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The domination number of a graph G, denoted by (G), is the minimum
number of vertices in a dominating set. A dominating set is a subset S of the
graph’s vertex set such that every vertex not in S is adjacent to at least one
vertex in S. In other words, all vertices outside the set are directly connected
to vertices within it. The domination number reflects how effectively a subset
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1. INTRODUCTION

of vertices can oversee or influence the entire graph [1].
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If the subgraph induced by a dominating set is connected, then the set is
known as a connected dominating set. Among all such sets, a minimum con-
nected dominating set is one with the smallest possible number of vertices. The
size of this set is called the connected domination number, denoted by 7.(G)
[2].

A subset Zj of vertices in a graph is called a k-forcing set if its vertices
are initially assigned a color while the remaining vertices start as uncolored.
The graph undergoes a color propagation process based on the following rule: a
colored vertex with at most k& uncolored neighbors forces each of those neighbors
to become colored. This process continues until all vertices in the graph are
colored. The k-forcing number of a graph, denoted as Zi(G), represents the
smallest possible size of a k-forcing set see[8].

A connected k-forcing set of a graph G, is a k-forcing set of G that induces
a sub graph of G which is connected. The connected k-forcing number of G,
Ze(G), is the minimum size of connected k-forcing sets. Any connected k-
forcing set of order Z.;(G) is called a minimum connected k-forcing set [4].

A vertex subset Dy in a graph G is referred to as a dom-k-forcing set if
it satisfies the properties of both a k-forcing set and a dominating set. The
dom-k-forcing number of a graph G, denoted as Fyi(G), represents the smallest
possible size of a dom-k-forcing set.

This study integrates the concepts of connected domination and connected
k-forcing to introduce a new graph-theoretic parameter: the connected dom-k-
forcing set.

Definition 1.1. For any k € N',1 < k < A, a connected dom-k-forcing forcing
set of a graph G, is a dom-k-forcing set of G that induces a sub graph of G
which is connected. The connected dom-k-forcing number of G, F.qx(G), is the
minimum size of a connected dom-k- forcing set.

For instance, consider the graph G illustrated in Figure 1. The set Dy =
{va,v5} is a valid 2-forcing set as well as dominating set, the sub graph induced
by Dy, is connected. Here the connected dom-2-forcing number of G is 2.

(U (7

Ficure 1. G(V, E)

When k = 1, connected dom-k-forcing number is equivalent to the connected
dom-forcing number, denoted by F.4(G) See [6]. When k = 2, this is known as
the connected dom-2-forcing number and is denoted by Figo(G).

In this paper, we introduce the study of connected dom-k-forcing sets in
graphs. We characterize connected dom-k-forcing sets in certain special graphs,



UNDER PEER REVI EW

CONNECTED DOM-k-FORCING SETS IN GRAPHS 3

deriving formulas for connected dom-k-forcing number based on these charac-
terizations. Additionally, we explore the relationships between this parameter
and other well-known graph theory parameters.

2. MOTIVATION

The study of the connected dom-k-forcing number of graphs is at the inter-
section of domination theory and dynamic graph processes, motivated by both
theoretical curiosity and practical applications. In graph theory, domination
parameters help to characterise how influence, control or monitoring can be
established over a network. k-forcing processes, a generalisation of the zero
forcing process, model how information, disease or opinions spread through a
system, subject to constraints given by the number k of forced neighbours.

By combining these two concepts—connected domination and k-forcing—we
can investigate how an initial set of “influencing” nodes can control the spread
in a graph and remain connected throughout the process. This is crucial in
situations where continuous communication or cohesion among influencers is
necessary, such as in wireless sensor networks, distributed computing or coor-
dinated response systems. Studying the connected dom-k-forcing number not
only enriches the theoretical framework of graph parameters but also leads to
efficient algorithms and heuristics for real-world network management tasks,
including fault detection, resource allocation and containment strategies. Un-
derstanding the complexity, bounds and characterisations of this parameter
opens up new avenues in combinatorics and applied network science.

3. BOUNDS FOR CONNECTED DOM-k-FORCING NUMBER

Within this section, we fond some bounds for connected dom-k-forcing num-
ber. Also investigating about the graph having Foq1(G) = v.(G) .

The definition makes it evident that the combination of a connected k- forcing
set and a connected dominating set constitutes a dom-k-forcing set. Therefore,
the following relationship holds:

Proposition 3.1. For a graph G
ii) VC(G) < chk(G) < ch(G) + fYC(G)

From the definition it is also evident that, for a graph G every connected
dom-k-forcing set is also a connected dom-k + 1-forcing set. Hence we have the
following result.

Proposition 3.2. Let G be a graph. Then Foqu41)(G) < Fear(G), for all
k € N.

Also from the definition every connected dom-k-forcing set is a dom-k-forcing
set. Hence we have the following result.

Proposition 3.3. For any connected graph G,
Fur(G) < Fear(G).
Theorem 3.4. [3] If G is a connected graph with A(G) < 2, then Z2(G) = 1.
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Theorem 3.5. Let G be a connected graph with A(G) < 2. Then Foq2(G) =
e(G)-

Proof. Let G be a graph with A(G) < 2. Then any single vertex in V(G)
2-forces the graph. Hence every connected dominating set is also a connected
dom-2-forcing set. Therefore Fi42(G) = 7.(G). O

There are graphs with Z.o(G) = 1 and Fg2(G) > 7.(G). Consider the graph
given below. The set Zs = {v1} is a connected 2- forcing set, but it cannot
dominates G. The set S = {vy} is a dominating set for G, but it is not a

2-forcing set. Z3 U S forms a 2-forcing as well as dominating set for G. Hence
G is a graph with Zo(G) =1, 7.(G) = 1 and F.42(G) = 2

FIGURE 2. A graph G having Z»(G) = 1, 7.(G) = 1 and
F.2(G) =2.

From the above example we can see that the upper bound given in Proposi-
tion 3.1 is sharp. We can easily observe the following result.

Proposition 3.6. If G is a connected graph with minimum degree § > k + 1,
then chk(G) > 1.

In general we have the following result
Theorem 3.7. Let G be a graph with Foq,(G) = v.(G) for some positive integer
p. Then Fq(G) = v.(G) for all k > p.

4. GRAPHS WHERE Fy;(G) = Foq1(Q)

There are graphs with the dom-k-forcing number and the connected dom-k-
forcing number that are the same.

The friendship graph F;, is formed by connecting n copies of the complete
graph K3 to a single common vertex see [9].

Proposition 4.1. [7] Let F,, denotes the friendship graph with p > 2 triangles.
Then Fys(F,) = p.

Now we discuss the case when k = 2.

Proposition 4.2. Let F, denotes the friendship graph with p > 2 triangles.
Then FdQ(Fp) = chz(Fp) =p.
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Proof. Let v,v1,vq,- -+ ,vp, v, be the vertices of I}, with common vertex v. Con-
sider the subset A = {v,v1,--- ,vp—1} of V(F}). Then A be a connected dom-2-
forcing set, which is minimum and Fya(F),) = p. Hence Fya(F)) = Fog2(Fp) = p.
O

Let G = K,, be a complete graph with n vertices. Then Fy (K, ) = max{n —
k,1}, for any positive integer k see [7].

Theorem 4.3. For the complete graph K, Fg(Ky) = Feqr(K,) = max{n —
k,1}, where k is any positive integer.

Proof. For any complete graph K,,, every dom-k-forcing set is connected. Hence
Ky, Fap(Ky) = Feap(K,) = max{n — k, 1}, for any positive integer k. O

Let Ky, , be a complete bipartite where n,m > 3. Then we have Fyo(Kp,n) =
m+n — 4 see [7]. Here every dom-2-forcing set of K, ,, is connected, hence we
get the following result.

Theorem 4.4. Let Ky, ,, be a complete bipartite where n,m > 3. Then Fyo(Kp, n) =
chZ(Km,n) =m+n—4.

The wheel graph, W,,, is a graph obtained by connecting a single vertex to all
the vertices of a cycle graph C),—1. Also we have Fy,(W,) =2for2 <k <n-—1
see [7].

Theorem 4.5. For the wheel graph W, Fg(W,) = Feaqe(Wy) = 2, where
2<k<n-1.

Proof. Let vi,v9,- - ,v, be the vertices of the wheel graph W,. Assume that
v has degree d(vi) = n — 1 and all other vertices have degree 3. Then for
2 < k < n—1 every minimum dom-k- forcing set contains v; and the set
connected. Therefore, Fy,(W,,) = Foqp(Wy) =2, for 2 <k <n—1. d

A helm graph H,, is a graph that is created by attaching a pendant edge to
each vertex of an n-wheel graph’s cycle, where m > 4 [10].

Theorem 4.6. [7] Let H,, be the helm graph. Then Fyo(Hy,) = m.
Theorem 4.7. Let Hy, be the helm graph. Then Fyo(Hy,) = Fego(Hpy,) = m.

The prism graph, also known as the circular ladder graph, is formed by taking
the Cartesian product of a cycle C,, and the complete graph K. It is commonly
represented as C,, 0K see [16].

Let G be the prism graph C, K>, where vi,vs,...,v, are the vertices of
the cycle Cy, and v}, v}, ..., v}, be the corresponding vertices in C,,[JK5. Now,
consider a graph H obtained by subdividing each edge v;v} (for i =1,2,...,n)
exactly once (see [3]).

Theorem 4.8. Under the above assumptions let H be the graph obtained from
the prism graph by subdividing each edge v;v; (for i =1,2,...,n) exactly once.
Then, Fyo(H) = Fega(H) = n.
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Proof. Let wy,ws, -+ ,wy be the vertices which subdivides edges v;v, (for i =
1,2,...,n), respectively, exactly once. Since w; is adjacent to both v; and v,

at least one of the vertices must belong to every dominating set of H. Hence
v(H) > n. Also D = {wy,wy, -+ ,w,} dominates H, v(H) = n. Here the set D,
2-forces the graph H and the subgraph induced by D is connected. Therefore,
FdQ(H) = FCdQ(H) = n. ]

Theorem 4.9. Let G be the graph C,OPs, n > 3. Then Fo32(G) = 7.(G) = n.

Proof. Let uq, -+ ,un,v1, "+ ,Un, W1, -+, W, be the vertices of three copies of
Cp in C,0Ps, with deg(u;) = deg(w;) = 3 and deg(v;) = 4. The set A =
{v1,--+ ,vn} be a connected dominating set for G. Here |A| is minimum since

if we remove any one of the v; in A, it affect the domination property. Hence
7¢(G) = n, the set A 2-forces the entire graph. Therefore Fi.42(G) = 7.(G) = n.
O

5. GRAPHS WHERE Fyi(G) < Foq(G)

There are graphs with Fy,(G) < Foqr(G). From Theorem 3.5 we have the
following result.
Theorem 5.1.

(1) For a path P, of order n, Fgo(Py,) = v.(P,) =n — 1.
(2) For a cycle Cy, of order n, Fog2(Cp) = 7.(Cp) =n — 2.

Now we consider the connected dom-k-forcing number of trees.

Definition 5.2. Let T be a tree, consider the vertices which are adjacent to the
leaf (pendant) vertex and call these vertices as parent leaf vertices.

For instance, consider the tree T illustrated in figure 3. Here the parent leaf
vertices of T' are vz and vy.

FI1GURE 3. The tree T'

Theorem 5.3. Let T be a tree and let x; be the number of leaves adjacent to
each parent leaf vertex in T. Then x; < k for all i if and only if Feqp(T) =
Ye(T) = n—m, where n is the number of vertices in T and m is the number of
leaves in T'.
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Proof. First, we assume that the total number of leaves adjacent to each parent
leaf vertex of the tree T is at most k, ie x; < k for all . We know that all
vertices of T except the pendant vertices form a unique minimum connected
dominating set, which k-forces the graph 7. Hence F,q(T) = v.(T) = n — m,
where n is the number of vertices in T and m is the number of leaves in 7.

Conversely, assume that Fiqx(T") = v.(T') = n — m where n is the number
of vertices in T' and m is the number of leaves in T. Let H be the subset of
the vertex set of T' that does not contain the pendant vertices of 1. Hence
|H| = n —m. If possible, assume that there exists a parent leaf vertex, say v,
which is adjacent to at least k 4+ 1 pendant vertices. All the vertices except the
pendant vertices are in the unique minimum connected dominating set of T'.
Also, from v we cannot k-force all the pendant vertices adjacent to v. Therefore,
the set H cannot be a connected dom-k-forcing set of T', a contradiction. Hence,
the total number of leaves adjacent to each parent leaf vertex of the tree T is
at most k. O

We know the cartesian product of two graphs G and H, is denoted by GLIH,
is the graph with vertex set V(G) x V(H) such that (u,v) is adjacent to (u’,v")
if and only if
(1) u = and vv’ € E(H), or
(2) v="7"and wu' € E(G).
The Cartesian product of two path graphs is known as the grid graph.

Let p and ¢ be positive integers such that p < ¢q. A p x ¢ grid graph [15]
Gpq = (V, E) is a graph where

V(G(p,q) ={( 7)1 <1 <p, 1 <j<q},
E(G(p,q) = {{(5,), (7 + D1 <i<p,1<j<q—1}
U{{(Za])v (Z + 17])}|1 <t < p— 1a 1< ] < CI}-

The ladder graph L,, is obtained by taking the cartesian product of path P,

with the complete graph Ks. It is known that for a ladder graph L, of order

n, Fo.q(L,) =n = v.(Ly) for n > 4 (see [6]). Therefore we have the following
result.

Proposition 5.4. Let L,, be the Ladder graph of ordern > 4. Then Foq(Ly,) =
n, for all k € N.

Let us recall the following result from [15] to prove the succeeding theorem.

Theorem 5.5. [15] The connected domination number of 3 x p grid graph Gs,,
is v.(Gs,p) = p.

Theorem 5.6. The connected dom-2-forcing number of 3 x p grid graph Gs,
18

ch2(G3,p) =D

Proof. We can see that the set A = {(2,1),(2,2),---,(2,p)} be a minimum
connected domination set, and is unique. The set A 2-forces the graph G3 .
Hence

Feaa(G3p) = p.
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O

Theorem 5.7. [21] The connected domination number of p X q (p > 4,q > 4)
grid graph G, 4 is

/
pg—a _
Ve(Gpg) = =1 + g+ Gy
in which
a,, . = p(mod 3).q(mod 3)

3 p(mod 3).q(mod 3) =4

- 2 p(mod 3).q(mod 3) =2

pg 1 p(mod 3).q(mod 3) =1

0 p(mod 3).q(mod 3) =0

min{%, 4} p(mod 3) =0 and q(mod 3) =

g £ p(mod 3) =0 and q(mod 3) # 0
2 4 p(mod 3) # 0 and g(mod 3) =0
ng + L%J —1 p(mod 3) # 0 and q(mod 3) # 0

Theorem 5.8. Let Gpq be ap x q (p>4,q>4) grid graph. Then
Feaz(Gpg) = 7e(Gpyg)-

Proof. Consider the following cases.

Case 1: For any ¢ and p (mod 3) = 0. We consider the vertex set S =
AUBUC in which A ={(1,2),(2,2),---,(p,2)}, B=1{(2,3),(2,4),---,(2,9)},
and C' = {(z,3), -, (z,q)|z = 5,8,--- ,p— 1}. Theorem 5.7 says that S is a

minimum connected dominating set with cardinality %.

Case 2: For any p and q (mod 3)= 0, we consider the vertex set S = AUBUC’
in which ' = {(3,y), -, (p,y)|ly =5,8,--- ,¢q—1}. Then S is a minimum con-

nected dominating set with cardinality w (By Theorem 5.7).

Case 3: For p (mod 3) = 1 and q (mod 3) = 1. We consider the vertex set
S=AUBiUCIUE; forp=4and S = AUBUC;UD{UFE; for p > 4, in which
B, = {(273)7(274)7"' 7(2)(1_2)}7 C = {(37y)7 ,(p,y)ly =09,8,-" 7q_2}’
Dy = {(z,q — 1),(z,q)|lx = 5,8,---,p—5} and E; = {(p— 1,9 —1),(p —
1,9),(p — 2,q9)}. Then S is a minimum connected dominating set with cardi-
nality % (By Theorem 5.7).

Case 4: For p (mod 3) = 1 and q (mod 3) = 2. We consider the ver-
tex set S = AU BUCy U Dy U Ey, in which Co = {(3,y), -+, (p,y)|ly =
5787"' yqd — 3}7 D2 = {(.’E,q - 2)’(1‘797 - 1)7(1:’(1)|x = 5787"' P — 2} and
Es = {(p,q—2),(p,qg—1)}. Then S is a minimum connected dominating set
with cardinality % (By Theorem 5.7).

Case 5: For p (mod 3) = 2 and q (mod 3) = 1: We consider the vertex set
S=AUBUC3UD3sU Es, in which Cs = {(3,y), -, (p,y)|ly =5,8,--- ,¢—2},
D3 = {(l’,q—2), (xvq_1)7 (iU,Q)’.T =58, ap_?’} and E3 = {(p7q_1)7 (p7 Q)}
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Then S is a minimum connected dominating set with cardinality % (B

Theorem 5.7).

y

Case 6: For p (mod 3) = 2 and q (mod 3) = 2. We consider the ver-
tex set S = AUBUCsUDyU Ey, in which Cy = {(3,y), -, (p,y)ly =
5787"' 4 — 3}7 Dy = {(l‘,q - 2)7($7q - 1),($,q)|l‘ = 578)"' P — 3} and
Ey={(p,qg—2),(p,qg—1),(p,q)}.Then S is a minimum connected dominating
set with cardinality % (By Theorem 5.7).

In all the cases the set S 2-forces the entire graph. Hence

chQ(Gp,q) = PYC(GP#I)'

FiGURE 4. Connected dom-2-forcing set as well as connected
dominating set for G111

Now consider the prism graph C,0K5.
Theorem 5.9. [22] Let G be a prism graph C,OKy, n > 3. Then v.(G) = n.

Theorem 5.10. Let G be a prism graph C,OKs, n > 3. Then F.q(G) =
Y(G) = n for all positive integer 1 < k < 3.

Proof. Let v1,vg, ..., v, be the vertices of the cycle C,, and let v}, v}, ..., v}, be
the corresponding vertices in C,,[JK5. Consider the set A = {v1,va,...,v,},
which dominates G. The set A is a minimum connected dominating set by
above theorem. We can see that A forces the entire graph G. Hence F 4(G) =
7¢(G) = n for all positive integer 1 < k < 3. O
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An antiprism graph [23] is a graph having 2n vertices on two cycles labeled
with {v1,v9,...,v,} in the inner cycle, {vy41,Vnt2,...,v2,} in the outer cycle.
Joining these two cycles with edges of the form (vjv; : 1 < i < n,j =n+
i), (viva,) and (vivj—1 @ 2 <@ < n,j = n+ 1) such that v; and v; 1 (medn)are
adjacent. It is denoted as A,.

Theorem 5.11. [22] Let A, be an antiprism graph with 2n vertices. Then

Ye(Ap) =n — 1.

Theorem 5.12. Let A,, n > 3 be an antiprism graph. Then Fo4(Ay) =
Ye(Ap) =n — 1.

Proof. Let v1,ve, ..., v, be the vertices of the inner cycle and let {v, 41, Uny2, ..., V2 }
be the corresponding vertices in A,,. Consider the set A = {vy,v2,...,05-1},

which dominates A,. The set A is a minimum connected dominating set by
above theorem. We can see that the set A 2-forces the entire graph A,, by start-
ing the forcing process from the vertex vy. Hence Frg9(Ay) = v.(An) =n — 1.
O

In the case of Ag, above theorem is illustrated in Figure 5.

FIGURE 5. The antiprism graph Ag, connected dom-2-forcing
set A = {v1,v2,v3,v4,v5,06,v7} and Fpgo(Ag) = 7.

The n-crossed prism graph [22], R,,, of positive even n vertices is the graph
obtained by taking two disjoint cycle graphs C), labeled with {vi,va,...,v,} in
the inner cycle, {v},vy,...,v,} in the outer cycle. Adding edges (vg, vy, ;) and
(Vg41,0h) for k=1,3,---,(n —1). We can see that R, is a 3-regular graph.

Theorem 5.13. [22] Let R,, be the n-crossed prism graph with 2n wvertices.
Then vc.(Ry) = n.

Theorem 5.14. Let R, be the n-crossed prism graph. Then F.g(R,) =
Ye(Ry) = n for all positive integer k.



UNDER PEER REVI EW

CONNECTED DOM-k-FORCING SETS IN GRAPHS 11
Proof. Let v1,va, ..., v, be the vertices of the inner cycle and let {v],v5,... v}
be the corresponding vertices of the outer circle. Consider the set A = {v1,v9,...,v,},

which dominates R,. The set A is a minimum connected dominating set by
above theorem. We can see that the set A forces the entire graph R,. Hence
Foqx(Ry) = v.(R,) = n for all positive integer k. O

FiGURE 6. The 8-crossed prism graph Rg, connected dom-2-
forcing set A = {v1,v2,v3,v4, V5, V6, v7,v8} and Fega(Ag) = 8.

The gear graph is a wheel graph with a vertex added between each pair of
adjacent vertices of the outer cycle. The gear graph G,, has 2n + 1 vertices and
3n edges.

Theorem 5.15. [22] For the gear graph Gy, v.(Gn) =1+ [n/2].
Theorem 5.16. For the gear graph G,

24 [n/2 or k=1
Fear(Gn) = { 11 F,JQ} §or kE>1

Proof. Let v,v1,vs,...,v, be the vertices of the wheel graph with deg(v) = n
and uy,ug, - - - , uy be the vertices added to get the gear graph GG,,. Now consider
A ={v,v1,v3,...,0,} if nis odd and A = {v,v1,v3,...,v,-1} if n is even. In
both cases the set A is the minimum connected dominating set by above theorem
and which is unique up to isomorphism. We can see that the set A 2-forces the
graph G,,. Since every vertex in the set A has two white neighbours, it cannot
zero forces the graph G,. But AU {u;} zero forces G,,. Hence

24+ [n/2 or k=1
Fear(Gn) = { 1 i Fn?Q} jzor k>1

The above theorem is illustrated in Figure 7.
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FIGURE 7. The gear graph G4, A = {v,v1,u1,v3} be a mini-
mum connected dom-forcing set and B = {v,v1,v3} be a min-
imum connected dom-2-forcing set. Hence F.4(G4) = 4 and
Feaa(Ga) = 3.

6. CONNECTED DOM-k-FORCING NUMBER OF SPLITTING GRAPH OF A GRAPH

The splitting graph of a graph G is the graph S(G) obtained by taking a
vertex v’ corresponding to each vertex v € G and join v’ to all vertices of G
adjacent to v [17].

Theorem 6.1. [20] Let G be a connected graph of order n. Then

2 if (G)=1
1elS(@)] = { 7(G) if QG; > 9

Theorem 6.2. Let S(P,), n > 4 be the splitting graph of the path P,. Then
Fea[S(Pn)] = 7e[S(Pp)] =n — 2.

Proof. Let v1,v9,--- ,v, be the vertices of the path graph P, in S(P,), and let
ui, U, -+ , U, be the vertices corresponding to vy, ve,--- ,v, which are added
to obtain S(P,). Then the set A = {ve, -+ ,v,—1} be a minimum connected
dominating set by Theorem 6.1. We can see that this set 2-forces S(P,). Hence
FqlS(Py)] =n—2. O

Remark: The graph S(P), which is isomorphic to Py, hence Fi42[S(P2)] =
Ye[S(P2)] = 2. For the graph S(Ps3), A = {v1,v2} be a minimum connected dom-
inating set which 2-forces the entire graph. Hence Fog2[S(Ps)] = 7.[S(FP3)] = 2.
Therefore in all cases F,qg2[S(Pp)] = 7.[S(Py)] for all n.

Theorem 6.3. Let S(Cy,), n > 5 be the splitting graph of the cycle C,. Then
chQ[S(Cn)] = ’YC[S(Cn)] =n-—2.

Proof. Let vy, va,- -+ ,vy, be the vertices of the cycle graph C), in S(C,,), and let
uy, U, -+ , Uy be the vertices corresponding to vy, ve,--- ,v, which are added
to obtain S(C,). Then A = {v1, - ,v,_2} be a minimum connected domi-
nating set by Theorem 6.1. We can see that this set 2-forces S(C,). Hence
FqlS(Cp)]=n—2. O
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In the case of S(C3), A = {v1,u1} be a minimum connected dominating set
which 2-forces the entire graph. Hence Fi42[S(C3)] = 7.[S(C3)] = 2. For S(Cy),
A = {v1,v2} be a minimum connected dominating set and is unique. We can
see that this set is not a 2-forcing set. But A’ = {v1,v9,u1} be a minimum
connected dom-2-forcing set. Hence F,42[S(C3)] = 3.

Theorem 6.4. Forn > 2, F.43[S(Ly,)] = 7.[S(Lyn)] = n.

Proof. Let {uy,ug, - ,up,v1,v2, -+ ,v,} be the vertices of the ladder graph L,,
and let {u},ub, -+ ,ul,v],vh, -+, v} be the vertices corresponding to

{uy,ug, -+ ,up,v1,v9, -+ ,v,} which are added to obtain S(L,). Then A =
{vi,--+,v,} be a minimum connected dominating set by Theorem 6.1. We can
see that the set A 3-forces the entire graph. Hence Fo43[S(Ly)] = n. O

7. CONCLUSION AND OPEN PROBLEMS

This article deals with the problem of determining the connected dom-k-
forcing number of graphs. Section 3 deals with some bounds for the connected
dom-k-forcing number. Also, in this section, we determined some graphs with
the property F.qx(G) = 7.(G). In Section 4, we identified some graphs whose
dom-k-forcing number and connected dom-k-forcing number are the same. In
particular, Section 5 characterizes the trees for which Fo4,(T) = n — m. Addi-
tionally, the connected dom-k-forcing number of the splitting graph of a graph
is determined in Section 6. Determining the connected dom-k-forcing number
of a splitting graph for an arbitrary graph is still an open question.
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