussed in[5], dual numbers extend the real number system by introducing a new element &,

where €2 = 0. Dual numbers is defined as follows,
D={d=a+¢cb:abeR,e®=0,e#0}

Let us now revisit the definition of generalized Pandita numbers.
A generalized Pandita sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order
recurrence relations
Wy, =2Wp_1 =Wy o+ W,_5—Wy,_4 (1.1)
with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
Won =2W_(n-1) = W_(n-2) + W-(n-3) = We(n-)
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The initial values of the generalized Pandita numbers for both positive and negative subscripts are
presented in Table 1.

Table 1. A few generalized Pandita numbers

n Wi, W_,

0 Wo Wo

1 Wy Wo — Wi +2Ws — W3
2 W Wi+ Wy —W;

3 W3 Wo+ W1 — Wy

4 Wi — Wy — Wy +2W5 2Wo —2W1 4+ 2Wy — Wy
5 Wi —2Wy — Wa + 3W3 3Wy — 2Ws

6 Wi —3Wy — 2Wy 4+ 5W3 3W, —2W,

7 2Wy — 5Wy — AWy + 8Ws 3Wy —2W1

8 3Wy — 8Wy — 6Wy + 12W5 Wo — 3W;1 4+ 6Wy — 3W3
9 AWy, — 12Wy — 9Wo + 18W3 SW1 —2Wy — Wo — W3

10 6W; — 18Wy — 14Wy +27TWs  3Wo + Wy — 5W5 4 2Ws
11 9W,; = 27Wy — 21W, +40W3  4Wy — 8W; + 8Wy — 3W5
12 13W; — 40Wy — 31Wo + 59Ws3  4Wq — 4Wo + 5Wo — 4W3
13 19W; — 59Wy — 46Ws + 87W5 91 — 12Ws + 4W3

If we set Wy =0,W; =1, Wy =2, W3 = 3 then {W,,} is the well-known Pandita sequence and if we set
Wo =4, Wy = 2,Wy = 2, W3 =5 then {W,,} is the well-known Pandita -Lucas sequence. In other words,
Pandita sequence {P, },,>¢ and Pandita -Lucas sequence {5, },>0 are defined by the second-order recurrence

relations
Py=2Py 1 — Py ot Prs—Pya Po=0,P=1,P=2P=3  n>4 (1.2)
and
Sp =281 — Spn—2+ Sn_3 — Sn_a, So=4,51=2,5 =2,53 =5, n > 4. (1.3)
The sequences {P, },>0 and {S,}»>0 can be extended to negative subscripts by defining
Pon=P_n1) = P_(n-2) + 2P_(n-3) = P_(n—9)
and
Sn="5_(n-1) = S—(n-2) + 25_(n-3) = S_(n-4),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

We can list some important properties of generalized Pandita numbers that are needed.



4 FATIH ZAHID KALCA,YUKSEL SOYKAN

e Binet formula of generalized Pandita sequence can be calculated using its characteristic equation

which is given as
2t =242 —x+1l=(2% -2 - 1)(z—1)=0

The roots of characteristic equation are

1/3 1/3
_ oL (2, B\ (2 [0
T 37\ m 108 54 108
1/3 1/3
B — 1+w @4, 2 +w2 @, 31
3 54 108 54 108 ’
1/3 1/3
Y I ETR RN B Y
T T3 54 7\ 108 54 Vios)
§ = 1,
where
w= %\/g = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

za” 28" 237"
W. =
n 3a—2 35-2 3y_2 '

= A"+ AB" 4 A3y + Ay,

where 21, 29 and z3 are given below

2 = (aWs—a2—a)Wa+ (=’ +a+1)W; — W),

z = (BWs—BR2—B)Wa+ (=" + B+ W1 — Wy),

o= (Ws =2 - )Wa+ (=77 + 7+ W1 — W),

zg = —Wz+Ws+ W

and

A4 = (1.4)
4 = 2t
A = %;

A4 = Z4.
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ot

Binet formula of Pandita and Pandita Lucas sequences are

n+3 n+3 n+3
Po = 3aoé—2+3ﬁﬁ—2+377—2 -1
and
Sp=a"+ 8"+ +1,
respectively.

The generating function for generalized Pandita numbers is

in"— Wo + (W1 — 2Wo)x + (Wa — 2W; + Wo)a? + (W3 — 2Wo + Wy — Wp)a?
o E 1—-2z+ 22— a3+ 2 '

For more details about generalized Pandita numbers, see [17].

o0
Next, we give the exponential generating function of ) W, %+ of the sequence W,.
n=0

o0
LeEMMA 1. [18, Lemma 1.4].Suppose that fw, (x) = > Wy is the exponential generating function of

n=0
the generalized Pandita sequence {Wy, }.
Then > Wn% is given by
n=0
i W (aW3 —a(2— )Wy + (= +a + )W, — Wo)em
"nl 3a—2
n=0
(BWs — B(2= B)Wa + (=B + B+ 1)W1 — Wo) 4,
+ e
382
L OWs =72 =7)Wa + (7 + 7+ DW= W) o,
3y —2

+(—Ws + Wa 4+ Wy)e®.
The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pandita and Pandita-Lucas numbers

o N 0o ont3 n+3 n+3 " aded® 36[3.’,8 3w
=0 v s=03a—-2 36-2 3y—-2 nl 3a—2 3-—-2 3y-2

b): > Sn% = S (@4 B+ A"+ 1) L0 = e 4 T 4 T 4 g7,
n=0

n!
n=0

Next, we provide an overview of selected publications in the literature that pertain to dual numbers.

e Gocen,Dikmen Kaya and Soykan [9] presented the dual generalized Fibonacci matrices as

DW Wn+1 + EWn+2 Wn + €Wn+1 Wn+1 + E(W'n/ + 1+ W?’L) Wn + EWTL+1
n = =
W, + €Wn+1 Wp_1+eW, W, + 6Wn+1 Wpe1 —Wn+eW,

e i Wi +e(Wo + W) Wo + Wy
with initial conditions DWy = ,

Wo + €W1 W1 - WO + 5WO

DW Wo + Wi +e(Wo +2Wy1) Wi +e(Wo + W) as e — 0
1 = =
Wy +E(W0+W1) Wo 4+ Wy
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e Halici [11] studied Dual Fibonacci Octonions as

7
p = Z Fn+ses
s=0

where Fibonacci given by F,, = F,,_1 + F},_2, Fy =0, F; = 1.

e Aydm [6] studied Dual Jacobsthal Quaternions as

QJk;n = Jk;n + ile;n-‘rl + iQJk;n-‘rQ + iSJk;n+3
where Jn =Jp_1+ 2Jn,2, JO = 0, Jl = 1.

e Nurkan ,Guven, [4] studied Dual Fibonacci Quaternions as

@n = (Fn + Fn+1) + Z'(F‘n—',-l + Fn+2) +j(Fn+2 + F7l+3) + k(Fn+3 + Fn+4)
where Fibonacci given by F,, = F,_1 + F,_o, Fy =0, F; = 1.

e Giirses, Sentiirk, Yiice [10] studied dual-generalized complex Fibonacci and Lucas numbers, respec-

tively, as
fn - Fn+an+1+5Fn+2 +jEFn+3a
Zn = Ln+jlpyr+elpyo+jelngs,
where Fibonacci and Lucas numbers, respectively, given by F,, = F,,—1 + F,—2, Fy =0, I}, =1, L, =

Ly1+Lpo, Lo=2 L =1

e Yilmaz and Soykan , [12] studied dual generalized Guglielmo numbers given by

Wn = Wn + EWnJrl

where generalized Guglielmo numbers are W,, = 3W,,_; — 3W,,_s + W,,_3 with the initial conditation
WOaWhW2 (7?,22)
e Ayrilma and Soykan , [3] introduced On Dual Edouard Numbers are
DE, =7DE, 1 —TDE,, s+ DE,_3
where generalized Edouard numbers are F,, = 7F,_1 — 7E,,_o + FE,_3 with the initial conditation
Ey=0,E1=1,F, =7
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Demirci and Soykan, [2] studied hyperbolic generalized Adrien numbers given by
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HA,=3HA, 1 —HA, s—HA,_4

where generalized Adrien numbers are A,, = 34,1 — A,,_2 + A,_4 with the initial conditation
AOZO,A]_:LAQ:S,A?,ZS, 77,24

e Kalca and Soykan , [8] studied dual hyperbolic generalized Pandita numbers given by

Py =2P, 1~ Py o+ P3Py
where generalized Pandita numbers are P, = 2P, 1 — P, o + P,,_3 — P,,_4 with the initial conditation
Py=0,PL=1,P,=2,P3=3, n>4.
In this paper, we define the dual generalized Pandita numbers in the next section and give some properties

of them.

2. Dual Generalized Pandita Numbers and their Generating Functions and Binet’s Formulas

In this section, we introduce the dual generalized Pandita numbers and derive their corresponding
generating functions and Binet formulas. We now define the dual generalized Pandita numbers over the

algebra Hypof dual dual numbers. The nth dual generalized Pandita number is
DW,, =W, +eWpii. (2.1)
The sequence {DW,, },>0 can be extended to negative subscripts by defining
DW_, =W_, +eW_p41,

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that

DWy = Wy+eWy,
DWW, = Wi +eWs,
DWy = Wy +eWs,
DWs = Wi+ eWy=Ws+e(Wy — Wy — Wy + 2W3).

It can be easily shown that
DW, =2DW,,_y — DW,_o+ DW,_35— DW,,_4 (2.2)

and

DW_, = DW,(n,l) — DW,(n,Q) + QDW,(H,;),) — DW,(n,4)

The initial values of the dual generalized Pandita numbers for both positive and negative subscripts are

listed in Table 2.
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A few dual generalized Pandita numbers

n DW, DW_,

0 DW, DW,

1 DWW, DWy — DWWy +2DWy — DW3
2 DW, DWy + DWs — DW3

3 DWs3 DWy+ DWW, — DWW,y

4 DW; — DWy — DWy 4+ 2DWs 2DWy —2DW; + 2DWy — DW35
5 DWy —2DWy — DWy + 3DWj5 3DWy —2DW34

6 DW, —3DWy —2DWsy 4+ 5DW3 3DW;1 —2DW,

7 2DWy — 5DWy — 4DWy 4+ 8DW3 3DWy — 2DW;

8 3DW; —8DWy — 6DWy + 12DW3 DWy — 3DW; + 6DWy — 3DWs
9 4DWy — 12DWy — 9DWsy + 18DWs 5DWy —2DWy — DWo — DW35

10 6DW; — 18DWy — 14DWo + 27DW3
11 9DW; — 27TDWy — 21DWs + 40DW5
12 13DW; —40DWy — 31DW5 4+ 59D W3
13 19DW; — 59DW,y — 46 DWWy + 87DW3y

3DWy + DWWy — 5DWs + 2DWs

4DWy — 8DW1 4+ 8DWy — 3DW3

4DWy — 4DWy 4 5DWy — 4DW3
9DW, —12DWy 4+ 4DW5

For dual Pandita numbers (taking W,, = P,

DP, =P, + P,

DS, = Sy + £Sni1

As special cases, the nth dual Pandita numbers and the nth dual Pandita Lucas numbers are given as

(2.3)

(2.4)

respectively. The sequences {DP,},>0 and {DS,}»>0 can be extended to negative subscripts by defining

DP_, = P—(n—l) - P—(n—2) + 2P—(n—3) - P—(n—4)

DS, = Sf(nfl) -

DPO = g,

DP;

DP, =

S_(n—2) +25_(n—3) = S_(n-4)

for n = 1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n.

PQZO,Pl:1,P2:2,P3:3,)W€g€t

2e 41,

3e+2
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and for dual Pandita Lucas numbers (taking W,, = S,,, So =4,5; =2,5, =2,55 =5,) we get

DSQ = 2+ 4,
DSl = 242
DSQ = be+2.

Selected values of the dual Pandita numbers and dual Pandita Lucas numbers for both positive and negative
subscripts are presented in Table 3 and Table 4, respectively.

Table 3. Dual Pandita numbers

n DP, DP_,
0 € €

1 2e+1 0

2 3e+2 0

3 be+3 -1
4 8+5 —e-1
5 12¢ 48 —€

Table 4. Dual Pandita- Lucas numbers

n DS, DS_,
0 2c+4 244
1 242 4e+1
2 be+2 e-1
3 6e+5 —c+4
4 Te4+6 443
5 1lle4+7 3e—-4

We now present the Binet formula for the dual generalized Pandita numbers, and for the remainder of

the paper, we adopt the following notational conventions.

a = l4ea (2.5)
B = 1+eB, (2.6)
¥ = l+ey (2.7)
0 = 1=1+c¢, (2.8)
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Note that we have the following identities:

= 14 2ae,
~2
B = 1+2p,
af = 1+ (a+P)e,
7 = 149+ 2,
~2 ~
5 = 12=21 2,
5 = 1+e(l+7).

THEOREM 3. (Binet’s Formula) For any integer n, the nth dual generalized Pandita number is
DW,, = A1a™a + AsB"B + A3y + 1A, (2.9)
where @, B, 7,8 are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pandita numbers given below
W, = A1a™ + As8" + A3y™ + Ay,
where A, As, A, Ay are given (1.4) we get

DW,,

Wn + €Wn+1a

Aja™ 4+ Agf" 4+ Asy™ + Ay + €(A1Oén+1 + A8t 4 Azy" T+ Ay)
= Aia"(14cea)+ A8 "(1+ef) + Ay "(1+e7) + As(1+¢)
= A1Q"a@+ Aof"B + Asy"F + 1A,

This proves (2.9).

As special cases, for any integer n, the Binet’s Formula of nth dual Pandita number is

anJrSa ﬂn+3B ,.Yn+3;y\ =N

DP, = - 2.10
3a—2+36—2+37—2 ( )

and the Binet’s Formula of nth dual Pandita Lucas number is
DS, = &a" + BB" + 47" +1, (2.11)

Next, we present generating function.

THEOREM 4. The generating function for the dual generalized Pandita numbers is

Fow. (z) = i DW- 2" — DWy + (DW; — 2DWy)x + (DWy — 2DW; + DWy)z? + (DWs3 — 2DWy + DW; — DWy)a3
DWn ) = e 1 -2z 422 — 23 + 2t '

n=0



DUAL GENERALIZED PANDITA NUMBERS 11

Proof. Using the definition of dual Pandita numbers, and substracting = f(z), 2% f(x) and 23 f(z) from

f(z) we obtain (1 — 2z + 2 — 2% + 2*) fpw,, ()
(1—2z 42> — 2%+ 2*) fpw, (x)

= i DW, 2" — 2z i DW,z" + 22 i DW,z" — 3 i DW,z" 4 z* i DW,a",

n=0 n=0 n=0 n=0 n=0

- i DWpa™ — 2 i DWW,z 4 i DW,z"*2 — i DW,z™+3 4 i DW,, a1,
n=0 n=0 n=0 n=0 n=0

= Z DWyx" — 2 Z DW('rL—l)‘rn + Z DW(n—2)‘7:n - Z DW(TL—?))‘TTL + Z DW(TL—4)xn7
n=0 n=1 n=2 n=3 n=4

= (DWy+ DWix + DWoz? + DWsa®) — 2(DWoz + DWia? + DWaa®) 4+ (DWoa? + DWia®) — DWya?

+ Z(DWn —2DW,,_1 — DWp_y — DW,,_3 + DW,,_4)z",

n=4

= DWO + (DWl - QDWO).’E + (DW2 - 2DW1 + l)I/Vo).’I?2 + (DWg - 2DW2 + DW1 - DWO)$3.

And rearranging above equation, we get (4). O

The following results are immediate consequences of the preceding Theorem.

COROLLARY 5. For all integers n, we have following identities:

T+e
1—2x+ a2 — 23+ 2t
(e —1) a3+ (3e+2)2? + (-2 —6)z +2c+ 4
1—-2z+ 22— a3 + 2 '

Theorem (4) gives the following results as special cases,

(]. —2x+ .’I?2 — 1'3 + x4)fDPn (33) = DP() + (DP1 — QDP())ZE + (DPQ — 2DP1 + DP0)£L'2 + (DP3 — 2DP2 +
DP1 —DP())J,‘?’ =x+e,

(1 -2z + 22 — 23 +2%) fps, (xr) = DSy + (DS; — 2DSp)x + (DSs — 2DS; + DSp)x? + (DS3 — 2D S +

DSy — DSp)a3 = (—4e — 1) 23 + (3e + 2) 2% + (—2¢ — 6) z + 2e + 4.

a): > ° (DPya" =

b): >0y DSna™ =

o0
Next, we give the exponential generating function of Zo DW,, 7y of the sequence DW/,.
e

oo
LEMMA 6. Suppose that fpw, (x) = Zo DW,, %+ is the exponential dual generating function of the
n—=
generalized Pandita sequence { DW, }.

Then > DW, %% is given by

n=0 n:
E Dan—' == Ae™a+ AQeB"”B + Aze’*5 + Aye®1.
n!
n=0

where @, 3, 7,6 are given as (2.5)-(2.8)

Proof. Using Binet’s formula

Wn = Al()[n + Agﬁn + Ag’yn + A4.
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where Ay, As, A3, Ay are given in (1.4) we get

oo " e " oo "
D DWnie = Y Warted Wuny
n=0 n=0 n=0
[ee] 1,‘" oo 1‘”
= ) (A" + A" + Azy" + A +e D (Ara™ 4 A" 4 Agy T 4 A
n=0 ’ n=0 :

= (A + AsePT + Age?® + Age®) +e(Ajae™™ + A,3eP” + Azve™ + Age®)
= A1e®(1+ea) + AzeP (1 +eB) + Az’ (1 +ev) + Age™(1 +¢)
= Ae*a+ Age’BwB + Aze?*q + Age™1
This proves (6). OJ
The previous Lemma 6 gives the following results as particular examples.

COROLLARY 7. Ezponential dual generating function of Pandita and Pandita-Lucas numbers are

aBetty 6365361/3 ,y3efyx’,y\ o

3a—2 ' 38-2  3y—2
b): > DSn% = ™G + P75 + €777 + e*1.

n=0

a): Z_:ODPH% =

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized dual Pandita number { DW,,} by the use of generating function

for DW,,.

THEOREM 8. Binet’s formula of generalized dual Pandita numbers:

an " n 5"

O P T TEmr Y g oy Bar Rl e o ) R B T -
where

@ = DWya?+ (DWy — 2DWy) a? + (DWy — 2DW, + DWs) o — DWy + DWW, — 2DWy + DWs,

@ = DWop*+ (DWy —2DWy) 82 + (DWy — 2DWy + DWs) 3 — DWy + DWy — 2DW,y + DWs,

g3 = DWyy®+ (DWy — 2DWy) % + (DWy — 2DWy + DWa) v — DWy + DW, — 2DWs + DW,

@ = DWys® 4 (DW, — 2DWy) 62 + (DWy — 2DWy + DWy) 6 — DWy + DWy — 2DWs + DWs.
Proof. Let

h(z) = 2* — 2% + 2% — 2z + 1.
Then for some «, 3,y and § we write

h(z) = (1 - ax)(1 — Bz)(1 —yz)(1 — iz).
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i.e.,

et =t a2 -2+ 1=(1-ax)1 - Bz)1 —~z)(1 - éx). (3.2)
Hence i, g, = and are the roots of h(z). This gives a, 8,7 and § as the roots of
1 1 2 1 1
hi-)=—————=+—+1=0.
(x) x?  x ad + x4 +

This implies 2* — 23 + 22 — 22 + 1 = 0. Now, by it follows that

Z DW,x DW1 DWy —2DWs5 + DW3) 3 + (DWO —2DWy + DWQ) x? + (DWl — 2DWO) x + DW,
(0 a0 0 21 o2) '

Then we write

(DWl DWO — 2DW2 + DWg) LII + (DWO — 2DW1 + DWQ) IZ' + (DWl — 2DWO) x + DW0/3 3
(1—azx)(l—LFz)(1 —vz)(1 —dx)
By By Bs By

T (—an)  G=fn)  (G—n2)  (1-da) (3.4)

)

So

(DWy — DWy — 2DWy + DW3) 2 + (DWy — 2DW, + DWs) 22 + (DWy — 2DWy) = + DW

= Bi(1-pz)(1 —~x)(1 —dz) + B2(l — az)(1l —~vz)(1 — dx)

+B3(1 — az)(1 — Bz)(1 — éx) + Bs(1 — az)(1 — Bx)(1 — yx).
If we consider z = Ev we get DWy + -5 L (DWy — 2DW, + DWy) — % (DWy — DW; + 2DWy — DW3) +
L(DWy —2DWy) =-By (28 -1) (2y—1) (20-1).

This gives
1 1

Bl = o*(DWo+— (DWO 2DWi + DWa) + — (DWy = 5DWo — 4DW; + DWs) + — (DWy — 2DWo))

DW0a3 + (DWl — 2DWO) 042 + (DWO — 2DW1 + DWQ) o — DW() + DW1 — 2DW2 + DW3
(a@—=pB)(a=7)(a—-9) '

Similarly, we obtain

DW, 3 + (DWy — 2DW,) 32 + (DWy — 2DW, + DWs) 8 — DWy + DW, — 2DWs + DWs

B = (6~ ) (B—7)(5—0) ’

B, — DWyy? + (DWW — 2DWy) 2 + (DWy — 2DW; + DWs) v — DWy + DW; — 2DWs + DW3
(v —a)(y = B)(v—9) 7

B, — DWy6° + (DW, — 2DWy) 6% + (DWy — 2DW, + DWy) 6 — DWy + DWy — 2DWs + DW;

(0—a)(6=5)(6—)
Thus (3.3) can be written as

Z DW,z" = B1(1 — az)™' + Bo(1 — Bx) ™' 4+ Bs(1 — yz) ™' + By(1 — 6z)~*
This gives

Z DW,z" = By Z a"z" 4By Z 8" z"+Bs Z ~"x"+ By Z " = Z Bi1a"+ By "+ Bsy" +By0" )™

n=0
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Therefore, comparing coefficients on both sides of the above equality, we obtain
DW,, = B1a™ + Bo8"™ + B3y"™ + B4d".

The following identity reveals a connection between the dual Pandita numbers and the Pandita—Lucas

numbers.
COROLLARY 9.

THEOREM 10. For all integers m,n the following identities holds:
DWm+n = m72DWn+3 + (Pm74 - Pm73 - Pm75)DWn+2 + (med - Pm74)DWn+1 - DWanfd

Proof. First we assume that m,n > 0.The Theorem (10) can be proved by mathematical induction on

m. If m =0 we get
DW, =P oDW, i3+ (P-y — P_3— P_5)DW, 4o+ (P_3 — P_4)DW, 1 — DW, P_3.

which is true since P = 0,P = —1,P_4 = —1, P_5 = 0. Assume that the equality holds for m < k. For
m=Fk+ 1, we get
DWiiien = 2DWyyy — DWyyp—1 + DWyip—o — DW,1ps3,
2(Py—oDWyas 4+ (P—a — Pru—g — Pr—5) DWyyo + (Pr—3 — P—g) DW, o1 — DW,, Pp_3)
—(P—3DWpi5+ (Pm—s — Pr—a — Pp—6)DWyio + (Pri—a — Pru—5) DWyy1 — DW, Py y)
+(Pp—aDW,i3+ (Pr—6 — Pies — Pou—7)DWyio + (Pri—s — Pru—g) DWyy1 — DWW, Pyy—s)
—(P—5DWipi5 + (P—7 — Prieg — Pr—s) DWhio + (P — Pr—7)DWy i1 — DW,, Pyy—6).
Consequently, by mathematical induction on m, this proves Theorem 10.

The other cases of m,n can be proved smilarly for all integers m,n. O

Taking DW,, = DP,, or DW,, = DS, in above Theorem, respectively, we get:

COROLLARY 11.

-DP’HLJr’IL = Pm72DPn+3 + (Pm74 - -Pm73 - Pm75)-DPn+2 + (Pm73 - Pm74)-DPn+1 - DPanfi’n

DSm+n = P77L—2DS7L+3 + (Pm—4 - Pm—3 - Pm—5)DSn+2 + (Pm—S - Pm—4)DSn+1 - DS"LPTIL—3'

4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the dual generalized Pandita numbers . This is a special

case of [16, Theorem 4.1].

THEOREM 12. (Simpson’s formula for dual generalized Pandita numbers) For all integers n we have,
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DW,.s DWnis DWni1 DW,
DWyye DW,p1  DW,
DW,.. DW, DW, . DW, »
bDw, DW,1 DW,_o DW, 3

DWn—l

DWs5
DW,
DWW,
DW,

DW, DWW, DW,
DW, DW, DW_,
DW, DW._, DW._,
DW_, DW._, DW._s

= (DWy + DWy — DW3)(—DW3 + 3DW3 — DW3 + DWE + (5DW, — 2DW,) DW2 + (4DWy — 5DW; —

8DW3)DW$ + (4DWy + 4ADW, — 5DW3) DW2

—|—(DW2—3DW1—DW3)DW02+9DW1DWQDWg,—3DW0DW2DW3+5DW0DW1DW3—7DW0DW1DW2)

Proof. Using Theorem 3 it can be proved by using induction use [16, Theorem 4.1]. O

From the Theorem 12, we get the following Corollary.

COROLLARY 13. For all integers n, the Simson’s formulas of dual Pandita numbers and dual Pandita

Lucas numbers are given as,

DP,.5s DP,., DP,
DP,., DP,.. DP,
DP,., DP, DP,
DP, DP,.1 DP, s

DP,
DP,_;
DP,_,
DP,_;

DP;
DP,
DP,
DP,

3

2¢e +1

2¢e +1

DP, DP
DP,  DPy
DPy DP_,
DP_, DP_,
oe+3 3e+2 2e+1
e+2 241 €
€ 0
0 0

DP,
DP_,
DP_,
DP_,

€
0
0

-1

=t 434242 +1
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b):
n = 0
DS,13 DS,y2 DS,+1 DS, DS3; DSy DS, DSy
DS,.o DS,y1 DS, DS, B DS, DS, DSy DS_;
DS,+1 DS, DS,—1 DS,_2 DS, DSy, DS_i1 DS_,
DS, DS,.1 DS,_o DS,_3 DSy DS DS_, DS_3
6e+5 He+4+2 26+2 244
Be+2 2e+2 244 4e+1
260 +2 2e+4+4 4e+4+1 e-1
2644 4e+1 -1 —c+4
= —31e* —31e® — 31e% — 62¢ — 31
= —62¢—31.
respectively.

5. Linear Sums

In this section, we give the summation formulas of the dual generalized Pandita numbers with positive
and negative subscripts.

Now, we present the summation formulas of the generalized Pandita numbers.
THEOREM 14. For the generalized Pandita numbers, we have the following formulas:

(a): Z Wi = —(n + 3)Wn+3 + (Tl + 4)Wn+2 + (TL + 4)Wn + 3W3 — 4W5 — 3Wy.
k=0

(b): Z Wor = %(73(Tl+2)w2n+2+(3n+8)W2n+1 +2W2n+(3n+7)W2n_1 +7W3*8W2*W1*6W0).
k=0

(€): Y Waryr = 3(—(Bn+4)Wanpo+ (3n+8)Wap i1 +Wapn +3(n+2)Way, 1 +6W3—8Wo+ Wy —TWy).
k=0

Proof. For the proof, see Soykan [14, Theorem 3.12]. O
THEOREM 15. For the dual Pandita numbers, we have the following formulas:

(a): S DWy = —(n+3)DW i3+ (n+4)DW, 5 + (n+ 4)DW,, + 3DW;3 — 4DW, — 3DW,.
k=0

(b): i DWay, = 2(=3(n + 2)DWap 42 + (3n + 8)DWay i1 + 2DWay, + (3n + 7)DWay,—q + TDW3 —
8DkV:V(; — DW; — 6DWy).
(€): > DWapss = L(—(3n + 4)DWapsa + (30 + 8) DWay 1 + DWay, + 3(1 + 2) DWap_y + 6DW; —
8Dkl7[?2 + DWWy — TDWy).
Proof. Use Theorem 14 and the definition of DW,,. [

As a special case of the theorem 15, we present the following Corollary.
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COROLLARY 16. For n > 0, dual Pandita numbers have the following properties:

(a): > DWr=—-(n+3)DW,i3+ (n+4)DWy 12+ (n+4)DW,, + 1.
k=0

(b): > DWy, = %(—S(n +2)DWapio + (3n 4+ 8) DWay 11 + 2DWay, + (3n 4+ 7)DWa,,—1 + 3e4).
k=0

(C): Z DWopq1 = %(—(37?, + 4)DW2,L+2 + (3n + 8)DW27L+1 + DWs,, + 3(7’L + 2)DW27L_1 + e+ 3)
k=0
COROLLARY 17. For n > 0, dual Pandita Lucas numbers have the following properties.

(a): éODSk = (N +3)DSnss + (n+4)DSpsz + (n+4)DS, — 8¢ — 5.
(b): éo DSa, = 1(=3(n+ 2) DSan o + (31 + 8)DSans1 + 2DSan + (30 + T)DSan_y + —125 — 7).
(c): kiops%+1 = 1(—(3n+ 4)DSsny2 + (31 + 8) DSans1 + DSap + 3(n+ 2) DSy_y + —162 — 12),
Next, We_give the ordinary generating functions of some special cases of dual generalized Pandita num-
bers.
THEOREM 18. The ordinary generating functions of the sequences DWa,,, DWa,, 11 are given as follows:
DWW, (x3 + 322 — x) + DW, (23:2 + 2x — 1) — DW; (332 — m3) — DW;3 (Jc3 + 2962)

—t—a34+a?4+2c -1
DWW, (m3 + 25[}2) — DW3 (303 + 22+ 33) — DW; (323 —2x + 1) + DWs (21‘3 + a?Q)

(a): ZZO:() DWy, 2™ =

b): Y°° DWy, "=
(b): Yoo DWaniaz —at -3+ a2+ 2z -1

Proof. Similary, the proof can be constructed as in [4, Theorem 4].
From the last Theorem, we have the following Corollary which gives sum formula of dual Pandita numbers

(Take DW,, = DP, whit DPy =¢,DP; =2+ 1,DPy =3¢ +2,DP; = 5¢ + 3 )

COROLLARY 19. For n > 0 dual Pandita numbers have the following properties.

—2?(1+¢e)—z(2+¢)—¢
1—2z+ 22 —a3 42
—z(l+¢e)—a?—2 -1

1—2z+a2 —a3+at

)

(a): Y02 DPyyz™ =

(b): ZZO:O DWQn_H.Tn =

6. Matrices related with dual Generalized Pandita Numbers

In this sectiion, using dual Pandita numbers, we give some matrices related to dual Pandita numbers.

We define the square matrix A of order 4 as

2 -1 1 -1

10 0 0
A =

0 1 0 O

0 0 1 0
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uch that detA = 1. Note that

Pn+l _Pn+Pn—l_Pn—2 Pn_Pn—l _Pn
A" — Pn _Pn—l +Pn—2 _Pn—S Pn—l _Pn—2 —4in-1
Pnfl —Fh—2+ Pn73 - Pn74 Pn72 - Pn73 —1In-2

Pn72 _Pn73 + Pn74 - Pnffy Pn73 - Pn74 —4n-3

for the proof see [15].

Then we give the following lemma.

LEMMA 20. For n > 0 the following identitiy is true:

n

DW, s 2 1 1 -1 DW,
DWura | |1 0 0 0 DWs
oW | |0 1 0 o DW,
DW, 0 0 1 0 DW,

Proof. The identitiy(20) can be proved by mathematical induction on n. If n = 0 we obtain

0

DW, 2 1 1 -1 DW,
pw, | |1 0 0 o0 DW,
pwi | |o 1 0o o DW,
DW, 0 0 1 0 DW,

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true

DWi.s 2 1 1 -1 DW;
DWis | | 1 0 0 0 DWs
DWer | |0 1 0 o0 DW,
DW,, 0 0 1 0 DW,
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Forn=Fk+ 1, we get

k+1
2 -1 1 -1 DWs;
1 0 0 O DW,
0 1 0 O DWW,
0 0 1 0 DWy

2 -1 1 -1 2 -1
1 0 0 O 1 0
0 1 0 0 0 1
0 0 1 0 0 0
2 -1 1 -1 DWiss
1 0 0 0 DWieso
0 1 0 0 DWWt
0 0 1 0 DW,,
DWi 4
DWygys
DWyi2
DWi1

Consequently, by mathematical induction on n, the proof completed. [

We define

Npw =

Epw =

DW3
DW,
DWW,
DWWy

DWiys

DW1»

DW, 41
DW,

DW,

DWW,

DW,
DW_,

Dw, DWW,y
DW, DW_;
DW_, DW_g
DW_y DW_3

DW,i2 DWyy1 DWW,
DWn+1 DWn DW’IL—l

DWW,

Danl DWn72

Danl DWn72 DWn73

Now, we have the following theorem with Npy and Epw

THEOREM 21. Using Npw and Epw , we get

Proof. Note that we get

A"Npw = Epw.

DW;y
DWWy
DWW,
DWwy

19

(6.2)
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AP NDW

where

a11

ai2

a13

ai4

a21

a22

a3

a24

az1

a32

a33

a34

41

a42

43

(44
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P —P,+P,_1—P, o P,—P, 1 —-P, DWs3  DW, DWWy DWy

P, —-P,1+P,o—P, 35 P, 1—P, o —P, DWW, DW; DWy DW_,
P,1 —-P,os+P,3—Pyy P, o—P, 35 —PFP, o DWy DWy DW_1 DW_,
P, o —P,3+P,4—Py,5 Pyo3—PFP,4 —Py3 DWy DW_1 DW_, DW_3

ail a2 ai3 G4
Q21 Q22 (23 Q24
as31 asz 33 a34

Aq1 Q42 A43 QA44

DW; (P, — Po_y) — DWy (Py — Py_y + Po_s) — DWoP, + W3P, 41 = DW, 3,

DWqy (P, — Pu_y) — DWy (Py — Py_y + Pu_3) — P,DW_i + DW3 P, 1 = DW, .,

DW_y (P, — Py_1) — DWo (Py — Pu_y + Py_s) — P,DW_y + DW1 Pyiy = DWW, 41,
DW_y (Py = Py 1) — DW_y (P, — Py_y + Py _s) — PB,DW_3 + DWyP, 1, = DW,,
DW;3P, — DWo (Py_y — Py_g+ Py_3) + DW (Pu_y — Pu_s) — DWoPu_1 = DWp o,
DWyP, — DW_1Py_y — DWy (Py_y — Pu_o+ Pu_3) + DW (P,_1 — P,_3) = DWp 1,
DW_y (Py_y — Py_y) — DW_3Py_1 + DW1 P, — DWy (Py_y — Py_s + Py_3) = DW,,,
DW_y (Pt — Py_y) = DW_3Py_y + DWoP, — DW_y (Py_y — Py_y + Po_s) = DW,_1,
DW, (Py_y — Py_g) — DWo (Py_y — Py_g+ Py_y) — DWoPn_s + DW3P,_1 = DW, 11,
DWy (Py_g — Py_3) — DWy (Py_g — Py_s+ Pu_y) — DW_,Py_y + DWoP,_y = DW,,,
DW_y (Py_y — Py_3) — DW_3Py_5 — DWy (Pu_y — Pu_s + Pu_y) + DW1Py_y = DW,_1,
DW_y(Py_y— Py_3) — DW_3Py_5 — DW_1 (Py_y — Pu_s+ Py_yg) + DWyP_y = DW,_s,
DW; (Py_3 — Py_y) — DWo (Py_3 — Py_y+ Py_5) — DWoPn_s + DW3P,_y = DW,,,
DWy (Py_s— Py_y) — DWy (Py_g — Py_gy+ Py_5) — DW_1Py_s+ DWyP,_y = DW,_1,
DW_y (Py_3— Py_y) — DW_3Py_5— DWy (Py_3 — Py_s + Pou_s) + DW1 Py = DW,,_s,

DW_g (Py—g — Pp_a) —DW_3P,_3 — DW_1 (Py—3 — Pp_a + Py—5) + DWyP,,_o = DW,,_3.

Using the theorem (10) the proof is done. O
By taking DW,, =DP, with DPy, DP;, DPs, DP; in (6.1) and (6.2)

DW,, =S, with DSy, DSy, DSs, DS; in (6.1) and (6.2)



DUAL GENERALIZED PANDITA NUMBERS 21

respectively, we get:

5] +8e+12je +3 35 +5e+8je+2 25+ 3e+5je+1 j+ 2+ 3j¢
Npp — 37+5+8je+2 2j4+3¢+5je+1 7+ 2e+3j¢ €+ 2j¢ ’
2j +3e+5j5e +1 J+ 2e + 3je €+ 2j¢ —je
7+ 2e + 3j¢ €+ 2j¢e —je -1
DP,,3 DP,.o DP,y1 DP,
Bop — DP,,» DP,.1 DP, DP,,
DP,.. DP, DP, 1 DP, o
DP, DP,, DP, s DP,_3
6j +7e+1lje+5 5j+ 6+ Tje+2 27+ 5e+6je+2 2j+2+5je+4
Nps — 5j +6e+Tje+2 2j+4be+6je+2 2j+2e+5je+4 4j+2e+2je+1 7
27 4+5e+6je+2 274+2e+5je+4 —4j+2e+2je+1 jH+4e+2je—1
2j+2e+5je+4 —4j4+2e+2je+1  jH+4e+2je—-1 e—J+4je+4
DS,+s DSpi2 DS,+1 DS,
DS,+o DS,y1 DS, DS,
Eps =
DS, 41 Sn DS,—1 DS, o

DS, DS,_-1 DS,—2 DS,_3

From Theorem (21), we can write the following corollary.
COROLLARY 22. The following identities are hold:

a): AnNDp :EDP.
b): AnNDS :EDS~

7. Conclusions

Recurrence relations define sequences where each term depends on previous ones. These sequences
such as Fibonacci, Pell, Jacobsthal, Tribonacci, Padovan, Narayana’s Cows, Leonardo, Tetranacci, and
Pentanacci arise across fields including engineering, biology, mathematics, and physics. Below, we present

their definitions with initial conditions using A,, notation and outline their real-world relevance.

e Fibonacci Sequence:
F, = 71—1+Fn—27 FO:()a =1

e Pell Sequence:

P,=2P, 1+ P, 2 P=0 P=1
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e Jacobsthal Sequence:
Jn=Jn-1+2Jp—2, Jo=0, A1 =1
e Tribonacci Sequence:
T, =Th1+Tho+Th3, To=0 Ti=1 To=1
¢ Padovan Sequence:
P,=P, 2o+P, 3 P=P=P=1
e Narayana’s Cows Sequence:
N, =Np_1+Np_3, No=N;=Ny=1
e Leonardo Sequence:
Ly=Ly 1+ Lpo+1, Ly=1 L;=1
e Tetranacci Sequence:
My=M, 1+ My o+ M, 3+ M, 4, My=M =My=0, Mz=1
e Pentanacci Sequence:
P,=P,1+P,o+P,3+P,u+PFP,5, Po=P=FP,=P3=0, P=1

These sequences demonstrate how mathematical recursions extend into the fabric of our world whether
designing structures, analyzing algorithms, modeling nature, or probing the quantum realm. Their recursive
beauty continues to inspire both theoretical and practical exploration.

Next, we explore several real-world applications of recurrence relations across disciplines.

e Engineering
— Fibonacci: Models recursive filters in control systems and signal processing.
— Padovan and Perrin: Guide architectural proportions using the plastic number.
— Jacobsthal: Applied in digital circuits for counting and encoding.
e Science
— Tribonacci and Tetranacci: Simulate biological systems with delayed reproduction.
— Leonardo: Reflect branching in plants and trees.
— Fibonacci and Narayana’s Cows: Describe phyllotaxis and seed arrangement in botany.
e Mathematics
— Recurrence Relations: Analyze algorithms like mergesort and quicksort.
— Pell: Solve Diophantine equations and approximate square roots with continued fractions.
— Jacobsthal and Padovan: Used in tiling and combinatorics problems.

e Physics
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— Fibonacci and Tribonacci: Appear in wave interference and quantum systems.
— Pentanacci: Used in recursive models of particle interactions and fractals.

— Padovan: Linked to equilibrium modeling via the plastic constant.

In this study, we extend the classical framework to fourth-order recurrence systems by introducing the
dual Pandita numbers, along with two distinguished subclasses. For these novel sequences, we derive Binet-
type formulas, ordinary and exponential generating functions, and generalized Simson-type identities. Our
analysis also encompasses closed-form summation formulas, algebraic properties, recurrence behaviors, and
matrix-based representations.

Recognizing the theoretical depth and real-world utility of recurrence-based sequences, we first revisit the
applications of second-order sequences to establish context. We then position our fourth-order generalizations
as a natural progression within this broader mathematical landscape—offering new insights and powerful

tools for modeling, analysis, and optimization in both pure and applied settings.

e For a detailed discussion on Gaussian Fibonacci and Gaussian Lucas numbers applied to Pauli
Fibonacci and Pauli Lucas quaternions, see [19].

e For an in-depth analysis of Pell numbers in solving three-dimensional difference equation systems,
refer to [21].

e For a study on Jacobsthal numbers and their role in special matrices, see [29].

e For a comprehensive analysis of generalized k-order Fibonacci numbers in hybrid quaternions, see
[30].

e For the application of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[63].

e For the use of generalized bivariate Fibonacci and Lucas polynomials in matrix polynomials, see
[64].

e For the application of generalized Fibonacci numbers to binomial sums, see [31].

e For the role of generalized Jacobsthal numbers in hyperbolic numbers, see [32].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [48].

e For the use of Laplace transform and matrix operations in the characteristic polynomial of Fibonacci
numbers, see [49].

e For the application of generalized Fibonacci matrices in cryptographic systems, see [50].

e For higher-order Jacobsthal numbers applied to quaternion structures, see [51].

e For Fibonacci and Lucas identities in Toeplitz-Hessenberg matrices, see [52].

e For Fibonacci numbers in lacunary statistical convergence, see [22].

e For lacunary statistical convergence in intuitionistic fuzzy normed linear spaces, see [58].

e For ideal convergence in intuitionistic fuzzy normed linear spaces, see [60].

e For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [57].
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For dual-generalized complex Fibonacci and Lucas numbers in quaternion structures, see [56].
For special cases of Horadam numbers in Neutrosophic analysis, see [53].
For hyperbolic Fibonacci numbers applied to quaternions, see [28].

For Pell numbers in Gaussian hyperbolic number systems, see [54].

In the following, we explore several applications of third-order recurrence sequences across various math-

ematical and applied contexts.

For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[24] and [23], respectively.

For the application of Tribonacci numbers to special matrices, see [62].

For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [44] and
[20], respectively.

For the application of Pell-Padovan numbers to groups, see [27].

For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [55].

For the application of Gaussian Tribonacci numbers to various graphs, see [43].

For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [25].For the
application of Narayan numbers to finite groups see [59)].

For the application of generalized third-order Jacobsthal sequence to binomial transform, see [42].
For the application of generalized Generalized Padovan numbers to Binomial Transform, see [41].
For the application of generalized Tribonacci numbers to Gaussian numbers, see [40].

For the application of generalized Tribonacci numbers to Sedenions, see [39].

For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [33].

For the application of generalized Tribonacci numbers to circulant matrix, see [34].

For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [61].

For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[26].

In the following lists, we outline several applications of fourth-order recurrence sequences across theo-

retical and applied domains.

For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [36].
For the application of generalized Tetranacci numbers to Gaussian numbers, see [37].
For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [38].

For the application of generalized Tetranacci numbers to binomial transform, see [35].

We now explore several applications of fifth-order sequences.

For the application of Pentanacci numbers to matrices, see [47].

For the application of generalized Pentanacci numbers to quaternions, see [46].
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e For the application of generalized Pentanacci numbers to binomial transform, see [45].
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