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Abstract
This study assesses and compares the prediction variances (PV) of competing response surface designs, including Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution (MinRes) V designs. While traditional single-value optimality criteria (A-, D-, G-, and I- optimality) and prediction-based assessments like Variance Dispersion Graphs (VDG) and Fraction of Design Space (FDS) provide insights, they fall short in fully describing the PV distribution. Therefore, we employ quantile plots to examine the stability and prediction capability of these designs, offering a more detailed understanding of their performance. By analyzing the quantile plots, we aim to recommend designs based on their performance characteristics, enhancing the reliability of response surface methodology.
Keywords: “Prediction variance, Stability, Quantile plot, Response surface design” 

1. Introduction
The single-value optimality criteria, such as A-, D-, G-, and I- optimality criteria, are commonly employed in evaluating the response surface designs. These criteria provide a concise summary of a design's performance but sometimes fail to elucidate how the prediction variance of the response surface is distributed throughout the region of interest (Giovannitti-Jensen and Myers, 1989). For prediction-based assessment, alternative graphical techniques, including the variance dispersion graph (VDG), fraction of design space (FDS) plots, and quantile plots, offer a more comprehensive evaluation of the prediction variances of competing response surface designs (Borkowski, 1995; Li-liang et al., 2009; Ukegbu and Chigbu, 2015; Onwuamaeze, 2021).
The VDG, proposed by Giovannitti-Jensen and Myers (1989) and applied by Borkowski (1995), Li-liang et al. (2009), Ukegbu and Chigbu (2015), and Onwuamaeze (2021), is a two-dimensional plot that displays the maximum, minimum, and average prediction variance (PV) function on concentric spheres inside the region of interest against their radii (Godfarb et al., 2004). This graphical technique allows for the visualization of the uniformity of the variance of a predicted value in multidimensional space (Li-liang et al., 2009). The VDG plot can identify sub-regions where the design predicts the response well and where it does not (Myers et al., 1992).
Another graphical technique, the FDS plot, developed by Zahran et al. (2003), plots the prediction variance against the fraction of design space that is less than or equal to the given prediction variance value. The cumulative fraction provides the experimenter with a sketch of the prediction variance throughout the design region (Godfarb et al., 2004). While VDG and FDS plots offer valuable insights, they do not provide information about the distribution of prediction variance on a given region of interest, except for the center and extreme points (Khuri et al., 1999). To address this limitation, Khuri et al. (1996) proposed quantile plots, which show the full description of the distribution of prediction variances, including the first quartile, median, and third quartile, on a given sphere in terms of its quantiles (Borkowski, 1995; Chigbu and Umelo-Ibemere, 2015).
This study aims to re-examine the stability and prediction capability of three second-order response surface designs: Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution (MinRes) V designs. By employing quantile plots to evaluate the prediction variance in the cuboidal region, this research seeks to provide a detailed description of the distribution of prediction variance and recommend designs based on their performance characteristics.
1.1 Second-Order Response Surface Designs
This paper considers three second-order response surface designs: Central Composite Design (CCD), Small Composite Design (SCD), and Minimum Run Resolution V (MinRes V) design. These designs are commonly used for fitting a second-order model and have similar structures comprising a factorial portion, an axial portion, and center points. The difference between the designs lies in the nature of the factorial portion. While the CCD uses a full or fractional factorial of resolution V or higher, the SCD utilizes a fractional factorial of resolution III. The MinRes V designs are equirreplicated two-level irregular fractions of resolution V that can be used as standalone designs or as the factorial portion of CCD in response surface methodology (Chigbu et al., 2009).
The Central Composite Design (CCD) was developed by Box and Wilson (1951) and is the most widely used class of second-order model designs. The CCD consists of:
















full () or fractional () factorial design of at least resolution V, each point is of the form  () = (); axial points or star runs, axial points or star runs, is of the form  =  for. The centre point, is of the form () = (see, for example, Onukogu and Chigbu 2002, pp.72-73). CCD makes use of points to estimate the model parameters according to Atkinson and Donev (1992, p. 68). According to Montgomery (2005), for a cuboidal region of interest, the best choice of from the view point of the prediction variance for the CCD is to set (see also Borror et al. 2005).
The Small Composite Design (SCD), introduced by Hartley (1959), offers a more compact alternative to the Central Composite Design (CCD). Unlike CCD, SCD's factorial portion is not a full 2k design or a resolution V fraction (Myers and Montgomery, 2002). Instead, it has a resolution III design, where main effects are not aliased with each other, but are aliased with two-factor interactions, and two-factor interactions may be aliased with each other (Zahran, 2002). The factorial portion of SCD is based on Plackett-Burman designs, while the axial portion and number of center points are chosen arbitrarily.
In contrast, the Minimum-run Resolution V (MinResV) design, developed by Oehlert and Whitcomb (2002), is a smaller alternative to standard two-level designs for estimation. Similar to CCD, MinResV's basic construction involves a factorial portion of resolution V, ensuring that no main effect or two-factor interaction is aliased with another main effect or two-factor interaction. However, two-factor interactions may be aliased with three-factor interactions (Montgomery, 2005, p. 338).









The total number of design runs for each case can be calculated using the formula:  where  is the factorial portion (for) or fractional factorial portion (for) and  is an integer, is the axial portion while  is the number of center points. The size of the factorial portion differs according to design variation thereby, making not to be equal to all the designs for any given number of factors, .  
1.2. Model Description
The model used in response surface analysis of second-order design is the second-order polynomial given by:

                                                                                   (1)
In matrix notation (1) can be written as in (2)

                                                                                                                                    (2)














where y is an  vector of observed response;  is an  expanded design matrix (or model matrix);  is a vector of unknown coefficients, and is the random error term which is normally and independently distributed with a mean zero and variance   that is An n-point response surface design can be represented by  design matrix. Each of the n-rows corresponds to an experimental run or point, and the  column entries correspond to an experimental setting of the  design variables. This design is expanded into design matrix, the number of column p is the number of parameters in the model. See Borror et al (2006). The predicted response  at a point  in a region of interest is given by (3) as


                                                                                                                           (3)


and the variance of , or the prediction variance at ,is of the form in (4) as

                                                                                               (4)



where is the vector of coordinates of a point in the design space expanded to model form,  is the expanded design matrix and  is the error variance.


Since these designs may consist of different numbers of runs, we consider first weighting the prediction variance by, the number of experimental runs, to make the comparisons fair. Furthermore, the prediction variance is made scale free by dividing it by, the error variance. We thus obtain the quantity in (5)

                                                                                              (5)



which we refer to as the scaled prediction variance (SPV), and  is the number of design points. The scaling is used to facilitate comparison among competing designs, to know if additional run improves the prediction capability of the design relative to the cost of the design represented by : see, for example, Giovannitti-Jensen and Myers (1989), Borkowski (1995), Borkowski (2003), Montgomery (2005), Anderson-Cook et a (2009),  Li-Lang et al. (2009), Khuri et al (1999) and Onwuamaeze (2021). Li-Lang et al. (2009) stated that small values of  is desirable. 
2. Material and Methods
2.1. Graphical technique for evaluation





The graphical techniques used to compare the three designs; CCD, SCD and MinRes V design is the quantile of the prediction variance. The quantile plot was introduced by Khuri, Kim and Um (1996) and is used to chart the behaviour of the prediction variance distribution within the region of interest. The quantile of the scaled prediction variance can be estimated by randomly selecting a large number of points on a sphere and evaluating the SPV in equation (4) at each one of these points. The random selection of points is conveniently achieved by using spherical coordinates, see for example, Umelo (2018), Khuri, Harison and Cornell (1999), Jang, Anderson-Cook and Kim(2011). Any point on  can be represented using  independent spherical coordinates such that





where values of  are randomly selected from independent uniform distribution such that  (Khuri and Mukhopadhyay  2010). For a given 











r, the resulting values of are used to evaluate the SPV.  A large number of points are choosing in this manner to obtain a sample,  consisting of SPV values on. The quantiles  of  are obtained and the plots of versus, can be obtained for any value of r within the region of interest. Using this method, the prediction variance properties of more than one design can be compared by superimposing their respective quantiles of their prediction variance for each value of  inside the region. This is called the combined quantile plots.  CCD, SCD and MinRes V for three factors (k  3) with 2, 3, and 5 centre points are compared by using the combined quantile plots, (see for example, Khuri, Kim & Um, 1996, Chigbu & Umelo-Ibemere, 2015 and Umelo‑Ibemere, 2023). The second order model of the form in equation (1) is fitted using the face-centered cube ( 1) for CCD, SCD and MinRes V.  The quantiles of the scaled prediction variance for each design (CCD, SCD, MinRes V) are evaluated for k  3 with 2, 3 and 5 center points. For each k, 10,000 points are randomly generated from uniform distribution on S(r) by using . Then, the plot of the quantiles  versus p for the designs are obtained. Program codes were written in R to generate uniform random numbers, obtain the scaled prediction variance (SPV), the quantiles   and the combined quantile plots. 

The Quantile of the scaled prediction variance for CCD, SCD and MinRes V designs are the designs commonly used for fitting second-order models. We considered a cuboidal region as our region of interest, which means that the axial parameter   1. Both designs are for k = 3 with centre points n0 = 2, 3 and 5. All the designs were scaled so that their points will fall within sphere of radius . The design with stable scaled prediction variance (no dispersion) and smaller values of the scaled prediction variances are preferred to other designs. 
3. Results and Discussion
Figure 1 and figure 2 showed the quantile plot and boxplot respectively for difference values of radius, r. These plots enable us to determine the values of r that will give a clear picture for the comparison of the three designs that were considered. From Figure I, we notice that there is no variation in the SPV values for r = 0.1, 0.2, 0.4, 0.6 and 0.8 but a slight variation in SPV values from r =1.0 to r = 1.7. We also noted that the Q0.1(p), Q0.2(p), Q0.4(p), Q0.6(p) and Q0.8(p) are equal for all p and smaller than all other Qr(p). For r = 1.0, 1.2, …, 1.7, Qr(p) increases as r increases for any p. Similarly, for a clearer picture, the boxplot of quantile of scaled prediction variance are displayed in Figure 2.  Figure 3 to figure 14 showed the combined quantile plot for CCD, SCD, and MinRes V design for k = 3 with 2, 3, 5 centre points for selected values of r. For r = 0.1, Figure 3, Figure 7 and Figure 11 showed that the quantiles of the scaled prediction variances (QSPV) are equal and stable throughout the design region for 2, 3 and 5 centre points respectively at different values of p. For r = 1.2, we noted in Figure 4 at 2 centre point that the QSPV of SCD is smaller than CCD and MinRes V from the origin of the designs but at p = 0.1, the QSPV of CCD became smaller, making the SCD to predict well towards the origin but deteriorate at increase in p. Also, in Figure 8 at 3 centre point, the QSPV of SCD and MinRes V are smaller than that of CCD from the origin but at about p = 0.2, the QSPV of CCD became smaller than that of MinRes V and SCD for all other values of p. Similarly, Figure 12 showed that the QSPV of the designs are equal at the origin but at p = 0.5, the QSPV for CCD and MinRes V became smaller than that of SCD at 5 centre point. When r = 1.6. Figure 5, Figure 9, and Figure 13 showed that as the centre point increases the QSPV of the designs decreases. Considering r = 1.7 in Figure 6, Figure 10 and Figure 14, the QSPV also decreases as the centre point is increasing.    
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4. CONCLUSSION 
In comparison of designs, the quantile plot has great beneficial effect because it clearly showed the distribution of the various designs. The quantile of the prediction variance of CCD, SCD and MinRes V designs with 2, 3, and 5 centre points in second-order model were examined when the number of factors are three. Having known that designs with small values of the prediction variance and no dispersion are preferred to designs with high prediction variance. The result obtained showed that the QSPV of CCD, SCD and MinRes V design are small and stable at r = 0.1 with 2 centre points but as p increases, the QSPV also increases. Also with 3 center point, the QSPV of the designs were stable at the origin, but deteriorate as p increases but at 5 centre point, the QSPV of the designs were stable throughout the design region, the QSPV decreases as p increases which show the result in line with Whitecomb’s recommendation which says that 5 or 6 centre point are recommended for comparison of design. 
In general, CCD is superior to SCD and MinRes V design in terms of stability and prediction capability in hypercube with k = 3 factors with 2, 3 and 5 center points when assessed with their QSPV. Finally, CCD has small quantile of the scaled prediction variance and more stable than SCD and MinRes V design throughout the design region but more stable at 2 center points and increase as the center points increases.

References 
Anderson-Cook, C. M., C. M. Borror, and D. C. Montgomery. 2009. “Response surface 
design evaluation and comparison”. Journal of Statistical Planning and Inference, 139 (2), 629–641. 
Atkinson, A.C. and Donev, A.N. (1992). Optimum Experimental Designs. Oxford University 
Press, New York.
Borkowski, J.J. (1995). “Spherical prediction-variance properties of central composite 
designs and Box-Behnken designs”. Technometrics, 37(4), 399-410.
Borkowski, J. J. 2003. “A comparison of prediction variance criteria for response surface 
designs”.Journal of Quality Technology 35 (1), 70–7. 
Box. G. E. P.. and Wilson. K. B. (1951). “On the Experimental Attainment of Optimum 
Conditions,” Journal of the Royal Statistical Society, Ser. B. 13, l-45
Borror, C.M., Anderson-Cook, C. and Montgomery, D.C. (2005). “Prediction variance 
properties of second-order designs for cuboidal regions”. Journal of Quality Technology, 37 (4), 253-266  
Chigbu, P.E. & Umelo-Ibemere, N.C. (2015). “On slope estimation capabilities of some 
second order response surface designs”. Journal of Statistics Applications and Probability, 4(3), 361-366
Chigbu, P. E., E. C. Ukaegbu, and J. C. Nwanya. 2009. “On comparing the prediction 
variances of some central composite designs in spherical region: A review”. Statistica 69 (4), 285–98.
Chigbu, P.E. & Umelo-Ibemere, N.C. (2015). “On slope estimation capabilities of some 
second order response surface designs”. Journal of Statistics Applications and Probability, 4(3), 361-366.
Giovannitti-Jensen A. & Myers, R.H (1989). “Graphical assessment of the prediction
 capability of response surface designs”. Technometrics, 31(2), 159-171.
Hartley, H. 0. (1959). “Smallest Composite Designs for quadratic Response Surfaces”. 
Biometrics, 15(61) l-624.
Heidi B. Goldfarb, Connie M. Borror, Douglas C. Montgomery & Christine M. Anderson- 
Cook( 2004). “Three-Dimensional Variance Dispersion Graphs for Mixture-Process Experiments”. Journal of Quality Technology, 36 (1), 109-124,
Jang, D. H., and C. M. Anderson-Cook. 2011. “Fraction of design space plots for evaluating
ridge estimators in mixture experiments”. Quality and Reliability Engineering International, 27 (1), 27–34.
Khuri A.I., Kim, H.J. & Um, Y. (1996). “Quantile plots of the prediction variance for
 response surface designs”. Computational Statistics and Data Analysis, 22, 395-407.
Khuri, A. I., and S. Mukhopadhyay. 2010. “Response surface methodology. Wiley
 Interdisciplinary Reviews”. Computational Statistics 2 (2):128–49. 
Khuri, A.I., Harrison, J.M., and Cornell, J.A. (1999). “Using Quantile Plots of the Prediction 
Variance for Comparing Designs for a Constrained Mixture Region: An Application Involving a Fertilizer Experiment”. Applied Statistics, 48, 521-532.   
Li, J., Liang, L., Borror, C.M., Anderson-Cook, C. & Montgomery, D.C. (2009). “Graphical 
summaries to compare prediction variance performance for variations of the central composite design for 6 to 10 factors”. Quality Technology of Quantitative Management, 6(4), 433-449. 
Montgomery, D. C. 2005. Design and analysis of experiments. 6th Ed. Hoboken, NJ: John 
Wiley and Sons, Inc.
Myers, R.H. and Montgomery, D.C. (2002) Response Surface Methodology: Product and 
Process Optimization Using Designed Experiments. 2nd Edition, John Wiley & Sons, New York.
Myers, Raymond H., G. Geoffrey Vining, Ann Giovannitti-Jensen, and Sharon L. Myers.
1992.“Variance dispersion properties of second-order response surface designs”. Journal of QualityTechnology, 24 (1), 1–11. 
Oehlert, G. and Whitcomb, P. (2002). Small Efficient Equireplicated Resolution V Fraction 
of 2k Design and their Application to Central Composite Designs. Presented at 46th Annual Fall Technical Conference of the ASQ and 
           ASA, also available at http://www.statease.com/  
 Onukogu, I.B., and Chigbu, P.E. (2002). Super Convergent Line Series in Optimal Design of 
Experiment & Mathematical Programming. AP Express Publishers, Nsukka-Nigeria. 
Onwuamaeze, C.U. (2021). “Optimal Prediction variance properties of some central 
composite designs in the hypercube”. Communication in Statistics-theory and Methods 50 (8), 1911-1924.
Ukaegbu, E.C. & Chigbu, P.E (2015). “Comparison of the prediction capabilities of partially 
replicated central composite designs in cuboidal region”. Communications in Statistics-Theory and Methods, 44, 406-427.
Umelo-Ibemere (2018). “Extension of the Prediction Variances of Partially Replicated Face- 
Centered Central Composite Designs to Multiresponse Models”. Futo Journal Series (FUTOJNLS)
Umelo‑Ibemere, N. C. (2023). Extended central composite designs for second‑order model: A     
           performance comparison. Asian Journal of Pure and Applied Mathematics, 5(1), 98–
          111. https://jofmath.com/index.php/AJPAM/article/view/37
Zahran, A., C. M. Anderson-Cook, and R. H. Myers. 2003. “Fraction of design space to
assess theprediction capability of response surface designs”. Journal of Quality Technology, 35 (4), 377–86.




oleObject2.bin

oleObject47.bin

image48.wmf
X


oleObject48.bin

image49.wmf
2

s


oleObject49.bin

image50.wmf
n


oleObject50.bin

image51.wmf
2

s


oleObject51.bin

image52.wmf
2

var[()]

1

'()(')()

nyx

nfxXXfx

s

Ù

-

=


image3.wmf
0

p

>


oleObject52.bin

image53.wmf
n


oleObject53.bin

image54.wmf
n


oleObject54.bin

image55.wmf
var[()]

nyx

Ù


oleObject55.bin

image56.wmf
()

sr


oleObject56.bin

image57.wmf
12

,,...,

k

xxxx

=


oleObject3.bin

oleObject57.bin

image58.wmf
()

sr


oleObject58.bin

image59.wmf
1

k

-


oleObject59.bin

image60.wmf
121

,,...,

k

qqq

-


oleObject60.bin

image61.wmf
11

212

3123

21232

112321

12321

cos,

sincos,

sinsincos,

.

.

.

sinsin...sincos,

sinsin...sinsincos,

sinsin...sinsinsin.

kkk

kkkk

kkkk

xr

xr

xr

xr

xr

xr

q

qq

qqq

qqqq

qqqqq

qqqqq

---

----

---

=

=

=

=

=

=


oleObject61.bin

image62.wmf

image4.wmf
1

,...,

k

xx


oleObject62.bin

image63.wmf
1221

0,0,...,0,02.

kk

qpqpqpqp

--

££££££££


oleObject63.bin

image64.wmf
121

,,...,

k

qqq

-


oleObject64.bin

image65.wmf
12

,,...,

k

xxx


oleObject65.bin

image66.wmf
()

dr


oleObject66.bin

image67.wmf
()

sr


oleObject4.bin

oleObject67.bin

image68.wmf
()

Qr


oleObject68.bin

image69.wmf
()

dr


oleObject69.bin

image70.wmf
()

Qr


oleObject70.bin

image71.wmf
p


oleObject71.bin

image72.wmf
r


image5.wmf
1,1,...,1

±±±


oleObject72.bin

image73.wmf
1

(0,),1,2,...,2;   (0,2)

k

UikU

i

qpqp

-

--

::


oleObject73.bin

oleObject74.bin

image74.wmf
()

r

Qp


oleObject75.bin

image75.wmf
3


oleObject76.bin

image76.png
0

P 1 ot sdrodcen o (5o GG K 3 ke bt o) 01,02.04.06,08.1,12,14.14,17)





image77.png
@ @ e o m o

rac)
e 2 Bopks i vt o o ek A 5PV CCO K -3 o pores




oleObject5.bin

image78.png
e

o

o

i 4 Gt e ps o st o nc () o 0, MO a0 5O o K - 3t corte ks o) 12





image79.png
S,

A

i 3 Gt v s of st o manc (57 o 0 MRS S whon K - i 2 corker prts sk -0 1





image80.png
s

-

Fap 5 Gt e p o st recchon vnc (5°4) o D, OB a 5O e K - 3w corte s ad )16




image81.png
g

P

P

i 0 b s o st o anc (54 o 0, MIIES an 5O e K - i 2 corts gt o)< 17





image82.png
Quantile of SPV

100

80

60

40

20

|~6— CCD for K = 3 with 3 center points and r = 0.1
=#= MINRES for K = 3 with 3 center points andr= 0.1
- == SCD for K =3 with 3 center points and r = 0.1

00

02 04 06 08

D
Figure 7: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(r) = 0.1
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Figure 8: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(s

10





image84.png
Quantile of SPV

400

300

200

100

CCD for K = 3 with 3 center points and r = 1.6 /
-+~ MINRES for K = 3 with 3 center points and r = 1.6 .
- == SCD for K =3 with 3 center points and r = 1.6 1/
i
./
1
3
T T T T T T
00 02 04 06 08 10

D
Figure 9: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 3 center points and radius(r) = 1.6
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Figure 11: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 5 center points and radius(r) = 0.1
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Figure 12: Combined quantile plots of scaled prediction variance (SPV) for CCD, MINRES and SCD when K = 3 with 5 center points and radius(r) = 1.2
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