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	Is the title of the article suitable?
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	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	
	

	Is the manuscript scientifically, correct? Please write here.
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	Optional/General comments


	Detailed Comments and Required Revisions
1. Structure, Flow, and Writing
* Problem: The writing’s often too short and choppy. It doesn’t always flow smoothly. The
paper kind of jumps around between different graph types without a clear reason.

2. Required Action: The authors need to revise the paper with following actions
a) Introduction: Clearly state the problem, why it matters, and what the paper adds to the field.
b) Preliminaries: Consolidate all definitions and known results needed later.
c) General Bounds and Properties: Present Propositions 3.1-3.3, Theorem 3.5, 3.7, etc., as foundational theory.
d) Characterizations & Exact Formulas: This is the core. Organize it thematically. For example:
i. Subsection: Graphs where Fdk(G)=Fcdk(G) (Friendship, Complete, Wheel, etc.).
ii. Subsection: Graphs where Fcdk(G)=γc(G) (Trees, Grids, Prisms, etc.). Theorem 5.3 on trees is a key result and should be highlighted.
iii. Subsection: Graphs where Fdk(G)<Fcdk(G) (e.g., paths/cycles for k=2, gears for k=1).
e) Splitting Graphs: Keep as a separate section applying the concept to a graph operation.
Conclusion: Summarize findings and clearly list open problems.
f) Clarity: The prose needs polishing for fluency. Sentences like "Within this section, we fond some bounds..." should be corrected ("we find some bounds...").
3. Not Enough Analysis
Problem: The introduction says author going to explore the relationships between this parameter and other well-known graph theory parameters, but mostly you just calculate Fdk(G)for different graphs.
· What to do: Really build up Section 3 (Bounds) into a proper analysis
· Compare and Contrast: Look at Fdk(G) compared to 𝛾𝑐(𝐺), Fdk(G)and 𝑍𝑐𝑘(𝐺)
· How k Changes Things: Proposition 3.2 is key. Go further: Does it always go down bit by bit? Can you find a number 𝑘0? where Fcdk(G) =𝛾𝑐(𝐺 for all 𝑘 ≥ 𝑘0? Theorem 3.7 hints at this but doesn't look into it.

4. The Proofs Need Work
Problem: Some proofs are too short, don't explain enough, or are just wrong/missing stuff.
· Theorem 3.5 Proof: Hence every connected dominating set is also a connected dom-2- forcing set.

· That's a big jump. You need to explain why a connected dominating set 𝑆 in a graph with
𝛥 ≤ 2 must also be a 2-forcing set. This has to do with the structure (paths/cycles), so explain it clearly.

· Proposition 4.2, Theorems 4.3-4.8: Saying we can see that or it is easy to see isn't good enough. Give a short, complete forcing sequence or explain why the set you're using is the smallest possible.

· Theorem 5.8 (Grid Graphs): This is a big result, but the proof is a messy case-by-case thing with unclear notation (what's 𝐴? It seems to change). It's hard to follow.

· Rewrite this completely. Try a more organized approach. Maybe use a diagram for a general setup. Clearly say what set 𝑆 you're using for each case (𝑝 𝑚𝑜𝑑 3, 𝑞 𝑚𝑜𝑑 3). Show that 1) 𝑆 is connected, 2) 𝑆 dominates 𝐺𝑝, 𝑞, 3) 𝑆 is a minimum connected dominating set (cite Theorem 5.7), and 4) 𝑆 is a 2-forcing set (say how it forces).

Theorem 5.16 (Gear Graph): The proof for 𝑘 = 1 says But 𝐴 ∪ {𝑢1} zero forces 𝐺𝑛.Why is this set the smallest possible? You need to argue that you can't have a connected 𝑑𝑜𝑚 − 1- forcing set of size |𝐴| = 1 + ⌈𝑛/2⌉.

5. Show the Pictures
Problem: You talk about figures but don't include them (like Figure 4. Connected dom-2- forcing set... for 𝐺11). The captions don't say much.


[image: image1]
· What to do:Make sure all figures are in the final version.
· Figure 4: The caption isn't enough. Say what the letters 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 mean (are they vertices in the forcing set for different classes mod 3?).

· All figures should have captions that explain themselves.
6. What's Next?
· Bonus: You mention open problems, which is good.
· Make it Better: Make this section more detailed. The one problem you list (The connected 𝑑𝑜𝑚 − 𝑘 − 𝑓𝑜𝑟𝑐𝑖𝑛𝑔 𝑛𝑢𝑚𝑏𝑒𝑟 of a splitting graph for an arbitrary graph) is too specific. Suggest some bigger questions.

· How Hard is it?: Guess that calculating 𝐹𝑐𝑑𝑘(𝐺) is NP-complete.
· Limits: Can you find Nordhaus-Gaddum kind of limits?
· Other Graph Things: What about graph products (strong, lexicographic)?
· Connectivity: How does it relate to vertex connectivity?
· The 𝑘 Problem: The threshold k thing from point 2 above.
7. Specific Corrections:
· Abstract: derive formulae -> derive formulas (or stick to British spelling).
· Page 1, Definition: a 𝑑𝑜𝑚 − 𝑘 − 𝑓𝑜𝑟𝑐𝑖𝑛𝑔 𝑓𝑜𝑟𝑐𝑖𝑛𝑔 𝑠𝑒𝑡 -> 𝑎 𝑑𝑜𝑚 − 𝑘 − 𝑓𝑜𝑟𝑐𝑖𝑛𝑔 𝑠𝑒𝑡
(remove the extra forcing).
· Page 3, Prop 3.1: we fond some bounds -> we find some bounds. Whoops!
· Page 6, Theorem 5.3: 𝑥𝑖 ≤ 𝑘 𝑓𝑜𝑟 𝑎𝑙𝑙 ii - What's ii? Over all parent vertices? Say for every parent leaf vertex vi, let xi be the number of leaves right next to vi. Then if 𝑥𝑖 ≤ 𝑘 for every ii,

· Page 8, Theorem 5.8 Proof: inwhich -> in which. Rewrite the whole proof to be clear.
· References: Make sure they all follow the journal's style.
Summary:
This paper has a interesting new graph idea that could go somewhere. Right now, it has some useful math results, but it needs to be better organized, more deeply analyzed, and the proofs need to be clearer.

I'd suggest a major revision. What needs doing:
1. Reorganize the paper so it flows better.
2. Add more analysis on the limits and how the parameters relate.
3. Rewrite the main proofs (Theorems 3.5, 5.8, 5.16) with full explanations.
4. Add more background research.
5. Smooth things out and make it easier to read.
Fixing these things would turn this from a collection of findings into a solid research article that's ready for publishing.
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