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	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript makes a valuable contribution to the field of dependence modeling and copula theory. The author presents a novel Archimedean copula constructed through the frailty model approach, which is based on a transformation of the Median Based Unit Rayleigh (MBUR) distribution. What I find particularly interesting is the methodological innovation of extending a bounded distribution to an unbounded domain, which opens up new modeling possibilities. The paper provides a complete theoretical framework including derivations of the joint PDF, CDF, generator functions, Kendall’s tau, and tail dependencies. The author also validates the practical applicability through real data analysis using the Inference Function for Margins (IFM) method. As noted in the introduction, Archimedean copulas remain underutilized in applications despite their theoretical importance, and this work helps address that gap by providing practitioners with a new tool for modeling positive dependencies.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	Yes, the title accurately captures the core contribution of the work. It clearly indicates this is a new Archimedean bivariate copula based on the frailty model and emphasizes the key characteristic that it models only positive dependency. The terminology is appropriate and will be understood by researchers in this field.

Alternative suggestion (optional): “A Novel Archimedean Bivariate Copula for Positive Dependency Based on the Transformed MBUR Distribution” - This version mentions the underlying MBUR distribution, which might attract more attention from readers working with related distributions. However, the original title works perfectly well.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract covers the main elements of the research - the construction method, theoretical properties, and empirical application. However, there are a few areas where it could be strengthened:

1) The abstract would benefit from 1-2 sentences explaining the motivation for developing this copula and what advantages it might offer over existing models. This would help readers immediately grasp why this work matters.

2) Some quantitative results from the data analysis could be briefly mentioned to give readers a sense of the model’s performance.

3) The application domain or types of problems this copula is suited for could be specified more clearly.

4) The final sentence “Unfortunately, the Archimedean copulas are not widely used” comes across somewhat negatively. I’d suggest rephrasing this more positively, perhaps: “This work contributes to expanding the practical applications of Archimedean copulas” or something along those lines.
	

	Is the manuscript scientifically, correct? Please write here.
	From a mathematical and statistical standpoint, the manuscript demonstrates solid rigor. The theoretical foundation is sound - the author correctly applies Sklar’s theorem and the fundamental definitions of Archimedean copulas. The mathematical derivations appear to be correct and are presented systematically. I particularly appreciate that the author verifies the decreasing and convex properties of the generator function, which is essential for establishing that the constructed function is indeed a valid copula. The derivation of Kendall’s tau and the tail dependencies follow standard approaches in the copula literature. The empirical analysis using IFM for parameter estimation is appropriate and follows established practices in the field.

One area that could use more elaboration: The paper should more explicitly explain why this copula is restricted to positive dependencies and under what circumstances this limitation is actually an advantage rather than a constraint. Additionally, the discussion of the singular component (referencing Genest & Mackay’s theorem) could be expanded to help readers better understand its practical implications.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The reference list is comprehensive and includes seminal works in copula theory (Sklar 1973, Genest & Mackay 1986, Joe’s various contributions, Nelson 2006, etc.) as well as more recent surveys (Nadarajah et al. 2018). The breadth of citations demonstrates the author’s thorough familiarity with the literature.

Suggestions for additional references:

- Consider adding some papers from 2019-2024 to reflect the most current developments in Archimedean copulas and their applications

- If there have been other recent works on frailty-based copula construction, these should be cited

- The MBUR distribution is only referenced through the author’s own 2024 work. If other researchers have studied this distribution or similar transformations, those references would strengthen the paper

Overall the references are adequate, though a few more recent citations would enhance the paper’s currency.
	

	Is the language/English quality of the article suitable for scholarly communications?


	The English is generally clear and conveys the content effectively. The mathematical notation and terminology are used correctly, which is essential for this type of paper.

Areas for improvement:

- There are some minor grammatical issues and places where the wording could be more precise. I recommend having the manuscript reviewed by a professional editor or native English speaker

- Some sentences could be more concise. For example, in the literature review section where many books and papers are listed, a more streamlined citation approach might improve readability

- The transitions between some paragraphs could be smoother

- The phrasing in the abstract (as mentioned earlier) could be more positive

These are relatively minor issues that don’t impede understanding, but addressing them would enhance the overall professional quality of the manuscript.
	

	Optional/General comments


	1) Visualization: The paper would benefit significantly from additional figures. Consider adding plots of the generator function and its derivatives to visually demonstrate the decreasing and convex properties, graphs showing how Kendall’s tau varies with the parameter, comparison plots with other common copulas (Clayton, Gumbel, Frank), and scatter plots and contour plots for the empirical data application.
2) Simulation study: I’d strongly encourage adding a simulation section to validate the parameter estimation procedure and examine its performance under different sample sizes and parameter values.
3) Model comparison: In the empirical section, it would be valuable to compare this new copula with existing models using information criteria (AIC, BIC) to demonstrate its relative performance.
4) Additional applications: While one data example is provided, demonstrating the copula’s applicability across different types of data would strengthen the paper considerably.
5) Software implementation: If the author could provide R or Python code for implementing this copula, it would greatly facilitate adoption by practitioners. Even including the code in a supplementary file would be helpful.
6) Limitations: The conclusion could benefit from a more explicit discussion of when the restriction to positive dependency might be problematic versus advantageous.
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	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in details)
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