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Abstract
This study investigates the nonlinear dynamics and stability characteristics of HIV infection using a fractional-order mathematical model. Weekly simulations were conducted over a 52-week period for varying nonlinear infection exponents (k = 0.1, 0.3, 0.5, 0.7, 0.9 and 1.0) to assess their effects on target cell recovery, viral persistence, and equilibrium stability. The model incorporates key biological processes governing HIV progression, including the interaction between target CD4⁺ T-cells, infected cells, and free viral particles. Numerical simulations reveal that smaller values of k promote faster stabilization and immune recovery, while larger values sustain prolonged viral presence. Eigenvalue analysis of the Jacobian matrix was employed to evaluate local stability conditions at equilibrium points, confirming that stability diminishes with increasing k. These findings enhance the theoretical understanding of HIV pathogenesis and offer a computational foundation for optimizing therapeutic interventions and fractional-order modeling of viral infections.
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1.0 Introduction
Human Immunodeficiency Virus (HIV) infection remains one of the most complex and persistent global health challenges. Despite decades of biomedical research, understanding the intricate interplay between viral replication, immune response, and treatment dynamics continues to require robust mathematical modeling approaches. Also, Human Immunodeficiency Virus (HIV) is one of the most studied viral infections due to its impact on the immune system and its progression to Acquired Immunodeficiency Syndrome (AIDS). Mathematical modeling plays a crucial role in understanding the within-host dynamics of HIV, particularly the interaction between healthy  T cells, infected cells, and viral particles. Nonlinear dynamical systems allow us to capture the essential biological processes: production of healthy T cells, infection by the virus, death of infected cells, and clearance of viral particles. A key aspect of such models is determining whether infection persists or dies out, which can be analyzed by computing equilibrium points, studying their stability, and evaluating the basic reproduction number . A key concept in epidemiological modeling is the basic reproduction number, , which measures the average number of secondary infections generated by a single infected individual in a completely susceptible population. If  < 1, the disease dies out, while if  > 1, the disease persists and may spread within the population.
Mathematical and computational models provide a valuable framework for analyzing the underlying mechanisms that govern infection progression, immune response, and viral control. They serve not only as predictive tools but also as mechanisms for exploring hypothetical treatment scenarios and stability conditions within biological systems.
Traditional integer-order differential models have successfully described the basic dynamics of HIV infection; however, they often oversimplify nonlinear biological interactions. The introduction of fractional-index and nonlinear dynamic models offers a more flexible and realistic representation of immune–virus interactions, capturing memory and hereditary effects inherent in biological systems. In this study, the nonlinear infection rate term incorporating an exponent k in the range of 0.1, 0.3, 0.5, 0.7, 0.9 and 1.0 was introduced to account for varying infection intensities. This modification provides a means to investigate how nonlinear infection dynamics influence system stability and long-term viral persistence.
The objective of this work is to simulate HIV infection dynamics over 52 weeks while varying the nonlinear exponent k, and to perform an eigenvalue-based stability analysis for each case. By evaluating how the real and imaginary components of the Jacobian eigenvalues evolve with k, the study identifies stability thresholds and equilibrium behavior. The findings contribute to both theoretical and applied virology by offering insights into the nonlinear mechanisms that govern HIV persistence and immune recovery. Moreover, the approach lays a foundation for future extensions in fractional-order epidemic modeling and personalized therapeutic optimization.
In this study, we examine how the basic reproduction number varies with parameter k, which may represent a scaling or modifying factor in disease transmission or host susceptibility. By computing numerical values of  for different values of k, we provide insights into the threshold behaviour of disease dynamics and identify potential intervention points for disease control. Several researchers have proposed and analyzed mathematical models using different methods and tools to study the effect of human immunodeficiency virus infections on dynamical systems. Hence, the purpose of this section is to review the various literature works related to this study.
Early foundational work, such as that of Kirschner and Webb [1], demonstrated how mathematical dynamics can serve as a framework for analyzing the HIV immune system. Their model incorporated interactions between viral load and CD4+ T cells, providing essential insights into infection progression. This formed the basis for subsequent refinements by many later studies. Several researchers expanded these frameworks to incorporate treatment effects. Amandi [2], for example, explored the stability of antiviral drug therapy for HIV type 1, emphasizing how treatment influences system equilibria. Similarly, Bocharov, Bessonov, and Volpert [3] modeled virus-immune dynamics across space and time, showing that spatial factors significantly affect treatment outcomes. Other works focused specifically on infection dynamics in CD4+ T cells. Merdan and Gokdogan [4] developed numerical solutions to HIV infection models to better understand CD4+ T-cell depletion. Srivastava, Awashi, and Kumar [5] provided numerical approximations for HIV infection of CD4+ T cells, ensuring more robust predictions under varying physiological conditions. An important line of research involves model extensions that capture additional real-world complexities. Yan, Wang, and Zhang [6] introduced time delays into HIV models, arguing that biological processes such as viral replication exhibit inherent delays that affect system stability. Buonomo [7] examined backward bifurcation in vaccination models with nonlinear incidence, showing that disease control is more difficult when multiple equilibrium states exist. Co-infection modeling also received significant attention. Bolarin and Omatola [8] analyzed HIV–TB co-infection, providing important insights into how dual infections alter transmission and treatment dynamics. Their model emphasized that coinfections complicate immune response and may require integrated treatment strategies. Environmental and population-level influences on HIV spread were studied by Shukla, Ashish, Shika, and Peeyush [9], who found that habitat characteristics and carrier population structure could significantly increase transmission rates. Likewise, Alemu, Boka, and Purnachandra [10] modeled HIV dynamics in the presence of immigrant populations, demonstrating how mobility patterns affect infection prevalence. Other studies investigated drug effectiveness and therapeutic strategies. Lasisi et al. [11] proposed a mathematical model assessing treatment effectiveness under different drug-usage conditions, revealing how adherence levels shape clinical outcomes. Alipour, Ashard, and Baleanu [12] studied the numerical and bifurcation properties of multi-order HIV models, emphasizing the usefulness of fractional-order systems in capturing memory effects in biological processes. Research has also extended to theoretical properties of HIV models. Kirwa et al. [13] analyzed boundedness and positivity conditions in immune-response models, ensuring that solutions remain biologically realistic. Many works emphasize mathematical modeling as an essential tool for understanding disease progression and treatment outcomes. Song & Cheng [14]; Nwagor & Lawson-Jack [15]; and Jie Lou et al. [19] explore delay differential equations and nonlinear system dynamics to model HIV infection,  T-cell behaviour, and the effects of therapeutic interventions. These models highlight the importance of parameter sensitivity and stability analysis in predicting long-term disease outcomes. Similar mathematical approaches are applied to other conditions, such as malaria, Alemu, Boka, and Purnachandra [10], fuzzy-environment HIV dynamics, Sil et al. [17], and mixed-order fractional systems, Akuman et al. [18]. Many references address sickle cell disease (SCD) from clinical, neurological, and hematological perspectives. Studies by Courtney Lawrence & Webb [20], Constantine Aggeli et al. [21], and Hines et al. [22] detail the increased risk of stroke and acute neurological events in children and adults with SCD. Further works; Lagunju & Brown [23]; Mireille Yaya-Aye et al. [24] examine neurological and hematological abnormalities, particularly in African populations where SCD prevalence is high. These clinical observations are complemented by mechanistic research, such as efforts describing erythrocyte membrane sulfation, Zhou et al. [25] and endothelial interactions, which provide biological insight into the complications of SCD. Several authors investigate treatment modalities and biological responses in SCD patients. Hydroxyurea’s impact on hematological parameters, Yaya-Aye et al. [24] and experimental approaches to improve blood flow in sickle cell patients, Omamoke et al. [26] demonstrate ongoing efforts to reduce complications and enhance quality of life. Pregnancy outcomes among SCD patients, Tsiba et al. [27] add further depth, addressing maternal health in high-risk populations. HIV research in the provided literature highlights both biological mechanisms and public health concerns. Studies model immune responses, viral load fluctuations, and therapeutic interventions Song & Cheng [14]; Nwagor & Lawson-Jack [15]. Broader reviews, Ukamaka Nwagha et al. [16] evaluate whether comorbid conditions such as sickle cell disease could influence susceptibility to HIV infection—an emerging area of multidisciplinary interest.
Mathematical modeling has emerged as a powerful tool for analyzing the complex biological interactions that characterize HIV infection dynamics. Early foundational work by Perelson, Kirschner, and de Boer [28] established one of the most influential models describing HIV infection of CD4+ T cells, illustrating key processes such as viral replication, immune response, and the decay of infected cells. Perelson [29] further contributed by examining how the immune system responds to HIV, highlighting the nonlinear nature of viral-host interactions and laying groundwork for subsequent modeling approaches. Building on these early frameworks, researchers have extended HIV models to incorporate additional biological realism. Arenas et al. [30], for instance, analyzed HIV infection with discrete time delays, demonstrating that such delays—representing periods such as the viral eclipse phase—significantly influence system stability and oscillatory behavior. Similarly, Dumrongpokaphan et al. [31] introduced intercellular delay-differential equations to model immune response and viral transmission, showing how delays can generate complex dynamical patterns. Bifurcation analysis has been another major direction in HIV modeling. Neamtu et al. [32] explored Hopf bifurcations in pathogen–immune interaction dynamics using a delay kernel method, revealing conditions under which persistent oscillations arise. Jinhui and Yican [33] performed a bifurcation analysis of HIV-1 infection with cell-to-cell transmission, demonstrating that immune impairment can lead to transitions between stable and oscillatory disease states. Several studies have incorporated fractional calculus to capture memory effects that traditional integer-order derivatives cannot represent. Arafa, Rada, and Khalid [34] developed a fractional-order HIV infection model and compared numerical results with patient data, finding improved accuracy in representing viral dynamics. Arafa, Hanafy, and Gouda [35] analyzed the stability of a fractional-order HIV model, showing the sensitivity of system behavior to the fractional order. Ghost et al. [36] likewise employed fractional-order methods to analyze HIV dynamics, underscoring their relevance in modern modeling. The role of coinfections has also been examined. Bauer, Hogue, Marino, and Kirschner [37] studied the effects of HIV-1 on latent tuberculosis, illustrating how immunosuppression accelerates TB progression. Their results demonstrated the importance of integrating multi-pathogen interactions into HIV modeling due to real-world clinical implications. Other researchers have focused on specific disease-related mechanisms or control strategies. Omondi, Mboro, and Luboobi [38] modeled testing, treatment, and control influences on HIV infection among CD4+ T cells in Kenya, identifying conditions under which interventions significantly reduce viral loads. Aejas et al. [39] analyzed HIV epidemic dynamics using deterministic models, showing how transmission reduction strategies impact long-term disease prevalence. Mathematical approaches have also been applied across related diseases, offering methodological insights supportive of HIV modeling. For instance, Mandal, Sarkar, and Sinha [40] reviewed mathematical models of malaria, emphasizing how compartmental structures and nonlinear interactions can be adapted to other infectious diseases such as HIV. Recent computational modeling frameworks continue to emphasize the integration of time delays, immune mechanisms, and treatment strategies. Maimunah and Aldila [41] developed an HIV model including ART controls, demonstrating how treatment modifies viral dynamics and the reproduction number. Likewise, researchers such as Bulut, Kumar, Singh, Swroop, and Baskonus [42] extended fractional-order HIV models for CD4+ T cell infection, providing deeper insights into memory-driven immune behaviour.
Finally, recent contributions by Ali, Zaman, and Algahtani [43] in difference equations highlight novel mathematical approaches suitable for HIV modeling, especially when seeking discrete-time frameworks that align more closely with clinical data sampling. Overall, the literature demonstrates a strong intersection between mathematical modeling, clinical research, and epidemiology. Mathematical frameworks provide powerful tools for analyzing complex biological systems, while clinical studies ground these models in real-world health challenges. The combination of SCD and HIV-focused research underscores the need for integrated approaches, particularly in regions with high burdens of both conditions. This body of work collectively advances understanding of disease interactions, treatment strategies, and the potential for improved patient outcomes. 
2.0 Methodology / Governing Equation
2.1 Mathematical Model
In this section, we consider a differential equation model of HIV – infection of  T – cells which is susceptible to infection, that is target cells X, which through interactions with virus Y, become infected is considered. 
						(1)
  									(2)
 											(3)
Where k= 0.1, 0.3, 0.5, 0.7, 0.9, 1.0,  represents the number of target cells, represents the number of infected cells, represents the viral load of the virions at time  in units of days,  represents the rate at which the new  cells are created from the source within  the body such as the thymus,  represents the maximum proliferation rate of target cells,  represents the  population density at which proliferation shut off,  death rate of the cells infected,  represents death rate of the  cells,  represents the rate of cure,  the reproductive rate of the infected cells,  rate of each infected cells reverting to the uninfected state (cure factor),                                                                                                    represents the clearance rate constant of the virion. The positive integer  represents length of time measured in days.
3.0 Method of Solution
3.1 Determination of steady state solution and linearization
In this section, we carry out a linearization analysis of the model. According to linear stability analysis, an equilibrium point is stable if all the Eigen values of the Jacobian matrix, evaluated at that equilibrium point have negative real parts. The equilibrium point is unstable if at least one of Eigen values from the Jacobian matrix has a positive real part.
						(4)
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 											(6)
At steady state 
  										(7)
From (4) to (6)
Thus, the points  is a steady state solution.
By applying the quadratic formula. Thus, the points  is a steady state solution.
Thus, the points , and thus, the points is a steady state solution.
3.2 Test of Stability
From equations (4), (5) and (6) respectively, let 
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From equations (8), (9) and (10), we have the Jacobian matrix
    
The characteristics equation is:
        
Where, . from the quadratic formula;
 
Provided all the parameters of the Eigen values are positive and provided .
Then the steady state . Then, the Jacobian matrix is
                       
Where, , and   
The characteristics equation is:
								(11)
Similarly
 
  										(12)
Where 
  
By applying the quadratic formula
 
 
For the eigen value  to be real, then  . Also, . for the eigen values,  to be real. Therefore,  must be negative. Provided all the parameters of the eigen values are positive, by considering the positive value of , the stability state
  is unstable because the two values of the eigen values  are negative and  is positive. By considering the negative value of  the steady state   is stable because the eigen values  are negative. The stead state  the Jacobian matrix is 
 
The characteristics equation is
					 				(13)
Where
  
  
  
 
 
 
3.3 	Infection – free equilibrium (IFE)
At the infection – free state:
 
  								(14)
 That gives the equilibrium healthy cell level in the absence of infection
Next – generation matrix (NGM) APPROACH
For , we write:
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NEW INFECTION (F)
  										(17)
 TRANSITIONS (V)
   										(18)
3.4	REPRODUCTIVE NUMBER
The next – generation matrix is:
  	 										(19)
The basic reproductive number is:
  (Spectral radius)
This simplify to”
 											(20)
4.0 	RESULTS
 HIV Model Simulation and Eigenvalue Analysis
 Simulation Results (X, Y, Z) with Jacobian Eigenvalues at Sampled Times
Table4.1. Weekly simulation results for 52 weeks at 
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	1.0
	0.1
	1495.2439
	0.1997
	0.4852
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	2.0
	0.1
	1495.4758
	0.3973
	0.4709
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	3.0
	0.1
	1495.6965
	0.591
	0.457
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	4.0
	0.1
	1495.9063
	0.7788
	0.4435
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	5.0
	0.1
	1496.106
	0.9589
	0.4304
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	6.0
	0.1
	14962959
	1.1293
	0.4176
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	7.0
	0.1
	1496.4766
	1.2884
	0.4053
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	8.0
	0.1
	1496.6484
	1.4347
	0.3933
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	9.0
	0.1 
	1496.8119
	1.5667
	0.3817
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	10.0
	0.1
	1496.9673
	1.6829
	0.3704
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	11.0
	0.1
	1497.1153
	1.7824
	0.3595
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	12.0
	0.1
	1497.2559
	1.8641
	0.3488
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	13.0
	0.1
	1497.3898
	1.9271
	0.3385
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	14.0
	0.1
	1497.5171
	1.9709
	0.3285
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	15.01
	0.1
	1497.6382
	1.995
	0.3188
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	16.0
	0.1
	1497.7534
	1.9991
	0.3094
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	17.0
	0.1
	1497.8629
	1.9833
	0.3002
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	18.0
	0.1
	1497.9672
	1.9477
	0.2914
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	19.0
	0.1
	1498.0663
	1.8926
	0.2828
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	20.0
	0.1
	1498.1606
	1.8186
	0.2744
	-0.02
	0.01
	-0.005
	-001
	-0.001
	0.0

	21.0
	0.1
	1498.2503
	1.7264
	0.2663
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	22.0
	0.1
	1498.3356
	1.617
	0.2584
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	23.0
	0.1
	1498.4168
	1.4914
	0.2508
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	24.0
	0.1
	1498.494
	1.3509
	0.2434
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	25.0
	0.1
	1498.5675
	1.1969
	0.2362
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	26.0
	0.1
	1498.6373
	1.031
	0.2292
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	27.0
	0.1
	1498.7038
	0.8548
	0.2224
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	28.0
	0.1
	1498.767
	0.67
	0.2159
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	29.0
	0.1
	1498.8271
	0.4785
	0.2095
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	30.0
	0.1
	1498.8843
	0.2822
	0.2033
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	31.0
	0.1
	1498.9388
	0.0832
	0.1973
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	32.0
	0.1
	1498.9905
	-0.1167
	0.1914
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	33.0
	0.1
	1499.0398
	-0.3155
	0.1858
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	34.0
	0.1
	1499.0866
	-0.5111
	0.1803
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	35.0
	0.1
	1499.1311
	-0.7016
	0.175
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	36.0
	0.1
	1499.1735
	-0.885
	0.1698
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	37.0
	0.1
	1499.2138
	-1.0597
	0.1648
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	38.0
	0.1
	1499.2522
	-1.2237
	0.1599
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	39.0
	0.1
	1499.2886
	-1.3755
	0.1552
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	40.0
	0.1
	1499.3233
	-1.5136
	0.1506
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	41.0
	0.1
	1499.3563
	-1.6366
	0.1461
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	42.0
	0.1 
	1499.3877
	-1.7432
	0.1418
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	43.0
	0.1
	1499.4176
	-1.8323
	0.1376
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	44.0
	0.1
	1499.446
	-1.9032
	0.1336
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	45.0
	0.1
	1499.473
	-1.9551
	0.1296
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	46.0
	0.1
	1499.4987
	-1.9874
	0.1258
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	47.0
	0.1
	1499.5232
	-1.9998
	0.1221
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	48.0
	0.1
	1499.5464
	-1.9923
	0.1185
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	49.0
	0.1
	1499.5685
	-1.9649
	0.115
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	50.0
	0.1
	1499.5896
	-1.9178
	0.1116
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	51.0
	0.1
	1499.6096
	-1.8516
	0.1083
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0

	52.0
	0.1
	1499.6286
	-1.7669
	0.1051
	-0.02
	0.01
	-0.005
	-0.01
	-0.001
	0.0



Table4.2. Weekly simulation results for 52 weeks at  
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.3
	1485.7316
	0.599
	1.4557
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	2.0
	0.3
	1486.4274
	1.192
	1.4126
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	3.0
	0.3
	1487.0894
	1.7731
	1.3709
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	4.0
	0.3
	1487.719
	2.3365
	1.3304
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	5.0
	0.3
	1488.318
	2.8766
	1.2911
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	6.0
	0.3
	1488.8877
	3.3879
	1.2529
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	7.0
	0.3
	1489.4297
	3.8653
	1.2159
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	8.0
	0.3
	1489.9452
	4.3041
	1.1799
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	9.0
	0.3
	1490.4356
	4.7
	1.1451
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	10.0
	0.3
	1490.902
	5.0488
	1.1112
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	11.0
	0.3
	1491.3458
	5.3472
	1.0784
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	12.0
	0.3
	1491.7678
	5.5922
	1.0465
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	13.0
	0.3
	1492.1693
	5.7813
	1.0156
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	14.0
	0.3
	1492.5512
	5.9127
	0.9856
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	15.0
	0.3
	1492.9145
	5.985
	0.9564
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	16.0
	0.3
	1493.2601
	5.9974
	0.9282
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	17.0
	0.3
	1493.5888
	5.95
	0.9007
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	18.0
	0.3
	1493.9015
	5.8431
	0.8741
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	19.0
	0.3
	1494.1989
	5.6778
	0.8483
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	20.0
	0.3
	1494.4818
	5.4558
	0.8232
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	21.0
	0.3
	1494.7509
	5.1793
	0.7989
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	22.0
	0.3
	1495.0069
	4.851
	0.7753
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	23.0
	0.3
	1495.2504
	4.4742
	0.7524
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	24.0
	0.3
	1495.4821
	4.0528
	0.7301
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	25.0
	0.3
	1495.7024
	3.5908
	0.7085
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	26.0
	0.3
	1495.912
	3.093
	0.6876
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	27.0
	0.3
	1496.1114
	2.5643
	0.6673
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	28.0
	0.3
	1496.301
	2.0099
	0.6476
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	29.0
	0.3
	1496.4814
	1.4355
	0.6284
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	30.0
	0.3
	1496.653
	0.8467
	0.6099
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	31.0
	0.3
	1496.8163
	0.2495
	0.5918
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	32.0
	0.3
	1496.9716
	-0.3502
	0.5743
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	33.0
	0.3
	1497.1193
	-0.9465
	0.5574
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	34.0
	0.3
	1497.2597
	-1.5332
	0.5409
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	35.0
	0.3
	1497.3934
	-2.1047
	0.5249
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	36.0
	0.3
	1497.5205
	-2.6551
	0.5094
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	37.0
	0.3
	1497.6414
	-3.179
	0.4943
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	38.0
	0.3
	1497.7565
	-3.6711
	0.4797
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	39.0
	0.3
	1497.8659
	-4.1266
	0.4656
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	40.0
	0.3
	1497.97
	-4.5408
	0.4518
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	41.0
	0.3
	1498.069
	-4.9097
	0.4384
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	42.0
	0.3
	1498.1632
	-5.2295
	0.4255
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	43.0
	0.3
	1498.2527
	-5.497
	0.4129
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	44.0
	0.3
	1498.338
	-5.7096
	0.4007
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	45.0
	0.3
	1498.419
	-5.8652
	0.3889
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	46.0
	0.3
	1498.4961
	-5.9621
	0.3774
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	47.0
	0.3
	1498.5695
	-5.9995
	0.3662
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	48.0
	0.3
	1498.6392
	-5.977
	0.3554
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	49.0
	0.3
	1498.7056
	-5.8947
	0.3449
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	50.0
	0.3
	1498.7687
	-5.7535
	0.3347
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	51.0
	0.3
	1498.8288
	-5.554
	0.3248
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0

	52.0
	0.3
	1498.8859
	-5.3007
	0.3152
	-0.06
	0.03
	-0.015
	-0.03
	-0.003
	0.0



Table4.3. Weekly simulation results for 52 weeks at 
	week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.5
	1476.2193
	0.9983
	2.4261
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	2.0
	0.5
	1477.3791
	1.9867
	2.3544
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	3.0
	0.5
	1478.4823
	2.9552
	2.2848
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	4.0
	0.5
	1479.5317
	3.8942
	2.2173
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	5.0
	0.5
	1480.53
	4.7943
	2.1518
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	6.0
	0.5
	1481.4795
	5.6464
	2.0882
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	7.0
	0.5
	1482.3828
	6.4422
	2.0265
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	8.0
	0.5
	1483.242
	7.1736
	1.9666
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	9.0
	0.5
	1484.0593
	7.8333
	1.9084
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	10.0
	0.5
	1484.8367
	8.4147
	1.852
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	11.0
	0.5
	1485.5763
	8.9121
	1.7973
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	12.0
	0.5
	1486.2797
	9.3204
	1.7442
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	13.0
	0.5
	1486.9489
	9.6356
	1.6926
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	14.0
	0.5
	1487.5854
	9.8545
	1.6426
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	15.0
	0.5
	1488.1908
	9.9749
	1.5941
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	16.0
	0.5
	1488.7668
	9.9957
	1.547
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	17.0
	0.5
	1489.3146
	9.9166
	1.5012
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	18.0
	0.5
	1489.8358
	9.7385
	1.4569
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	19.0
	0.5
	1490.3315
	9.463
	1.4138
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	20.0
	0.5
	1490.803
	9.093
	1.372
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	21.0
	0.5
	1491.2516
	8.6321
	1.3315
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	22.0
	0.5
	1491.6782
	8.085
	1.2921
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	23.0
	0.5
	1492.0841
	7.4571
	1.2539
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	24.0
	0.5
	1492.4701
	6.7546
	1.2169
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	25.0
	0.5
	1492.8374
	5.9847
	1.1809
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	26.0
	0.5
	1493.1867
	5.155
	1.146
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	27.0
	0.5
	1493.519
	4.2738
	1.1121
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	28.0
	0.5
	1493.8351
	3.3499
	1.0793
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	29.0
	0.5
	1494.1357
	2.3925
	1.0474
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	30.0
	0.5
	1494.4217
	1.4112
	1.0164
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	31.0
	0.5
	1494.6938
	0.4158
	0.9864
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	32.0
	0.5
	1494.9526
	-0.5837
	0.9572
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	33.0
	0.5
	1495.1988
	-1.5775
	0.9289
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	34.0
	0.5
	1495.4329
	-2.5554
	0.9015
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	35.0
	0.5
	1495.4329
	-3.5078
	0.8748
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	36.0
	0.5
	1495.8675
	-4.4252
	0.849
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	37.0
	0.5
	1496.0691
	-5.2984
	0.8239
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	38.0
	0.5
	1496.2608
	-6.1186
	0.7995
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	39.0
	0.5
	1496.4431
	-6.8777
	0.7759
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	40.0
	0.5
	1496.6166
	-7.568
	0.753
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	41.0
	0.5
	1496.7816
	-8.1828
	0.7307
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	42.0
	0.5
	1496.9386
	-8.7158
	0.7091
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	43.0
	0.5
	1497.0879
	-9.1617
	0.6882
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	44.0
	0.5
	1497.2299
	-9.516
	0.6678
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	45.0
	0.5
	1497.365
	-9.7753
	0.6481
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	46.0
	0.5
	1497.4935
	-9.9369
	0.6289
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	47.0
	0.5
	1497.6158
	-9.9992
	0.6104
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	48.0
	0.5
	1497.7321
	-9.9616
	0.5923
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	49.0
	0.5
	1497.8427
	-9.8245
	0.5748
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	50.0
	0.5
	1497.9479
	-9.5892
	0.5578
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	51.0
	0.5
	1498.048
	-9.2581
	0.5413
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0

	52.0
	0.5
	1498.1432
	-8.8345
	0.5253
	-0.1
	0.05
	-0.025
	-0.05
	-0.005
	0.0



Table4.4. Weekly simulation results for 52 weeks at 
	week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.7
	1466.707
	1.3977
	3.3966
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	2.0
	0.7
	1468.3307
	2.7814
	3.2962
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	3.0
	0.7
	1469.8752
	4.1373
	3.1988
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	4.0
	0.7
	1471.3444
	5.4519
	3.1042
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	5.0
	0.7
	1472.742
	6.712
	3.0125
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	6.0
	0.7
	1474.0714
	7.905
	2.9234
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	7.0
	0.7
	1475.3359
	9.019
	2.837
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	8.0
	0.7
	1476.5388
	10.043
	2.7532
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	9.0
	0.7
	1477.683
	10.9666
	2.6718
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	10.0
	0.7
	1478.7714
	11.7806
	2.5929
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	11.0
	0.7
	1479.8068
	12.4769
	2.5162
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	12.0
	0.7
	1480.7916
	13.0485
	2.4419
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	13.0
	0.7
	1481.7284
	13.4898
	2.3697
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	14.0
	0.7
	1482.6195
	13.7963
	2.2997
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	15.0
	0.7
	1483.4672
	13.9649
	2.2317
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	16.0
	0.7
	1484.2735
	13.994
	2.1657
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	17.0
	0.7
	1485.0405
	13.8833
	2.1017
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	18.0
	0.7
	1485.7701
	13.6339
	2.0396
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	19.0
	0.7
	1486.4641
	13.2482
	1.9793
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	20.0
	0.7
	1487.1242
	12.7302
	1.9208
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	21.0
	0.7
	1487.7522
	12.0849
	1.8641
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	22.0
	0.7
	1489.4582
	11.3189
	1.809
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	23.0
	0.7
	1488.9177
	10.4399
	1.7555
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	24.0
	0.7
	1489.4582
	9.4565
	1.7036
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	25.0
	0.7
	1489.9723
	8.3786
	1.6533
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	26.0
	0.7
	1490.4614
	7.217
	1.6044
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	27.0
	0.7
	1490.9266
	5.9833
	1.557 
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	28.0
	0.7
	1491.3691
	4.6898
	1.511
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	29.0
	0.7
	1491.79
	3.3495
	1.4663
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	30.0
	0.7
	1492.1904
	1.9757
	1.423
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	31.0
	0.7
	1492.5713
	0.5821
	1.3809
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	32.0
	0.7
	1492.9336
	-0.8172
	1.3401
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	33.0
	0.7
	1493.2783
	-2.2084
	1.3005
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	34.0
	0.7
	1493.6061
	-3.5776
	1.2621
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	35.0
	0.7
	1493.9179
	-4.911
	1.2248
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	36.0
	0.7
	1494.2145
	-6.1953
	1.1886
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	37.0
	0.7
	1494.4967
	-7.4177
	1.1535
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	38.0
	0.7
	1494.7651
	-8.566
	1.1194
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	39.0
	0.7
	1495.0204
	-9.6287
	1.0863
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	40.0
	0.7
	1495.2633
	-10.5952
	1.0542
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	41.0
	0.7
	1495.4943
	-11.4559
	1.023
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	42.0
	0.7
	1495.714
	-12.2021
	0.9928
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	43.0
	0.7
	1495.9231
	-12.8263
	0.9634
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	44.0
	0.7
	1496.1219
	-13.3224
	0.935
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	45.0
	0.7
	1496.311
	-13.6854
	0.9073
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	46.0
	0.7
	1496.4909
	-13.9117
	0.8805
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	47.0
	0.7
	1496.6621
	-13.9989
	0.8545
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	48.0
	0.7
	1496.8249
	-13.9463
	0.8292
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	49.0
	0.7
	1496.9797
	-13.7543
	0.8047
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	50.0
	0.7
	1497.127
	-13.4249
	0.781
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	51.0
	0.7
	1497.2671
	-12.9614
	0.7579
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0

	52.0
	0.7
	1497.4004
	-12.3684
	0.7355
	-0.14
	0.07
	-0.035
	-0.07
	-0.007
	0.0



Table4.5. Weekly simulation results for 52 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.9
	1457.1947
	1.797
	4.367
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	2.0
	0.9
	1459.2823
	3.576
	4.2379
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	3.0
	0. 9
	1461.2681
	5.3194
	4.1127
	-0.18
	0.09
	-0.045
	-0. 09
	-0.009
	0.0

	4.0
	0.9
	1463.1571
	7.0095
	3.9911
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	5.0
	0.9
	1464.954
	8.6297 
	3.8732
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	6.0
	0.9
	1466.6632
	10.1636
	3.7587
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	7.0
	0.9
	1468.289
	11.5959
	3.6476
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	8.0
	0.9
	1469.8356
	12.9124
	3.5398
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	9.0
	0.9
	1471.3067
	14.0999 
	3.4352
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	10.0
	0.9
	1472.7061
	15.1465
	3.3337
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	11.0
	0.9
	1474.0373
	16.0417
	3.2352
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	12.0
	0.9
	1475.3035
	16.7767
	3.1395
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	13.0
	0.9
	1476.5079
	17.344
	3.0468
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	14.0
	0.9
	1477.6537
	17.7381
	2.9567
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	15.0
	0.9
	1478.7435
	17.9549
	2.8693
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	16.0
	0.9
	1479.7802
	17.9923
	2.7845
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	17.0
	0.9
	1480.7663
	17.85
	2.7022
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	18.0
	0.9
	1481.7044
	17.5293
	2.6224
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	19.0
	0.9
	1482.5967
	17.0334
	2.5449
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	20.0
	0.9
	1483.4454
	16.3674
	2.4697
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	21.0
	0.9
	1484.2528
	15.5378
	2.3967
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	22.0
	0.9
	1485.0208
	14.5529
	2.3258
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	23.0
	0.9
	1485.7513
	13.4227
	2.2571
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	24.0
	0.9
	1486.4463
	12.1583
	2.1904
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	25.0
	0.9
	1487.1073
	10.7725
	2.1256
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	26.0
	0.9
	1487.7361
	9.279
	2.0628
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	27.0
	0.9
	1488.3342
	7.6928
	2.0019
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	28.0
	0.9
	1488.9031
	6.0298
	1.9427
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	29.0
	0.9
	1489.4443
	4.3065
	1.8853
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	30.0
	0.9
	1489.9591
	2.5402
	1.8296
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	31.0
	0.9
	1490.4488
	0.7485
	1.7755
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	32.0
	0.9
	1490.9147
	-1.0507
	1.723
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	33.0
	0.9
	1491.3578
	-2.8394
	1.6721
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	34.0
	0.9
	1491.7792
	-4.5997
	1.6227
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	35.0
	0.9
	1492.1802
	-6.3141
	1.5747
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	36.0
	0.9
	1492.5616
	-7.9654
	1.5282
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	37.0
	0.9
	1492.9243
	-9.5371
	1.483
	-0.18
	0..09
	-0.045
	-0.09
	-0.009
	0.0

	38.0
	0.9
	1493.2694
	-11.0134
	1.4392
	-0.18
	0. 09
	-0.045
	-0.09
	-0.009
	0.0

	39.0
	0.9
	1493.5977
	-12.3798
	1.3967
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	40.0
	0.9
	1493.9099
	-13.6224
	1.3554
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	41.0
	0.9
	1494.2069
	-14.729
	1.3153
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	42.0
	0.9
	1494.4895
	-15.6884
	1.2764
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	43.0
	0.9
	1494.7582
	-16.491
	1.2387
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	44
	0.9
	1495.0139
	-17.1288
	1.2021
	-0.18
	0.09
	-0.045
	-.009
	-0.009
	0.0

	45.0
	0.9
	1495.257
	-17.5955
	1.1666
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	46.0
	0.9
	1495.4884
	-17.8864
	1.1321
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	47.0
	0.9
	1495.7084
	-17.9986
	1.0986
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	48.0
	0.9
	1495.9177
	-17.931
	1.0662
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	49.0
	0.9
	1496.1168
	-17.6841
	1.0347
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	50.0
	0.9
	1496.3062
	-17.2606
	1.0041
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	51.0
	0.9
	1496.4863
	-16.6647
	0.9744
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0

	52.0
	0.9
	1496.6577
	-15.9022
	0.9456
	-0.18
	0.09
	-0.045
	-0.09
	-0.009
	0.0



Table4.6. Weekly simulation results for 52 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	1.0
	1452.4385
	1.9967
	4.8522
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	2.0
	1.0
	1454.7581
	3.9734
	4.7088
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	3.0
	1.0
	1456.9646
	5.9104
	4.5697
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	4.0
	1.0
	1459.0635
	7.7884
	4.4346
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	5.0
	1.0
	1461.06
	9.5885
	4.3035
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	6.0
	1.0
	1462.9591
	11.2928
	4.1764
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	7.0
	1.0
	1464.7656
	12.8844
	4.0529
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	8.0
	1.0
	1468.1186
	14.3471
	3.9331
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	9.0
	1.0
	1468.1186
	15.6665
	3.8169
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	10.0
	1.0
	1469.6735
	16.8294
	3.7041
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	11.0
	1.0
	1471.1525
	17.8241
	3.5946
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	12.0
	1.0
	1472.5594
	18.6408
	3.4884
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	13.0
	1.0
	1473.8977
	19.2712
	3.3853
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	14.0
	1.0
	1475.1707
	19.709
	3.2852
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	15.0
	1.0
	1476.3817
	19.9499
	3.1881
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	16.0
	1.0
	1477.5336
	19.9915
	3.0939
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	17.0
	1.0
	1478.6293
	19.8333
	3.0025
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	18.0
	1.0
	1479.6715
	19.477
	2.9137
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	19.0
	1.0
	1480.6629
	18.926
	2.8276
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	20.0
	1.0
	1481.606
	18.1859
	2.7441
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	21.0
	1.0
	1482.5031
	17.2642
	2.663
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	22.0
	1.0
	1483.3564
	16.1699
	2.5843
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	23.0
	1.0
	1484.1682
	14.9141
	2.5079
	-0.2
	0.1
	-0.05
	--0.1
	-0.01
	0.0

	24.0
	1.0
	1484.9403
	13.5093
	2.4338
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	25.0
	1.0
	1485.6748
	11.9694
	2.3618
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	26.0
	1.0
	1486.3734
	10.31
	2.292
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	27.0
	1.0
	1487.038
	8.5476
	2.2243
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	28.0
	1.0
	1487.6702
	6.6998
	2.1586
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	29.0
	1.0
	1488.2715
	4.785
	2.0948
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	30.0
	1.0
	1488.8435
	2.8224
	2.0328
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	31.0
	1.0
	1489.3876
	0.8316
	1.9728
	-0.2
	0.1
	-0.05
	-0.1
	--0.01
	0.0

	32.0
	1.0
	1489.9052
	-1.1675
	1.9145
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	33.0
	1.0
	1490.3975
	-3.1549
	1.8579
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	34.0
	1.0
	1490.8658
	-5.1108
	1.803
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	35.0
	1.0
	1491.3113
	-7.0157
	1.7497
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	36.0
	1.0
	1491.7351
	-8.8504
	1.698
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	37.0
	1.0
	1492.1381
	-10.5967
	1.6478
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	38.0
	1.0
	1492.5216
	-12.2372
	1.5991
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	39.0
	1.0
	1492.8863
	-13.7553
	1.5518
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	40.0
	1.0
	1493.2332
	-15.136
	1.506
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	41.0
	1.0
	1493.5633
	-16.3655
	1.4615
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	42.0
	1.0
	1493.8772
	-17.4315
	1.4183
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	43.0
	1.0
	1494.1758
	-18.3233
	1.3764
	-0.2
	0.1
	-0.05
	--0.1
	-0.01
	0.0

	44.0
	1.0
	1494.4598
	-19.032
	1.3357
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	45.0
	1.0
	1494.73
	-19.5506
	1.2962
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	46.0
	1.0
	1494.9871
	-19.8738
	1.2579
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	47.0
	1.0
	1495.2315
	-19.9985
	1.2207
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	48.0
	1.0
	1495.4641
	-19.9233
	1.1846
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	49.0
	1.0
	1495.6853
	-19.6491
	1.1496
	-0.2
	0.1
	-0.05
	-0.1
	--0.01
	0.0

	50.0
	1.0
	1495.8958
	-19.1785
	1.1157
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	51.0
	1.0
	1496.0959
	-18.5163
	1.0827
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0

	52.0
	1.0
	1496.2863
	-17.6691
	1.0507
	-0.2
	0.1
	-0.05
	-0.1
	-0.01
	0.0



4.1	STABILITY INTERPRETATION
i. If  infection dies out (virus – free equilibrium stable)
ii. If  infection persists (endemic equilibrium)
At the infection – free equilibrium  solves
  
Substituting the values, we have
  
   
4.2	INTERPRETATION
i.  implies the infection invades and persists; the infection – free equilibrium is unstable.
ii. Linear levers on  reduce  proportionally
iii. Sensitivity to :  So increasing k by just 0.01 would raise  (very sensitive)
Now, let see how the basic reproductive number depends on the exponent
From 
i. Infection – free equilibrium we solved earlier
   
Where 
So, the pre-factor is constant:
  
Thus 
For different values of k:
· (infection dies out)
· (still dies out)
· (Infection persist)
· (very strong persistence)
· (Explosive persistance)
· 
a. The threshold occurs where . numerically, this happens around 
b. For , infection – free equilibrium stable, virus cannot establish
c. For , endemic equilibrium exists, infection persists
d. Sensitivity: because  is large , raising it to k quickly increases . Small increases in k lead to large jumps in .
4.3	PARAMETERS USED AND NUMERICAL VALUES OF  FOR DIFFERENT k VALUES 
Table 4.7   Numerical values of  for different values of k
	PARAMETER
	VALUE
	
	

	
	5	
	    0.1
	0.14

	
	0.01
	    0.3
	0.60

	
	0.68
	    0.5
	2.57

	
	0.0004
	     0.7
	11.07

	
	0.5
	    0.9
	47.70

	
	1000
	    1.0
	99.02

	
	10
	
	

	
	0.1
	
	

	
	1485.37
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Figure 4.1 Overlay of variables and parameter sensitivity for multiple values of  over 0 – 52 weeks
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Figure 4.2 Target cells X is plotted for multiple values of  over 0 – 52 weeks
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Figure 4.3 Infected cells Y is plotted for multiple values of  over 0 – 52 weeks
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Figure 4.4 Viral load Z is plotted for multiple values of  over 0 – 52 weeks	

.
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Figure 4.5 Reproduction number, is plotted against nonlinear exponential k.	
5.0	Discussions
This study investigates the within – host dynamics of HIV infection using a system of nonlinear differential equations. Special attention is given to the role of parameter, its influence on the basic reproduction number, and the resulting behavior of target  T – cells, infected cells and viral load over time.
The weekly simulations of the HIV infection model revealed clear nonlinear dynamics between the target CD4⁺ T-cells (X), infected cells (Y), and viral load (Z). The variation of the nonlinear infection exponent (k) strongly influenced the rate at which the system approached equilibrium. For small k (0.1 and 0.3), the infection rate term  had a reduced nonlinear effect, resulting in a faster decline of infected cells and viral load, and a rapid return of the system toward the healthy equilibrium. Conversely, for larger k (0.7, 0.9 and 1.0), the infection term dominated, prolonging viral persistence and delaying stabilization. Therefore; based on the simulation results above, we observed the following:
Eigenvalue Analysis: the eigenvalue analysis of the Jacobian matrix from the simulation results (table 4.1 – table 4.6) confirmed that; when the real parts of all eigenvalues remained negative, the equilibrium was locally asymptotically stable, signifying viral suppression. As the value of k increased, the dominant eigenvalue’s real part approached zero, suggesting slower damping and potential oscillations. This pattern is biologically consistent with chronic infection behavior where viral load stabilizes at a nonzero value over time.
Sensitivity of the Basic Reproduction Number to: From figure 4.5; the numerical computations and the plot of  versus, it is evidence that, is a rapidly increasing function of . For small values of,  remain below unity, indicating that the infection cannot establish itself within the host. However, as  increases beyond a critical threshold  crosses the epidemiological threshold, signaling the onset of persistent infection.
For larger values of, particularly near, the growth of  becomes extremely steep, reaching very large values. This behavior highlights the strong nonlinear dependence of infection potential on, confirming that even modest increases in  can dramatically enhance viral persistence and infectivity.
Dynamics of Target Cells: From figure 4. 1 and figure 4.2; the time evolution of the target  T – cells population over time (52 weeks) reveals markedly different behaviors depending on the value of:
i. Low target  values: the target population rapidly stabilizes near its carrying capacity. This indicates effective control of infection, consistent with. The immune system is able to maintain healthy  T – cells levels, and viral invasion is suppressed.
ii. Intermediate  values: The system exhibits pronounced oscillations. Period of rapid target cell depletion are followed by partial recovery. This reflects a chronic infection regime in which viral replication and immune regeneration compete dramatically.
iii. High  values: Severe depletion of target cells is observed, with repeated crashes towards very low levels. Recovery becomes incomplete or delayed, suggesting immune exhaustion and loss of homeostasis. This behavior corresponds to very large  values and indicates uncontrolled viral activity.
These results emphasize that increasing  destabilizes the target cell population and accelerates immune system collapse.
Viral Load and Infected Cell Oscillations: from figure 4.1, figure 4.2 and figure 4.3; when combined with the earlier viral load simulations (table 4.1 – table 4.6), a consistent picture emerges:
i. Higher values of  produce larger and sharper viral load peaks, particularly during the acute phase.
ii. Oscillatory viral dynamics persist longer and with higher amplitude as  increases.
iii. For small, viral oscillation dampen rapidly, and viral load approaches zero, in agreement with the condition.
The oscillation behavior observed in both viral load and target cell populations suggests a feedback mechanism between infection, immune, and cell regeneration.
Threshold Behavior and Stability Implications: the combined numerical (table 4.1 - table 4.6) and graphical results (figure 4.1 – figure 4.5) strongly support the existence of a threshold phenomenon governed by:
i. If  the disease – free equilibrium is stable, viral diminishes, and target cells recover.
ii. If, the endemic equilibrium dominates, leading to sustained viral presence and progressive depletion of  T – cells.
The steep rise of  with respect to  indicates that  is one of the influential parameters in the model, acting as a key driver of disease severity (which also served as a cure factor).
Biological Interpretation and Control Implications: Biologically, the parameter  may be interpreted as a cure factor related to infection efficiency, viral aggressiveness, or host susceptibility. Both the tabular and graphical results suggest that proper therapeutic strategies can still be applied aimed at reducing the effective value of  which can substantially reduce , stabilize  T – cells counts, and suppress viral load.
6.0	Key Findings
The research had the following findings
i. Influence of Nonlinearity (k): The fractional exponent k critically determines infection persistence. Lower k values accelerate recovery toward equilibrium, while higher k values maintain higher infection levels.
ii. Dynamic Stability: The eigenvalue spectrum shows that system stability decreases as, k increases; higher k values yield eigenvalues with smaller negative real parts.
iii. Temporal Behavior: Over 52 weeks, target cells gradually recover, and viral load diminishes, though the rate depends on k.
iv. Model Validation: The simulated trends align with clinical observations—early infection phases show rapid viral growth followed by immune-mediated control.

7.0	Contribution to Knowledge
This research,
i. Provides a fractional-index modeling perspective for HIV infection dynamics, incorporating the nonlinear infection term  and its effect on system stability.
ii. Demonstrates how eigenvalue-based stability analysis can be applied weekly to quantify the transition from infection onset to equilibrium.
iii. Supplies a comprehensive numerical dataset over 52 weeks, bridging theoretical modeling with computational prediction useful for therapy planning.
iv. Offers insight into the role of nonlinearity in viral control, which could inform the development of optimized treatment regimes sensitive e to immune response intensity.


8.0 Conclusion
The mathematical and computational analysis confirms that the HIV infection system exhibits nonlinear dynamics sensitive to the exponent k. When k is small, the infection process is weaker and stability is achieved more rapidly; when k approaches unity, infection is stronger, and equilibrium is reached more slowly. The eigenvalue analysis supports these outcomes, showing a progressive reduction in stability ask increases.
In summary, the model effectively captures the qualitative features of HIV infection and recovery, provides quantitative stability indicators through eigenvalues, and underscores the importance of nonlinear infection kinetics in determining long-term system behaviors. This approach deepens understanding of viral–immune interactions and establishes a useful framework for future fractional-order disease modeling.
This study has presented a comprehensive analysis of HIV infection dynamics using a fractional-index nonlinear model. The weekly simulations over 52 weeks highlighted the influence of the infection exponent k on viral persistence, immune response, and system stability. The eigenvalue analysis provided valuable insights into the local behavior of the system around equilibrium, validating the mathematical formulation with biologically consistent outcomes. Overall, the model contributes to a deeper theoretical and computational understanding of HIV dynamics, forming a foundation for future research and intervention design.
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