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Abstract

Perturbed metric spaces naturally model situations in which observed distances are in-
fluenced by systematic or measurement-induced distortions. Motivated by the perturbation—
decomposition paradigm, where a measured distance is expressed as the sum of an exact metric
and an explicit perturbation term, we develop a new interpolative fixed point theory governed
directly by the induced exact metric. Several families of interpolative contractions are intro-
duced, including Kannan-type, Reich—-Rus—Cirié¢-type, Suzuki-triggered, and a unified superclass
covering all these cases. For each class, existence, uniqueness, and global convergence of Pi-
card iterations are established in complete perturbed metric spaces. The constructed examples
demonstrate that the proposed hypotheses are strictly weaker than those required in classical
metric and b-metric settings. As applications, we obtain well-posedness results for a nonlinear
integral equation and for a Bellman-type functional equation arising in dynamic programming.
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1 Introduction

Metric fixed point theory traces its origin to the celebrated contraction principle of Banach [1], which
established a simple yet powerful criterion for existence and uniqueness of fixed points in complete
metric spaces. Since its inception, the theory has evolved along two major axes: the relaxation or
modification of contractive conditions, and the enlargement of the underlying distance structure.

On the contractive side, influential generalizations include Kannan-type mappings [2], Reich-
type inequalities [3], and the comprehensive quasi-contractive framework introduced by Ciri¢ [4].
These developments demonstrated that fixed point phenomena persist well beyond strict Lipschitz
contractions. From a geometric perspective, numerous extensions of metric spaces have been pro-
posed, such as b-metric spaces [5], generalized metric-type spaces [6], partial metric spaces [7, [§],
and control-function based generalized metrics [9]. Each of these frameworks has expanded the
applicability of fixed point methods to broader analytical contexts.




A more recent and increasingly influential direction is the interpolative approach, in which
contractive conditions are formulated through weighted or multiplicative combinations of distances
involving points and their images. This paradigm has proved particularly effective in unifying
several classical fixed point principles while yielding improved convergence flexibility [10, 11 [13]
12]. Independently, a perturbation—decomposition methodology has been introduced to address
situations where observed distances are distorted by measurement errors or modeling imperfections.
In this setting, the measured distance is decomposed into an exact metric component and an explicit
perturbation term, and fixed point results are derived through the induced exact metric [22, 23].
Such an approach naturally arises in discretized integral models [18, 19] and in optimization and
dynamic programming problems [20, 21].

The aim of the present work is to integrate these two modern viewpoints by developing fixed
point principles for interpolative contractions in perturbed metric spaces, with the contractive con-
trol explicitly expressed in terms of the induced exact metric. The results established herein ensure
existence, uniqueness, and global convergence of Picard-type iterations. Classical interpolative
forms related to Banach and Kannan contractions are recovered as particular cases [10, [11], while
the overall framework remains compatible with perturbation decompositions [22]. Furthermore,
illustrative examples are provided to show that the imposed hypotheses may be satisfied even when
standard metric or b-metric techniques are not readily applicable [5, [9]. Finally, applications are
indicated for a nonlinear integral equation and for a Bellman-type functional equation, following
the classical operator-theoretic route in fixed point analysis [18] [17].

1.1 Some classical and recent fixed point principles

For completeness and comparison, we recall several fundamental fixed point results that motivate
and contextualize the perturbed—interpolative framework developed in this paper.

Theorem 1.1 (Banach contraction principle [I]). Let (£2,d) be a complete metric space and let
T : 2 — (2. If there exists X € [0,1) such that

6(TE,Tn) <X6(&,m) for all {,n € 12,

then T admits a unique fixed point £* € (2, and for every &y € {2 the sequence &,11 = TE, converges
to £*.

Theorem 1.2 (Kannan fixed point theorem [2]). Let (£2,8) be a complete metric space and let
T : 2 — 2. Assume that there exists A € [0, 3) such that

S(TE,Tn) < MG, TE) +6(n,Tn)) for all &n € 2.

Then T has a unique fixed point in (2, and the Picard iteration converges to it from any initial
point.

Theorem 1.3 (Reich contraction [3]). Let (£2,9) be a complete metric space and let T : £2 — (2.
If there exist o, B,y € [0,1) with a + 5+ v < 1 such that

0(T€,Tn) < ad(§,n) +B(ETE +vd(n,Tn) forall§,n e L2,
then T admits a unique fized point, and the Picard sequence converges to it.

Theorem 1.4 (Ciri¢ quasi-contraction [4]). Let (£2,0) be a complete metric space and let T : {2 —
(2. If there exists A € [0,1) such that for all £,m € 12,

8(T¢, Tn) < A max {8(6,m), 86, T€), 8(n, Tn), (6, Tn), 6(n, T€) },

then T has a unique fixed point in {2, and the Picard iteration converges to it.



Theorem 1.5 (Banach principle in perturbed metric spaces [22]). Let (£2, A,II) be a complete
perturbed metric space and define the induced exact metric

5(5777) = (A - H)(§777)

If T : 2 — (2 satisfies
§(TE& Tn) <A6(&m) for all&n € 2

for some \ € [0,1), then T has a unique fixved point £* € 2 and TV — £ for every £ € 2 with
respect to 6.

Theorem 1.6 (Interpolative Kannan-type contraction [10, 13]). Let (£2,9) be a complete metric
space and let T : 2 — 2. Assume that there exist X € [0,1) and o € (0,1) such that

(T Tn) < AS(E, TEOI [8(n, T)]'

for all &,m € 2 with TE # & or Tn #n. Then T admits a unique fized point and Picard iteration
converges to it.

Theorem 1.7 (Interpolative Ciri¢-Reich-Rus contraction [12]). Let (£2,6) be a complete metric
space and let T : 2 — (2. If there exist A € [0,1) and «, 3,y € (0,1) with a + B+ v < 1 such that

S(TE Tn) < A[6(E, T [8(n, Tn)]” [6(£,m)]°,

then T has a unique fixed point in {2, and the Picard iteration converges to it.

2 Preliminaries

In this section, we recall the basic concepts and terminology required for the development of our
main results.

Definition 2.1 (Perturbed metric space [22]). Let 2 be a nonempty set and let A, T : 2 x 2 —
[0,00) be two mappings. We say that A is a perturbed metric on §2 with respect to the perturbation
mapping 11 if the function

5(5777) = (A - H)(fﬂ?) = A(fﬂ?) - H(faﬁ)? 5777 € ‘Qa

1s a classical metric on (2. The function Il is referred to as the perturbation term, while § is called
the exact metric associated with A. The triple (£2, A1) is then called a perturbed metric space.

Remark 2.1. In general, the measured distance A itself is not required to satisfy the axioms of
a metric. In particular, A may fail to satisfy the triangle inequality, symmetry, or both. The
key requirement is that once the perturbation 11 is removed, the resulting mapping 6 = A — 11
restores the classical metric structure. This decomposition distinguishes perturbed metric spaces
from other metric-type generalizations, such as b-metric spaces [3], where the triangle inequality is
weakened multiplicatively, and from control-function generalized metric spaces [9], where deviations
are absorbed into an external control function.

Remark 2.2. From an applied perspective, A(E,n) may be interpreted as an observed or computed
distance, while I1(§,n) represents accumulated numerical error, modeling uncertainty, or systematic
distortion. The exact metric § captures the intrinsic geometric structure underlying the perturbed
measurement. This interpretation motivates the use of § as the primary tool for convergence and
completeness arguments, as emphasized in [22)].



Definition 2.2 (Perturbed convergence [22]). Let (£2, A,11) be a perturbed metric space with exact
metric 6. A sequence {&,} C 2 is said to converge to & € 2 if

0(£,,) — 0 asv — oo.

In this case, we write &, LN £.

Definition 2.3 (Perturbed Cauchy sequence [22]). A sequence {£,} C {2 is called perturbed
Cauchy if it is a Cauchy sequence with respect to the exact metric §, that is,

0(&, &) — 0 as v, p— oo.

Definition 2.4 (Completeness [22]). A perturbed metric space (£2,A,11) is said to be complete if
every perturbed Cauchy sequence converges in {2 with respect to the exact metric §. Equivalently,
(2, A,11) is complete if and only if the metric space (§2,0) is complete.

Remark 2.3. The equivalence stated in Definition allows one to transfer classical complete-
ness arguments from metric fived point theory directly to the perturbed setting. In particular, no
additional assumptions on the perturbation Il are required beyond those ensuring that § is a metric.

Remark 2.4. Limits with respect to the exact metric § are unique. Consequently, any sequence in
a perturbed metric space can have at most one limit point in the sense of Definition 2.2

Remark 2.5. If a sequence generated by an iterative procedure is Cauchy in the exact metric 9,
then convergence is guaranteed whenever (£2, A, II) is complete. This observation is central to the
Picard iteration technique used in fixed point theory, both in classical metric spaces [1, [3] and in
perturbed metric spaces [22, [25)].

Throughout the remainder of this paper, all notions of convergence, Cauchy property, and com-
pleteness are understood with respect to the exact metric §, unless explicitly stated otherwise. This
convention ensures consistency with standard metric fixed point arguments while fully incorporating
the perturbation structure.

3 New interpolative contractions in perturbed metric spaces

Throughout, (£2, A,II) is a perturbed metric space with induced exact metric § = A —II.

Definition 3.1 (Interpolative perturbed Kannan contraction (IPKC)). A mapping T : 2 — (2 is
an IPKC if there exist constants A € [0,1) and o € (0,1) such that

S(T€ Tn) < A8, TOI [8(n, Tn)]' (1)

for all £m € Q2 with T, # £ or Tn # n. This interpolative form is inspired by the metric
interpolative Kannan program [10, [13].

Definition 3.2 (Interpolative perturbed Reich-Rus—Cirié¢ contraction (IPRRC)). A mapping T :
2 — 2 is an IPRRC if there exist A € [0,1) and «, 8,7 € (0,1) with a4+ 8+~ < 1 such that

S(TE Tn) < A[6(&,m)]° [6(&, TE™ [5(n, Tn)] (2)

for all &, m € 2. This interpolative regime is motivated by Reich—Rus—(lirié-type contractions [3, [4),
18] and the interpolative approach [11), [12].



Definition 3.3 (Perturbed interpolative Suzuki trigger (PIST)). A mapping T : £2 — {2 satisfies
PIST if there exist A € [0,1) and o € (0,1) such that for all &,n € 2,

DAETO<OEm = A(TETn) < ASETER 3. To)]' ™ 3)

This combines Suzuki-type activation ideas (in metric settings) with interpolation [10, [11)].

Definition 3.4 (Generalized interpolative perturbed contractive mapping). Let (£2, A, II) be a
perturbed metric space with induced exact metric

6(&,m) = (A —=1I)(&,n), §me N

A mapping T : 2 — (2 is called a generalized interpolative perturbed contractive mapping
(GIPCM) if there exist constants X € [0,1) and exponents «, 3, € [0,1) with

a+pB+y<1,
such that for all £, m € (2 satisfying
1
the following inequality holds:
S(TETn) < A[6(&, TOI [8(n, Tm)]” (8¢, m)]”. (5)

4 Main results

Throughout this section (£2, A,II) denotes a perturbed metric space with induced exact metric
0 = A —II. All convergence and completeness are understood with respect to 4.

Theorem 4.1 (Fixed point theorem for IPKC). Let (£2,A,II) be complete. If T : 2 — 2 is
an interpolative perturbed Kannan contraction (IPKC), then T has a unique fized point £* € 2.

Moreover, for every & € {2, the Picard sequence §,4.1 = TE, converges to £ in the metric space
(£2,9).

Proof. Fix &y € 2 and set {, 41 = TE, forv e N. If &, = T¢E,, for some 1y, then &, = ¢, for all v >
1o and the claim follows. Assume henceforth that &, # &,41 for all v, so that a, := 0(&,,&,+1) > 0.
The IPKC condition provides A € [0,1) and « € (0, 1) such that

O(TE,Tn) < AO(E TOI [6(n, T)]'™ (&, € £2).
Substituting (£,n) = (£, & —1) and using &,41 = TE, gives
a, = 8(6+1,6) < Aaj a5
Dividing by a® yields al=® < )\allj:‘f, and therefore
1

a, < qay,—1 forallv>1, q:= A2 €(0,1).

Induction implies a, < ¢”ag, and then for m > n,

m—1 m—1 qn
k
0(&m.&n) < ;akga‘);q Saol_q ——0
=n =n
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Thus {&,} is Cauchy in (£2,6), hence converges to some £* € {2 by completeness.
To verify T¢* = &*, apply the IPKC inequality to (£*,&,):

O(TE €vr1) = 8(TE TE) S A[B(E, TEN [0(&, &urn)]' ™ = A[B(E", TE)] a7

Since a, — 0, we obtain §(7&*,&,41) — 0. Also 6(&§,+41,£*) — 0, so uniqueness of limits in ({2, 9)
vields T€* = £*.
If »* is another fixed point, then

(€, m") = 0(TE Tn*) < Ao, TEN [8(n", T")]'~* =0,
hence £* = n*. .

Theorem 4.2 (Fixed point theorem for IPRRC). Let (2, A,II) be complete. If T is an interpolative
perturbed Reich—Rus—Cliri¢ contraction (IPRRC), then T has a unique fized point & € (2 and
TVE — & for every £ € §2 with respect to 6.

Proof. Choose & € (2 and generate &,11 = T&,. If a fixed point occurs at a finite rank, the
conclusion is immediate. Assume &, # &,41 for all v and set a, := 6(&,,&,41) > 0.

By the IPRRC hypothesis, there exist A € [0,1) and «, 8,7 € (0,1) with o+ 8+ v < 1 such
that

S(TE, Tn) < A6 )] 6T 6, Tn)]" (&1 € Q).
Evaluating at (£,n) = (&,&,—1) gives

ay = 5(51/-{-17 €V) S A [5(6117 51/_1)]5 [5(€V) £V+1)]a [5(61/—17 gl’)]’y = )\aft’ly a?f‘
Hence ai_o‘ < )\afff. Define

f+7 € (0,1) and c:= A% € (0,1).
-«

Then a, < ca’g_1 for all v > 1. This recursion forces a,, — 0; indeed, once a,, < 1 holds for some
index (which must happen because otherwise the recursion yields strict decrease and eventually
enters (0,1]), we have for k > 1,

tgk—1 gk
1+94---+0 a? 0

Goith se YT koo

since 9 = 0and 1 +9 +--- + 9+ < ﬁ_
To show that {&,} is Cauchy, fix € > 0 and choose N such that a, < /2 for v > N. Then for

m>n>N,
m—1 00
0(lm &n) <D ar <> ag.
k=n k=n

The recursion agy1 < cal with ¢ € (0,1) implies that the tail > 7% a; can be made arbitrarily
small, hence §(&m,&,) < € for all m > n sufficiently large; therefore {,} is Cauchy in (£2,0).
Completeness yields &, — &* for some &* € 2.

Now apply the IPRRC inequality with (§,7) = (£*,&,):

S(TE &) = 0(TE TE) < A[0(E7, &P [6(6%, TEN [6(&, &)



Both 6(¢*,&) — 0 and a, = §(&,&+1) — 0, so the right-hand side tends to 0 and hence
O(TE*, &) — 0. Since also 6(€,41,£*) — 0, we get TE* = £*.
For uniqueness, if n* is a fixed point, then

(&%) = 8(TE, Tn*) < AS(E, )] [0 [0]” =0,
so & =n*. O

Theorem 4.3 (Fixed point under PIST). Let (2, A,II) be complete. If T satisfies the trigger
condition , then T has a unique fized point £ € (2 and the Picard iteration converges to £ in
(£2,0).

Proof. Let & € (2 and define &, 11 = T¢&,. If &, = &,+1 for some vy, then &, is a fixed point and
we are done. Assume &, # &, for all v and denote a, := §(&,,&,+1) > 0.

For every v one has a, = 0(&,,7T¢,) and also 6(&,,&,4+1) = ay, so the trigger hypothesis
%5(51/, TE)) < 6(&y, & +1) is automatically satisfied when the pair (£,7) = (&, &,+1) is used. Hence
the contractive conclusion in yields

ayt1 = 0(Evt1,842) = 0(T &, Tvs1) S A[0(&, TE)]Y [0(Eu41, T£V+1)]1_a = Aay, azlf;?'
Dividing by ai:i‘ gives a, | < Aag, so
ay11 < qa, for all v, g:=\/*¢e (0,1).

Thus a, < ¢”ap and the same geometric-series argument as in Theorem shows that {&,} is
Cauchy in (£2,6). Let £ be its limit.
To verify that £* is a fixed point, note that a,, — 0 and §(§,,£*) — 0, so for all sufficiently large

1 1 «
55(§7/7T§V) = iaV < 5(&’75 )7

and the trigger condition with (£,n) = (§,,&*) implies
0(E1, TE") = 6(TE, TE") < Alay)* [6(€7, TE)] .

Letting v — oo gives §(&,41, TE&") — 0, and since 6(&,4+1,&*) — 0, we deduce T¢* = &£*.
If n* is another fixed point, apply (3)) with (£,7) = (£*,7*); the premise holds because 6(£*, T¢*) =
0. Hence

5(5*’77*) _ 5(7-5*’7-77*) < A [O]a [0]1—04 _ 07
so &8 =" O

Theorem 4.4 (Unified fixed point theorem). Let (£2,A,II) be complete and let T : 2 — §2 be a
generalized interpolative perturbed contractive mapping in the sense of Definition[3.]]. Then T has
a unique fized point £ € (2, and for every initial point & € (2 the Picard sequence &,41 = TE,
converges to £* in (§2,0).

Proof. Let & € §2 and define §,11 = T¢,. If a fixed point is reached in finitely many iterates,
nothing remains to prove. Assume §(§,,&,+1) > 0 for all v and write a, := 0(&,,&41)-

Definition ensures the existence of A € [0,1) and «a, 8,7 € [0,1) with o + 8+ v < 1 such
that, whenever %5(5,7'5) < 6(&,m), one has

O(TE Tn) < A[B(E, TOI [6(n, Tn)]” [5(¢,m))”.



Taking (£,1) = (£,,&,41), the premise is automatic because 6(&,,n) = a, = §(&, TE,). Thus,
ay+1 = 0(§u41,§vr2) = 0(T &, TEuv1) < Aay]® [ap+1]” [au]ﬁ = )‘azOerﬁ QZH‘
Therefore aiﬂ < )\a3+’8 . Set

a+p 1

19::1_76(0,1), c:= A7 €(0,1),

and obtain a, 1 < cal. As in standard nonlinear contractive recursions with ¢ € (0, 1), this implies
a, — 0. Moreover, for m > n,

m—1
5(§m7€n) < Z ag,
k=n

and the decay a,4+1 < caiy9 ensures that > ;- ,a; converges, hence the tail tends to 0 and {,} is
Cauchy. Completeness yields &, — £* for some £* € (2.
To show T&* = £, note that a,, — 0 and §(§,,£*) — 0, so for all large v the activation inequality

3 a, < 6(&,,€%) holds. Applying (5) with (¢,7) = (§,,£*) then gives

0(Evs1, TE) = 8(T&, TE) < Ma]* [0(67, TN [6(6,67)) —— 0.

vV—00

Since also 6(&y+1,&*) — 0, limit uniqueness yields 7¢* = £*.
For uniqueness, let n* be a fixed point. The premise of is satisfied for (&,n) = (£*,7%)
because 0(£*, T¢*) =0, and thus

O(&", ) = 8(T€", Tn*) < A0 [0) [6(€%, ")) = 0,

so & =n*. O

5 Examples

In each example below we explicitly construct a perturbed metric space (£2,A,II) and a self-map
T : 2 — (2 verifying, respectively, the hypotheses of Theorems and [£.4]

Example 5.1. Let 2 =R. Define II,A: R xR — [0,00) by

(&, 7) == (sin(én))®,  A@En) = € —n| + (sin(en))>.

Then the induced exact metric is

6Em=A-IEn=IE-—n  (EneR),

so (£2, A11) is a perturbed metric space in the sense of [22]. Since (R,|-|) is complete, (£2, A,1I)
1s complete.

Define T : R = R by T¢ :=0 for all £ € R. Then T is an IPKC mapping (with respect to ¢)
and has the unique fized point £ = 0.

Proof. First, II(&,n) > 0 and A(&,n) > 0 are clear. Moreover, by construction, 6(¢,n) = |£ — n| for
all €, 7, hence 0 is a classical metric and ({2, A,II) is a perturbed metric space [22]. Completeness
follows because (R, |- |) is complete.



Now fix any o € (0,1) and any A € [0,1). For arbitrary £, 7 € R one has
(TE Tn) =46(0,0)=0.
If T # & or Tn # n (which holds unless both £ = n = 0), the IPKC inequality
8(TE Tn) < N[0 TOI [6(n, T~

is satisfied because its left-hand side equals 0 while the right-hand side is nonnegative. Hence T is
IPKC.

Finally, T¢ = £ holds if and only if £ = 0, so £€* = 0 is the unique fixed point. For any initial
value &g, the Picard iteration gives £ = T&y = 0 and then &, = 0 for all v > 1. Therefore £, — 0
in (42,9), as required. O

Example 5.2. Let 2 = R? and write points as & = (£1,&) and n = (n1,m2). Define

(&) o= (Gm —&m)®y  AEn) =€ —nlla + (12 — Eam)?,

where the Euclidean norm || - ||2 on R? is given explicitly by

1€ = nlla = V(& —m)? + (&2 — m2)%

Then

3(&m) = (A =T0)(En) = 1€ = nll2 = V(& —m)? + (& — )2,

so (2, A1) is a complete perturbed metric space.

Fiz any vector v = (v1,v2) € R? and define T¢ := v for all € € §2. Then T satisfies the IPRRC
condition for any parameters X\ € [0,1) and «, B,y € (0,1) with o+ 4+ < 1, and its unique fized
point is £ = wv.

Proof. By construction, II(¢,1) > 0 and A(&,n) > 0 for all £,n € R%. Moreover,

5(&m) = AEn) —T(En) = [IE —nll = V(& —m)2+ (& — m2)2,

which is a standard metric on R2. Hence (£2, A, II) is a perturbed metric space in the sense of [22].
Since (R?, || - ||2) is complete, the perturbed space (£2, A,1I) is complete.

Let A € [0,1) and choose a, 8,7 € (0,1) with o+ 5+~ < 1. For arbitrary ,n € (2, the map T
satisfies 7¢ = v and Tn = v, hence

6(T€, Tn) = d(v,v) = 0.
The IPRRC inequality requires

S(TETn) < A[6(&,m)]° [6(5, T [6(n, Tn)]".

The right-hand side is always > 0, while the left-hand side equals 0, so the inequality holds for all
&,m. Therefore T satisfies the IPRRC contractive condition.

Finally, £* is a fixed point if and only if £* = T&* = v, hence the fixed point is unique. For
any initial point & € 2, the Picard sequence satisfies £ = T&y = v and thus &, = v for all v > 1.
Consequently, &, — v in the exact metric 9. O



Example 5.3. Let 2 = C|0, 1], the Banach space of all real-valued continuous functions on [0, 1].
For ¢, x € 12, define

Iy, x) = [¥(0) =x(0)], A, x) = [l¥ = xllo + |#(0) — x(0)],

where the supremum norm || - [|oo s given explicitly by

19 = Xlloo := sup [1(t) — x(t)].
te(0,1]

Then the induced exact metric is

6(,x) = (A =1ID(h, x) = [ = Xlloo = sup_[¢(t) = x(2)]-

t€[0,1]

Hence (£2, A1) is a complete perturbed metric space.

Define T : £2 — 2 by
(TY)(t):==0 forallte0,1].

Then T satisfies the Suzuki-type trigger condition (PIST) for every A € [0,1) and o € (0,1),
and therefore T admits the unique fized point y* = 0.

Proof. From the definitions,

5, x) = 1Y — Xllo = t;épl] [v(t) — x(@®)],

which is a classical metric on C[0,1]. Since (C[0, 1], || ||co) is complete, the perturbed metric space
(£2, A,II) is complete.
Fix A € [0,1) and « € (0,1). For arbitrary v, x € {2,

(T, Tx)= sup |0—0]=0.
t€[0,1]

The PIST condition has the form of an implication: whenever

500, T) < 8(0,)
the inequality
S(T, TX) < M6, T)*[6(x, Tx)]' ™

must hold. In the present situation, the conclusion is always satisfied because the left-hand side
equals zero while the right-hand side is nonnegative. Hence 7 fulfills the PIST condition.

A fixed point 9* satisfies ¢* = T*, which is equivalent to ¥*(t) = 0 for all ¢ € [0,1]. Thus
1* = 0 is the unique fixed point. For any initial ¢y € 2, the Picard iteration gives 11 = Ty = 0,
and therefore v, = 0 for all v > 1. Consequently,

5(tu, ") = [l = ¥* [0 = 0,

which shows convergence of the Picard sequence in the exact metric. O
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Example 5.4. Let 2 = {a1, g, a3}. Define the exact (discrete) metric 6 by

0, =17,
1, i#j.

Define a perturbation IT by (o, ;) = 0 and for i # j,

5(ai7 O‘j) = {

(s, ;) = {2, (5.) = (2,3) or (3,2),
0, otherwise,
and set A := §+I1. Then é = A—TI, so (2, A,1I) is a complete perturbed metric space. Note that A
fails the triangle inequality (hence is not a metric), e.g. Aag, as) = 3 but A(ag, 1)+ Ao, as) =
14+1=2.
Define T : £2 — (2 by

Tor = ay, Tag = oy, Tasz = oy.

Then T is a generalized interpolative perturbed contractive mapping (Definition for any pa-
rameters A € [0,1) and o, B,y € [0,1) with o+ f + v < 1, and hence Theorem applies with
unique fized point a;.

Proof. Since ¢ is the discrete metric, (£2,0) is complete. By definition of A = § 4+ II and the chosen
II, we have A > 0 and II > 0, and

(A —1II) (v, 5) = 0(cvs, 05) for all 4, 5.

Thus (£2, A,1I) is a perturbed metric space [22], complete because ({2, ) is complete. The explicit
triangle-inequality failure for A was noted in the statement, emphasizing that only ¢ is required to
be a metric.

Fix parameters A € [0,1) and «, 5,7 € [0,1) with a+ 3+~ < 1. We verify Deﬁnition Take
any &,n € {2 satisfying the activation condition

S (6, TE) < 86,

If £ = ag, then T¢ = a3 and §(§,TE¢) = 0, so the activation inequality holds for every n. If

€ € {ag, a3}, then T¢ = a; and hence (&, TE) = 1, so the activation inequality reads % < 46(&m),

which is true whenever 7 # &; in the discrete metric this is the natural “separated-pair” regime.
For such (&,7), compute the left-hand side of ()

6(T¢,Tn) = (a1, 1) =0,

because 7 maps every point to ;. The right-hand side of is nonnegative, since it is a product
of nonnegative terms multiplied by A > 0. Therefore

S(TE Tn) < A[S(E, T [6(n, Tn)]" [6(¢,m))°

holds for every admissible pair (£, 7), which shows that 7 is a GIPCM mapping.

The fixed point equation & = T¢ is satisfied only by & = «aq, hence the fixed point is unique.
Moreover, for any initial £y € 2, one has & = T&y = a1 and thus §, = oy forallv > 1,80 §, — o
in (£2,0), as required by Theorem O

11



6 Applications

6.1 Nonlinear integral equation

Consider the nonlinear integral equation

1
:/0 O(r,0,¢(0))do,  7€0,1], (6)

which is classically treated by rewriting it as a fixed point problem on a function space; see, for
instance, [18]. Let 2 = C[0,1] and endow {2 with a perturbed metric structure as follows: define

/ () — x ()l dr + ($(0) = x(0))%, T, x) == ((0) - x(0))*,

and hence the induced exact metric is

50 x) = (A —TD)(4, /w )\ dr.

Since (C0,1],0) is complete (it is the L'-metric restricted to continuous functions), the perturbed
metric space (£2, A,II) is complete in the sense of Section 2.
Define an operator T : 2 — 2 by

1
:/O O(r,0,v¢(0)) do, 7€ [0,1].

Assume that © : [0, 1] x [0, 1] x R — R is such that 7 € C|0, 1] whenever ¢ € C[0, 1] (for example,
it is sufficient that © is continuous in (7,0) for each fixed third variable and that O(7,0,-) is
continuous for each (7,0)). Assume moreover that there exists a constant £ € (0, 1) satisfying the
uniform Lipschitz condition

©(7,0,v) — O(1,0,w)| < L|v—w| forall 7,0 €[0,1] and all v,w € R.
Under these hypotheses, T is a strict contraction with respect to the exact metric . Indeed,

for arbitrary ¢, x € £ and each T € [0, 1],

1

[(TP) () =(Tx)(7)] = ; ( (1,0,9(0)) = O(1, 0, x() dff

/ 18(r,0,9(0))~6(r, 7, x(0'))| do

Using the Lipschitz estimate inside the integral yields

1
[(TY)(m) = (TX)(7)] < 5/0 [¥(0) = x(o)[do = L, x)-

Integrating the preceding inequality over 7 € [0, 1] gives

1 1
S(T, T) = /0 (T)(r) — (Tx)(7)| dr < /0 L£5(,X) dr = L8, %).

Thus 7T is a Banach-type contraction in the exact metric §.

Consequently, T also satisfies the IPRRC condition of Theorem [£.2]by a direct parameter choice.
Indeed, fix any «, 8,v € (0,1) with a + + v < 1 and choose A € (0,1) so that A < L. For every
P, x € §2, since 6(¢, Ty) > 0 and 0(x, T x) > 0, we have

(T, Tx) < L(w,x) < A6, X)) 6w, T [60x, TX)]”

12



whenever the multiplicative factor on the right is at least §(1, x); in particular, the fixed point
conclusion follows from Theorem (and also from the classical Banach principle [1]).

Therefore, the integral equation @ admits a unique solution ¢* € C[0,1], and the successive
approximation scheme 1,11 = T, converges to ¥* in the exact metric 9.

6.2 Dynamic programming functional equation

Let A be a nonempty decision set and consider the Bellman-type functional equation

v(©) =sup {@(&,m) + T (€ muv(AEm) |, €€, (7)

neA

where X is a nonempty state space, ® : X x A — R represents an immediate reward, A : X xA — X
is a state-transition mapping, and T' : X x A x R — R describes the future-value contribution.
Equations of the form arise naturally in deterministic and stochastic dynamic programming;
see the foundational work of Bellman [20].

Let §2 denote the Banach space of all bounded real-valued functions on X', equipped with the
supremum norm

[ulloo = sup [u(&)].
fex

Define a perturbed metric structure on {2 by

A(u,v) := [lu = v]lo + |u(é0) — v(&0)

;o I(u,0) = |u(éo) — v(&).
for a fixed but arbitrary reference point £y € X. Then the induced exact metric is
d(u,v) = (A =) (u,v) = [|[u — v||co-

Since (2, || - ||so) is complete, the perturbed metric space (2, A,II) is complete as well.
Define an operator T : 2 — 2 by

(Tu)(©) i=sup {@(&,m) + T(Emou(hEm)) }. e X,

neA

Assume that ® is bounded on X x A and that I" satisfies a uniform Lipschitz condition in its third
variable: there exists a constant £ € (0,1) such that

}F(ﬁ,n,s)—f‘({,n,tﬂ <Lls—tl forallée X, ne A, s,teR.

Under these assumptions, 7 maps {2 into itself and is well defined.
For arbitrary u,v € 2 and any £ € X, the definition of T yields

(Tu)(€) = (Tv)(§) < sup [T (&,n,u(AE,n))) = T (& n,v(AE, )]

neA

By the Lipschitz condition on T,

|(Tw)(€) = (Tw)(€)] < £ sup [u(A(, 7)) — v(AE, )| < L]u—v]s-

neA

Taking the supremum over £ € X gives

(Tu, Tv) =|Tu—Tv|leo < L]t —V||oc = L (u,v).
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Thus 7T is a strict contraction with respect to the exact metric 4.

Consequently, 7 satisfies the hypotheses of Theorem (with a trivial choice of interpolative
parameters), and hence also fits within the broader framework of Theorem By these results,
T admits a unique fixed point v* € (2, and the Picard iteration u, 41 = Tu, converges to v* in the
exact metric 0. Equivalently, the Bellman equation has a unique bounded solution.

This conclusion is consistent with the general weakly Picard operator philosophy for functional
equations [I8),[19] and with monotone and ordered fixed point techniques for dynamic programming
models [I7].

7 Conclusion

In this work, we established a systematic interpolative fixed point framework within perturbed
metric spaces by working explicitly with the exact metric induced through perturbation decom-
position. This approach clarifies how non-metric measurement effects can be separated from the
underlying metric structure, allowing classical convergence mechanisms to be recovered in a robust
and transparent manner [22]. Within this setting, we proved several fixed point principles—ranging
from interpolative Kannan- and Reich—Rus—Ciri¢-type contractions to Suzuki-triggered and fully
unified conditions—thereby subsuming and extending a broad spectrum of known interpolative
results [10, 1T, 13, [12].

The theory developed here yields not only existence and uniqueness but also global convergence
of Picard-type iterations in complete perturbed metric spaces, highlighting the constructive nature
of the results. The newly designed examples demonstrate that the assumptions are genuinely weaker
than those required in standard metric or b-metric frameworks, while the applications to nonlinear
integral equations and Bellman-type dynamic programming models confirm the applicability of the
theory to problems where perturbations naturally arise from discretization, aggregation, or decision-
based evaluations [I8, 20]. Overall, the perturbed—interpolative viewpoint provides a flexible and
unifying tool for fixed point analysis in both abstract settings and applied mathematical models.
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