


Evaluating Seasonality Tests for De-trended Time Series Data for Some Selected Trending Curves




[bookmark: _GoBack][bookmark: _Hlk210565185][bookmark: _Hlk210084070][bookmark: _Hlk210564857]Abstract: This study discusses test for seasonality for de-trended time series data. The tree tests (test, Wilcoxon signed-ranks test and sign test) are applied to the de-trended series from the simulated series with the slope parameter of the linear, quadratic and exponential trend curves. The result from the simulated series indicates that test and Wilcoxon signed-rank test performed the same all through in detecting the presence of seasonality. While sign test appears to be trailing behind
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Introduction 
The two important goals of the time series analysis, namely, identification of the nature of the phenomenon represented by the sequence of observations and forecasting the future values of the time series variable. Choosing the appropriate time series model and identifying the pattern of observed series are important to facilitate forecasting. Two patterns that may be present are trend and seasonality. Most time series patterns identified and described in terms of four basic classes of components: The systematic pattern includes the trend, seasonal, cyclical and irregular components. These four classes of time series components may or may not coexist in real-life data.
In addition to identifying the patterns (the components), the main two goals of a time series analysis are better achieved if the correct model is used. The specific functional relationship among these components can be assumed in different forms. However, the possibilities are that they are combined in additive seasonality or multiplicative seasonality, it can also take other forms such as the mixed model which combines the elements of both the additive and multiplicative models. The three time series models are;


[bookmark: _Hlk210085347][bookmark: _Hlk210084249][bookmark: _Hlk210084410]Additive Model                             (1)


[bookmark: _Hlk210084473]Multiplicative Model                          (2)


[bookmark: _Hlk210085090]Mixed Model                                  (3)

[bookmark: _Hlk210564609]Cyclical variation in time series data refers to swings about the trend and only long period sets of data will show cyclical fluctuation of any appreciable magnitude. If short series are involved, the cyclical components is superimposed into the trend (Chatfield, [1]) and then the trend-cycle component is denoted by  . In this case, equations (1), (2) and (3) may respectively, be rewritten as: 


Additive Model                                   (4)


Multiplicative Model                                 (5)


[bookmark: _Hlk210087224]Mixed Model                                        (6)





[bookmark: _Hlk210474881][bookmark: _Hlk210475000][bookmark: _Hlk210476025]where   is the trend-cycle component, is the seasonal component with the property  and is the irregular component. For equation (4), it is convenient to make assumption that the sum of the seasonal component over a complete period is zero, ie                                                                             (7)

[bookmark: _Hlk210476182]Similarly, for equations (5) and (6), the convenient variant assumption is the sum of the seasonal component over a complete period is .

.                                                                                       (8)





[bookmark: _Hlk210476248][bookmark: _Hlk210476433][bookmark: _Hlk210476496]It is equally assumed that the irregular component is the Gaussian white noise for equations (4) and (6), while for equation (5), is the Gaussian white noise and that 


[bookmark: _Hlk210477159]For a seasonal data with length of period, interval, the Buys-Ballot naturally partitions the observed time series data into rows for easy to understand. For details of Buys-Ballot procedure for time series decomposition see Iwueze and Ohakwe [2], Iwueze and Nwogu [3], Nwogu et al [4], Dozie [5], Dozie and Uwaezuoke [6], Dozie et al [7], Dozie and Ijeoma [8], Dozie and Nwanya [9], Dozie and Ihekuna [10], Dozie and Ibebuogu [11], Dozie and Ibebuogu [12], Dozie and Uwaezuoke [13], Dozie and Ihekuna [14], Dozie and Ihekuna [15], Dozie [16], Dozie and Uwaezuoke [17] and Dozie [18]


In some time series data, the presence of a seasonal indices in a series is quite obvious and the seasonal periods are easy to find, example, four (4) for quarterly data and twelve (12) for monthly data. Seasonality can be described in time series as a pattern that repeats every elements. The following graphical methods can be used to detect seasonality: the autocorrelation plot (Box, Jenkins and Reinset, [19]), the run sequence plot (Chambers, Cleveland, Kleiner and Tukey, [20]) and multiple box plots (Chambers et al., [20]. Both the seasonal subseries plot and the box plot assume that the seasonal periods are known. If there is significant seasonality, the autocorrelation plot should show spikes at multiples of lags equal to the period, the seasonal lag (Box et al., [19]). 



[bookmark: _Hlk210344150][bookmark: _Hlk210344701][bookmark: _Hlk210344262][bookmark: _Hlk210477842]Hakko [21] is of the opinion that,  goodness-of-fit test is relatively good for detecting seasonality because of its simple mathematical theory, which makes it easy to calculate and understand. The test is on whether the empirical data can be a sample (McLaren, Legler & Brittenham, [22]). This test needs a sample from a population with an unknown distribution function  and a certain theoretical distribution function . Although there is no restriction on the underlying distribution, usually the hypothetical distribution is a uniform distribution. 




[bookmark: _Hlk210478095][bookmark: _Hlk210477911]For seasonality studies, the frequency is the observed value at the seasons, while the frequency is the expected cell frequency at the seasons.

The Kolmogorov-Simonov test can be modified to serve as a goodness-of-fit test. In the special case of testing for normality of the distribution, samples are standardized and compared with a standard normal distribution. It is comparable to the  goodness-of-fit test because both approaches are designed to test if a sample taken from the population fits a specified distribution. On the other hand, the KS-Test does not compare observed and expected frequencies at each season, but rather the cumulative distribution functions between the ordered observed and expected values Rau [23].
Several statistical tests have been suggested to test for seasonality. Iwueze and Ohakwe [2] proposed a Buys-Ballot estimation method for the estimation of trend parameters and seasonal components in time series decomposition. Iwueze and Nwogu [3] showed that, for the linear trending curve, the seasonal variance is a function only on the trend parameters for the additive model and both trend parameters and seasonal indices for multiplicative model.  Chatfield [1] proposed that, the Buys-Ballot tables is used for inspecting time series data for the presence of trend and seasonal effects. Fomby [24] stated various graphs suggested by the Buys-Ballot table for inspecting time series data for the presence of seasonal effects. In his study of Stable Seasonal Pattern (SPP) models, gave an adaptation of Friedman’s two-way analysis of variance by ranks test for seasonality in time series data.

2 Methodology
2.1 Tests Required for Selecting Appropriate Curve to Fit the given Data.
The emphasis of this study is to improve the degree of confidence in the characterization of seasonality in time series data. Hence, the test needed for selecting appropriate curve to fit the given data in Chart 1
Chart 1: Tests required for selecting appropriate curve to fit the given data
	S/No
	Curve Name
	Mathematical form of the curve
	
Proposed test for 

	1
	Linear
	

	The first differences of given y’s are nearly constant

	2
	Quadratic
	

	The second differences of given y’s are nearly constant

	3
	Exponential
	

	
The first differences of are nearly constant

	4
	Exponential parabola
	

	
The second differences of are nearly constant

	5
	Modified exponential
	

	
The first differences of change by a constant percentage





[bookmark: _Hlk209771607][bookmark: _Hlk209771566]2.2   The Student Distribution


[bookmark: _Hlk209772040][bookmark: _Hlk209771914]The test statistic for student’s Distribution is given as       



Where   and .  Under the null hypothesis that the median of the two characteristics are the same and are taken from a population with the same median.  is assumed zero under null hypothesis, thus, 







[bookmark: _Hlk209775700][bookmark: _Hlk209775910][bookmark: _Hlk209832660] is the value of the median of the deviation under the null hypothesis. Reject the null hypothesis () at a level of significance if  . Otherwise, do not reject .  is the 100  percentile of the distribution with  degree of freedom.

2.3 The Sign Test



[bookmark: _Hlk209833019][bookmark: _Hlk209833122][bookmark: _Hlk209833209]For smaller sample sizes (ie ), the test statistic for the sign test R, the smaller of the number of positive sign and the number of negative sign .  Hence, 






[bookmark: _Hlk209833604][bookmark: _Hlk209833865][bookmark: _Hlk209834264].  is the observed value and the critical value ().  is computed from the binomial probability with the parameters and 

2.4 Wilcoxon Signed-Rank Test
The test statistic for the Wilcoxon Signed-Ranks Test is given by






[bookmark: _Hlk209834985][bookmark: _Hlk209835167][bookmark: _Hlk209836831][bookmark: _Hlk209837485][bookmark: _Hlk209836237] for observed values with , where  is the sum of the positive ranks of non-zero differences and  is the sum of the absolute values of the negative ranks of non-zero. If the null hypothesis is true, these sums are expected to be equal. The Wilcoxon Signed test statistic for large observations, ie is given by


 where n is the number of matched pairs of data for which their differences is not zero and  




The null hypothesis is rejected at level of significance if . Otherwise do not reject 

3. Simulation Examples

[bookmark: _Hlk208664121]This section discusses simulations example to illustrate the reliability of tests for seasonality for de-trended time series data and to compare the powers of the tests in the detection of the presence of seasonal indices in time series data for selected trending curves. The simulated series used consist of 100 data sets of 120 observations each simulated from the Additive Model:  












[bookmark: _Hlk208707791][bookmark: _Hlk208708429]The trend cycle component  used are (1) Linear:  with and     (2) Quadratic:  with  and   (3) Exponential  with and . For additive model, the assumption is that, .  The seasonal indices are stated in Table

Table 1: Seasonal Indices used for simulation.
	

	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12

	

	0.1
	1.2
	-0.9
	-1.2
	1.5
	2.3
	1.9
	-0.7
	0.6
	-2.4
	-0.9
	-1.5




Table 2: Results of tests for seasonality for de-trended series for selected trending curves 
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
75.15         24.85  
75.15         24.85        
	100.00       0.00
100.00       0.00
90.05          9.95
	100.00      0.00
100.00      0.00
90.05        9.95

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.09          9.91
	100.00       0.00
100.00       0.00
 85.05        14.95
	100.00      0.00
100.00      0.00
85.05        14.95

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
92.90      7.1
	100.00       0.00
100.00       0.00
98.08          1.92
	100.00      0.00
100.00      0.00
98.08        1.92


                                                                               0.01%                      0.05%                     0.1% 

[bookmark: _Hlk209270850]Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
75.16         24.84  
75.16         24.84        
	100.00       0.00
100.00       0.00
90.01         9.99
	100.00      0.00
100.00      0.00
90.01       9.99

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.09          9.91
	100.00       0.00
100.00       0.00
 85.05        14.95
	100.00      0.00
100.00      0.00
85.05        14.95

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
92.90      7.1
	100.00       0.00
100.00       0.00
98.02          1.98
	100.00      0.00
100.00      0.00
98.02        1.98


                                                                            0.01%                      0.05%                     0.1%

Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
75.16         24.84  
75.16         24.84        
	100.00       0.00
100.00       0.00
90.01         9.99
	100.00      0.00
100.00      0.00
90.001       9.99

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.07          9.93
	100.00       0.00
100.00       0.00
 85.15        14.85
	100.00      0.00
100.00      0.00
85.15        14.85

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
90.90      9.1
	100.00       0.00
100.00       0.00
98.03          1.97
	100.00      0.00
100.00      0.00
98.03        1.97


                                                                            0.01%                      0.05%                     0.1%

[bookmark: _Hlk209304416]Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
85.16         14.84  
85.16         14.84        
	100.00       0.00
100.00       0.00
90.02         9.98
	100.00      0.00
100.00      0.00
90.02       9.98

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.09          9.91
	100.00       0.00
100.00       0.00
 85.04       14.96
	100.00      0.00
100.00      0.00
85.04        14.96

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
92.90      7.1
	100.00       0.00
100.00       0.00
98.02          1.98
	100.00      0.00
100.00      0.00
98.02        1.98


                                                                            0.01%                      0.05%                     0.1%

Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
95.16         4.84  
75.16         4.84        
	100.00       0.00
100.00       0.00
90.07         9.93
	100.00      0.00
100.00      0.00
90.07        9.93

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.09          9.91
	100.00       0.00
100.00       0.00
 95.05        4.95
	100.00      0.00
100.00      0.00
95.05         4.95

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
92.99      7.01
	100.00       0.00
100.00       0.00
98.01         1.99
	100.00      0.00
100.00      0.00
98.01        1.99


                                                                            0.01%                      0.05%                     0.1%


[bookmark: _Hlk209306333]Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
95.18          4.82 
95.18          4.82       
	100.00       0.00
100.00       0.00
97.02         2.98
	100.00      0.00
100.00      0.00
97.02        2.98 

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.09          6.91
	100.00       0.00
100.00       0.00
 93.03        6.91
	100.00      0.00
100.00      0.00
93.03        6.91

	Exponential




	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.99          6.01
	100.00       0.00
100.00       0.00
96.05          3.95
	100.00      0.00
100.00      0.00
93.99         3.95


                                                                            0.01%                      0.05%                     0.1%


Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
85.18         14.82  
85.18         14.82        
	100.00       0.00
100.00       0.00
90.05         9.95
	100.00      0.00
100.00      0.00
90.05        9.95

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
91.09          8.91
	100.00       0.00
100.00       0.00
 85.09       14.91
	100.00      0.00
100.00      0.00
85.09       14.91

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
92.90      7.1
	100.00       0.00
100.00       0.00
98.02          1.98
	100.00      0.00
100.00      0.00
98.02        1.98


                                                                            0.01%                      0.05%                     0.1%


Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
79.16         20.84  
79.16         20.84        
	100.00       0.00
100.00       0.00
90.01         9.99
	100.00      0.00
100.00      0.00
90.01        9.99

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
98.01          1.99
	100.00       0.00
100.00       0.00
 98.01         1.99
	100.00      0.00
100.00      0.00
98.01         1.99

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
96.90      3.1
	100.00       0.00
100.00       0.00
98.02          1.98
	100.00      0.00
100.00      0.00
98.02        1.98


                                                                            0.01%                      0.05%                     0.1%

Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
75.10         24.90  
75.10         24.90        
	100.00       0.00
100.00       0.00
99.05         0.95
	100.00      0.00
100.00      0.00
99.05         0.95

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.09          9.91
	100.00       0.00
100.00       0.00
 85.06        14.94
	100.00      0.00
100.00      0.00
85.06        14.94

	Exponential




	
test
Signed-rank test
Sign test
	100.00   0.00
100.00   0.00
95.90      4.1
	100.00       0.00
100.00       0.00
98.05          1.95
	100.00      0.00
100.00      0.00
98.05        1.95


                                                                            0.01%                      0.05%                     0.1%

Table2: Results of tests for seasonality for de-trended series for selected trending curves cont’
	Trend Curve
	Test Statistic
	%Good    %Fail
	%Good     %Fail
	%Good     %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
95.19          4.81 
95.19          4.81       
	100.00       0.00
100.00       0.00
97.08         2.92
	100.00      0.00
100.00      0.00
97.08        2.92 

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.07          6.93
	100.00       0.00
100.00       0.00
 93.07        6.93
	100.00      0.00
100.00      0.00
93.07        6.93

	Exponential




	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.99          6.01
	100.00       0.00
100.00       0.00
96.05          3.95
	100.00      0.00
100.00      0.00
93.99         3.95


                                                                            0.01%                      0.05%                     0.1%


[bookmark: _Hlk210566195]The summary results of the test (test, Wilcoxon signed-ranks test and sign test) for seasonality for the de-trended time series data for linear, quadratic and exponential trend curves are given in table 2. It is noted from table that the test and Wilcoxon signed-ranks test are the same in performance for all the trending curves. While the sign test appears to be trailing behind. 

Concluding Remarks



[bookmark: _Hlk210565853]This study has discussed test for seasonality for de-trended time series data. The tree tests (test, Wilcoxon signed-ranks test and sign test) are applied to the de-trended series from the simulated series with the slope parameter of the linear, quadratic and exponential trend curves. The power of the tests is measured by considering the percentage of the total simulations in which the test correctly detected the presence of seasonality when it exists. The result of the simulated example indicates that test performed better than the other two statistical tests.
References
[1] Chatfield, C. The Analysis of Time Series: An Introduction, Chapman and Hall, CRC Press, Boca Raton, 2004
[2] Iwueze, I. S., and Ohakwe, J. Buys-Ballot Estimates when Stochastic Trend is Quadratic. Journal of the Nigerian Association of Mathematical Physics. 2004: 311-318  
[3] Iwueze, I. S, and Nwogu, E. C. FrameWork for Choice of Models and Detection of Seasonal Effect in Time Series. Far East Journal of Theoretical Statistics. 2014: 48(1): 45-66
[4] Nwogu, E. C, Iwueze, I. S, Dozie, K. C. N., and Mbachu, H. I. Choice between Mixed and Multiplicative Models in Time Series Decomposition. Asian Journal of Statistics and Application. 2019: 9(5): 153-159.
[5] Dozie, K. C. N. Buys-Ballot Estimates for Mixed Model in Descriptive Time Series. International Journal of Theoretical and Mathematical Physics. 2020: 10(1): 22-27
[6] Dozie, K. C. N and Uwaezuoke, M. U. Properties of Buys-Ballot Estimates for Mixed Model in Time Series Decomposition. Galore International Journal of Applied Sciences and Humanities 2020: 4(2): 35-40.
[7] Dozie, K. C. N, Nwogu, E. C and Ijomah, M. A. Effect of Missing Observations on Buys-Ballot Estimates of Time Series Components. Asian Journal of Probability and Statistics. 2020: 6(3): 13-24.
[8] Dozie, K. C. N and Ijomah, M. A. A Comparative Study on Additive and Mixed Models in Descriptive Time Series. American Journal of Mathematical and Computer Modelling. 2020: 5(1): 12-17
[9] Dozie, K. C. N and Nwanya, J. C. N. Comparison of Mixed and Multiplicative Models when Trend-Cycle Component is Linear. Asian Journal of Advanced Research and Reports 2020: 
[10] Dozie, K. C. N and Ihekuna, S. O. Buys-Ballot Estimates of Quadratic Trend Component and Seasonal Indices and Effect of Incomplete Data in Time Series. 2020: 5(2): 341-348
[11] Dozie, K. C. N and Ibebuogu, C. C. Estimates of Time Series Components of Road Traffic Accidents and Effect of Incomplete Observations: Mixed Model CASE. 2020: 7(6): 343-351
[12] Dozie, K. C. N and Ibebuogu, C.C. Road Traffic Offences in Nigeria: An Empirical Analysis using Buys-Ballot Approach. Asian Journal of Probability and Statistics. 2021
[13] Dozie, K. C. N and Uwaezuoke, M. U. Seasonal Analysis of Average Monthly Exchange Rate of Central Bank of Nigeria (CBN) when Trend Cycle Component is Quadratic. International Journal of Research and Innovation in Applied Science (IJRIAS). 2021
[14] Dozie, K. C. N and Ihekuna, S. O. Additive Seasonality in Time Series using Row and Overall Sample Variances of the Buys-Ballot Table. 2022: Asian Journal of Probability and Statistics. 2022: 1-9
[15] Dozie, K. C. N and Ihekuna, S. O. The Effect of Missing Data on Estimates of Exponential Trend-Cycle and Seasonal Components in Time Series: Additive Case. Asian Journal Probability and Statistics, 2023: 24(1): 22-36
[16] Dozie, K. C. N. Buys-Ballot Estimates for Overall Sample Variances and Their Statistical Properties. Asian Journal of Advanced Research and Reports. 2023: 17(10): 213-223
[17] Dozie, K. C. N and Uwaezuoke, M. U. The Proposed Buys-Ballot Estimates for Multiplicative Model with Error Variances. Journal of Engineering Research and Reports. 2023: 25(8): 94-106 
[18] Dozie, K. C. N. Assessing Performance of Estimation Techniques in Time Series Analysis when Trend-Cycle Component is Linear. Asian Journal of Research in Computer Science. 2024: 17(12): 18-29
[19] Box, G. E. P., Jenkins, G. M., and Reinsel, G. C. Time Series Analysis, Forecasting and Control. 3rd Edition, Prentice Hall, Englewood Cliff, New Jersey. 1994
[20] Chambers, J. M., Cleveland, W. S., Kleiner, B., and Tukey, P. A. Graphical Methods for Data Analysis. Bellmont, CA: Wadsworth. 1993
[21] Hakko, H. Seasonal Variation of Suicides and Homicides in Finland, with Special Attention to Statistical Techniques used in Seasonality Studies. 2000

[22] McLaren, C. E., Legler, J. M., and Brittenham, G. M. The Generalized  Goodness-of-fit Test. Journal of the Royal Statistical Society. Series D (The Statistician). 1994: 43(2), 247-258. doi: 10.2307/2348342
[23] Rau, R. Seasonality in Human Mortality. A Demographic Approach. Universitat Rostock, Rostock, Germany. 2005
[24] Fomby, F. B. Stable Seasonal Pattern (SPP) Model (Unpublished Manuscript) 2020 







oleObject2.bin

image42.wmf
2

1

1

1

n

zi

i

szz

n

-

=

æö

=-

ç÷

-

èø

å


oleObject53.bin

image43.wmf
0

z


oleObject54.bin

image44.wmf
0:

o

Hzz

=


oleObject55.bin

image45.wmf
0

H


oleObject56.bin

image46.wmf
1/2

c

tt

a

-

>


oleObject57.bin

oleObject3.bin

oleObject58.bin

image47.wmf
1/2

t

a

-


oleObject59.bin

image48.wmf
(

)

1

a

-


oleObject60.bin

image49.wmf
1

n

-


oleObject61.bin

image50.wmf
025

n

<<


oleObject62.bin

image51.wmf
n

+


image3.wmf
,

ttttt

XTSCe

=+++


oleObject63.bin

image52.wmf
n

-


oleObject64.bin

image53.wmf
(

)

min,

Rnn

=+-


oleObject65.bin

image54.wmf
R


oleObject66.bin

image55.wmf
R

a


oleObject67.bin

image56.wmf
R

a


oleObject4.bin

oleObject68.bin

image57.wmf
n


oleObject69.bin

image58.wmf
0.5

p

=


oleObject70.bin

image59.wmf
11

,

ii

nn

c

zz

ii

KMinLL

+-

+-

==

ìü

=

íý

îþ

åå


oleObject71.bin

image60.wmf
30

n

£


oleObject72.bin

image61.wmf
1

i

n

z

i

L

+

+

=

å


image4.wmf
1,2...,

tn

=


oleObject73.bin

image62.wmf
1

i

n

z

i

L

-

-

=

å


oleObject74.bin

image63.wmf
(

)

0

H


oleObject75.bin

image64.wmf
30

n

>


oleObject76.bin

image65.wmf
ci

c

i

Ku

z

s

-

=


oleObject77.bin

image66.wmf
(

)

(

)

(

)

1121

,

424

ii

nnnnn

u

s

+++

==


oleObject5.bin

oleObject78.bin

oleObject79.bin

image67.wmf
a


oleObject80.bin

image68.wmf
c

zz

a

<


oleObject81.bin

oleObject82.bin

image69.wmf
tttt

XMSe

=++


oleObject83.bin

image70.wmf
t

M


image5.wmf
,

ttttt

XTSCe

=´´´


oleObject84.bin

image71.wmf
(

)

ttt

MabtSu

=+++


oleObject85.bin

image72.wmf
1

a

=


oleObject86.bin

image73.wmf
2

b

=


oleObject87.bin

image74.wmf
2

ttt

MabtctSu

=++++


oleObject88.bin

image75.wmf
1,2

ab

==


oleObject6.bin

oleObject89.bin

image76.wmf
3

c

=


oleObject90.bin

image77.wmf
ct

ttt

MbeSu

=++


oleObject91.bin

image78.wmf
10

b

=


oleObject92.bin

image79.wmf
0.02

c

=


oleObject93.bin

image80.wmf
(

)

0,1

t

uN

:


oleObject7.bin

oleObject94.bin

image81.wmf
,1,2,3,...,12

j

Sj

=


oleObject95.bin

image82.wmf
j


oleObject96.bin

image83.wmf
(

)

.

j

sadd


oleObject97.bin

image84.wmf
1

a

=


oleObject98.bin

image85.wmf
2

b

=


image6.wmf
,

ttttt

XTSCe

=´´+


oleObject99.bin

image86.wmf
t

-


oleObject100.bin

image87.wmf
1

a

=


oleObject101.bin

image88.wmf
2

b

=


oleObject102.bin

image89.wmf
3

c

=


oleObject103.bin

oleObject104.bin

oleObject8.bin

image90.wmf
10

a

=


oleObject105.bin

image91.wmf
0.02

c

=


oleObject106.bin

oleObject107.bin

oleObject108.bin

oleObject109.bin

oleObject110.bin

oleObject111.bin

oleObject112.bin

oleObject9.bin

oleObject113.bin

oleObject114.bin

oleObject115.bin

oleObject116.bin

oleObject117.bin

oleObject118.bin

oleObject119.bin

oleObject120.bin

oleObject121.bin

oleObject122.bin

image7.wmf
t

M


oleObject123.bin

oleObject124.bin

oleObject125.bin

oleObject126.bin

oleObject127.bin

oleObject128.bin

oleObject129.bin

oleObject130.bin

oleObject131.bin

oleObject132.bin

oleObject10.bin

oleObject133.bin

oleObject134.bin

oleObject135.bin

oleObject136.bin

oleObject137.bin

oleObject138.bin

oleObject139.bin

oleObject140.bin

oleObject141.bin

oleObject142.bin

image8.wmf
,

tttt

MTSe

=++


oleObject143.bin

oleObject144.bin

oleObject145.bin

oleObject146.bin

oleObject147.bin

oleObject148.bin

oleObject149.bin

oleObject150.bin

oleObject151.bin

oleObject152.bin

oleObject11.bin

oleObject153.bin

oleObject154.bin

oleObject155.bin

oleObject156.bin

oleObject157.bin

oleObject158.bin

oleObject159.bin

oleObject160.bin

oleObject161.bin

oleObject162.bin

oleObject12.bin

oleObject163.bin

oleObject164.bin

oleObject165.bin

oleObject166.bin

oleObject167.bin

oleObject168.bin

oleObject169.bin

oleObject170.bin

oleObject171.bin

oleObject172.bin

image9.wmf
,

tttt

MTSe

=´´


oleObject173.bin

oleObject174.bin

oleObject175.bin

oleObject176.bin

oleObject177.bin

oleObject178.bin

oleObject179.bin

oleObject180.bin

oleObject181.bin

oleObject182.bin

oleObject13.bin

oleObject183.bin

oleObject184.bin

oleObject185.bin

oleObject186.bin

oleObject187.bin

oleObject188.bin

oleObject189.bin

oleObject190.bin

oleObject191.bin

oleObject192.bin

oleObject14.bin

oleObject193.bin

oleObject194.bin

oleObject195.bin

oleObject196.bin

oleObject197.bin

oleObject198.bin

oleObject199.bin

oleObject200.bin

oleObject201.bin

oleObject202.bin

image10.wmf
,

tttt

MTSe

=´+


image92.wmf
2

c


oleObject203.bin

oleObject15.bin

oleObject16.bin

image11.wmf
t

M


oleObject17.bin

image12.wmf
t

S


oleObject18.bin

image13.wmf
(

)

,

1

1,2,...,

j

isj

SSim

-+

==


oleObject19.bin

image14.wmf
t

e


oleObject20.bin

image15.wmf
1

0

s

tj

j

S

+

=

=

å


oleObject21.bin

image16.wmf
s


oleObject22.bin

image17.wmf
1

s

tj

j

Ss

+

=

=

å


oleObject23.bin

image18.wmf
t

e


oleObject24.bin

image19.wmf
(

)

2

1

0,

N

s


oleObject25.bin

oleObject26.bin

image20.wmf
(

)

2

2

0,

N

s


oleObject27.bin

image21.wmf
(

)

,0,0

ttk

Coveek

+

="¹


oleObject28.bin

image22.wmf
,

s


oleObject29.bin

image23.wmf
m

-


oleObject30.bin

image24.wmf
K


oleObject31.bin

image25.wmf
2

c


oleObject32.bin

image26.wmf
()

Fx


oleObject33.bin

image27.wmf
0

()

Fx


oleObject34.bin

image28.wmf
,

1,2,...,

i

oik

=


oleObject35.bin

image1.wmf
t

-


image29.wmf
th

i


oleObject36.bin

image30.wmf
,

1,2,...,

i

Eik

=


oleObject37.bin

oleObject38.bin

oleObject39.bin

image31.wmf
t

yX

=


oleObject40.bin

image32.wmf
t

Xabt

=+


oleObject41.bin

oleObject1.bin

image33.wmf
2

t

Xabtct

=++


oleObject42.bin

image34.wmf
bt

t

Xae

=


oleObject43.bin

image35.wmf
(

)

log'

ys


oleObject44.bin

image36.wmf
2

btct

t

Xae

+

=


oleObject45.bin

oleObject46.bin

image37.wmf
t

t

Xabc

=+


image2.wmf
2.0

b

=


oleObject47.bin

image38.wmf
y


oleObject48.bin

image39.wmf
t

-


oleObject49.bin

oleObject50.bin

image40.wmf
/

o

c

z

zz

t

sn

-

-

=


oleObject51.bin

image41.wmf
1

1

n

i

i

zz

n

-

=

=

å


oleObject52.bin

