


DETERMINING THE CONTINUITY OF SOME POLYNOMIALS USING SPLINE FUNCTIONS


	
ABSTRACT
This study empirically provided theoretical background on spline function, as well as examples that illustrate how spline function model was applied to construct the continuity of a polynomial after a breakpoint (KNOTS). This was done using blood pressure data from patients which reveals a polynomial of order four (continuity model) was built which could be used further for interpolation


1	INTRODUCTION
When approximating functions for interpolation or fitting measured data, it’s important to use functions that are both flexible enough to adapt to the data and easy to compute on a computer. Traditionally, polynomials have served this purpose because they offer a good balance of flexibility and computational simplicity. Polynomials can be easily evaluated and differentiated, which is why they’ve been a go-to choice for approximating functions. However, a problem arises when the function being approximated changes rapidly. In such cases, a polynomial of higher degree is required to capture the variations accurately. But increasing the degree of the polynomial often leads to a phenomenon known as oscillation, where the polynomial starts to wiggle between data points, particularly at the edges of the interval. This oscillatory behaviour can result in a poor approximation, especially for functions that need to be smooth or continuous across a broad range. 






[bookmark: _Hlk177400150]The degree of each polynomial segment is denoted by . If there are  knots, the function is called a spline of degree  (order ) with   knots, and the function is defined over  subintervals. Splines are particularly powerful because they combine the flexibility of using different polynomials for different parts of the data with the smoothness required for a coherent overall function. This approach has many applications. Splines are widely used in interpolation, where the goal is to estimate values between known data points. They are also essential in data fitting, where the goal is to find a curve that best represents a set of data points. Moreover, splines are crucial in numerical methods for solving differential equations, such as the finite element method, and in computer graphics for modeling curves and surfaces. In these fields, the smoothness and flexibility of splines make them an invaluable tool, providing a more accurate and stable approximation than high-degree polynomials could achieve alone.

2	SPLINE FUNCTION 





[bookmark: _Hlk176795338]Spline functions are formed by joining polynomials together at fixed points called knots. That is, we divide the interval extending from lower limit  to upper limit point  over which we wish to approximate a curve into subintervals separated by   interior boundaries called knots, or join points or sometimes breakpoints.


[bookmark: _Hlk176794633]Consider the simplest case in which a single breakpoint divides interval () into subintervals. The spline function is, within each interval, a polynomial of specified degree (the highest power defining the polynomial) or order (the number of coefficients) defining the polynomial which is one more than its degree. let’s use ‘m’ to designate the order of the polynomial, so that degree is .
At the interior breakpoint (k), the two polynomials are required to join smoothly. In the most common case, this means that the derivatives match up to the order one less that the degree. In fact, if they matched up to derivative whose order equalled the degree, they would be the same polynomial. Thus, a spline function defined in this has one extra degree of freedom than a polynomial extending over the entire interval. For example, let each polynomial be a straight-line segment, and therefore of degree one. In this, they join at the breakpoint with matching derivatives up to degree O; in short, they simply join and having identical values at the breakpoint. Since the first polynomial has two degrees of freedom (slope and intercept), and the second having its value already defined at the join point, is left with only one degree of freedom (slope). The total polygonal line has three degrees of freedom.

3	LITERATURE REVIEW
In various sectors of human endeavours such as science, engineering and economics, spline function has become a reliable and dependable techniques used for solving problems numerically as well as obtaining optimal solutions. Polynomial spline functions are the most commonly used method especially due to the fact that they are easy to galvanize to higher dimensions or evaluated, smooth and flexible and also easy to store and manipulate on the computer.
Nduka and Ogoke (2021) employed spline function approach in economic planning. They saw spline function as a method for solving a complex problem of breaking it down into categories and solving of the category once before storing their solutions.
Ogoke et al (2016) applies cubic spline regression to early bipolar disorder. Their model reveals how bipolar disorder build up slowly and lingers in the body for long without being noticed as a result of fluctuations in the risk tendency of the mood scores. They advised for proper awareness of mood control among those without psychiatric history especially within students in tertiary institution.
Gloria and Carlos (2005) made a comprehensive assessment for solving high frequency health (seasonal variation) for health service organizations. Their work proposes spline function as the best method for the analysis of the seasonal component in the high-frequency health data. In their proposed method. Spline regression method was developed and the resulting procedures are capable of capturing periodic variations. They equally applied the method to a series of daily emergency service demand in order to capture simultaneous seasonal variations in which periods were different.
Ping et al (202) in their paper showed that, it is easier and infact better to use spine functions in the medical diagnosis and analysis because of the high dimensionality of medical data. Their result shows that other methods such as conditional manifold learning algorithms fail whereas spline regression method was robust in analyzing the data and also provide the optimal solution.
Erik (2000) proposed the interpolation in medical imaging by the use of spline function. Interpolation is required in a variety of medical image processing applications. In his paper, convolution-based interpolation methods and rigid transformation. The evaluation involves a large number of since approximating kernels. Including spline function and images from a wide variety of medical image modalities. His results show that spline interpolation provided the best solution inter-terms of accuracy and computational cost, and advice that spline method should be preferred over all other methods.
Eddargani et al (2022) in their paper showed that, it is easier and infact better to use civic Algebraic hyperbolic spline in interpolating the means of integral values. The cubic hamate spline interpolating scheme reproducing both linear polynomials and hyperbolic functions was considered. The interpolating scheme was merely defined by means of integral values ever the subintervals of a partition of the function to approximated, rather than the function and its first derivate value. The numerical results show the good performance of this approximation scheme. The construction used in their work requires the resolution of a system of linear equating which can be computationally expensive especially when dealing with a large number of data but their method was able to overcome this limitation.
Lamberi and Remogna (2022) made a comprehensive assessment for the interpolation of curve networks. Their study presented a new method which was used for constructing spline surfaces interpolating a B-spline curve network allowing the presence of free parameters, in order to model the interpolating surface. The objective of their study showed that this method could be modified and extended to handle flexibility in the shape modeling of surfaces problems. The procedure used here for Interpolating a B-Spline curve network by the introduction of free parameters is essentially the same as for flexibility in the shape modeling except that, in the new method the introduction of double knots.
Laminic et al (2021) in their paper showed or presented a reverse non-stationary generated B-Splines subdivision scheme. Their work here is based on two new families of non-stationary subdivision schemed. The schemes are constructed from uniform generalized B-splines with multiple knots of orders 3 and 4 respectively.

A third order reverse subdivision framework was constructed. For that, they derive a generalized multi- resolution mask based on their third-order subdivision filters. They used two methods for the reverse of the fourth-order scheme, the first one was based on least-squares formulation and the second one was based on solving a linear optimization problem. Their new schemes were able to reproduce different shapes of initial control polygons of trigonometric and hyperbolic forms.

Cleophas T (2016) in his clinical trials on using spline modeling for nonlinear effects observed that spline modeling can adequately assess the relationships between exposure and outcome variables in a clinical trial, spline modeling can detect patterns in a trial that are relevant but may go unobserved with simpler regression models, in clinical research, spline modeling has great potential given the presence of many nonlinear effects in this field of research and given its sophisticated mathematical refinement to fit any nonlinear effect in the mostly accurate way.
Suk et al (2019) in their research on ‘Nonlinear’ growth curve modeling using penalized spline models provided an insight to penalized splines as a way of estimating nonlinear growth curves in which many observations are collected over time on a single or multiple individuals. They started with piecewise linear models in which the time domain of the data was divided into consecutive phases and a separate linear regression line was fitted in each phase. The linear splines added the feature that the regression lines fitted in adjacent phases are always joined at the boundary so there is no discontinuity in level between phases.

Laura et al (2016) made a comprehensive assessment for summarizing childhood growth trajectories. Their study presented linear spline multilevel models. The objective of their study presented showed that this method was useful as it overcomes several data issues (co-linearity) of repeat measures, the requirement for all individuals to be measured at the same ages and bias due to missing data). The model was applied to individual trajectories of length/height and weight from five cohorts from different generations and different geographical regions with varying levels of economic development. Their model provided a useful method to summarize growth trajectories, reducing the dimensionality of the data in cohorts rich in growth measurements, and providing interpretable growth summaries that can be used to compare growth rates across populations, assess associations between early life exposures and child growth or examine associations between child growth and later outcomes. In the five cohorts from different geographical regions and birth years, a good level of model fit was achieved with similar knot points. This provides reassurance that the models are identifying periods of growth with biological relevance, and provides a suggested starting point for model estimation in other cohorts.
4	HOW TO CHOOSE THE ORDER ‘M’ OF A SPLINE
The most common type of spline is the cubic spline in which each polynomial is a cubic, or of order 4. Because the segments join with matching derivatives up to order 2, they appear to the eye to be beautifully smooth. This is because the second derivative measure is the curvature of the curve, and the curvature match at the knots, so that the curvature appears to change smoothly. However, the order ‘m’ that we use depends on how many derivatives we will need to compute from the spline function. A cubic spline is smooth in itself, but its first derivative will appear to change with noticeable abruptness at the knots, and its second derivative will be a polynomial line. What this means is that, if we want a smooth second derivatives, we had better use a spline of order at least six, so that its second derivatives will be at least smooth as a cubic spline
5	CHOOSING THE KNOTS (K)
The more join points, the more flexible the spline. Moreover, this principle applies locally; if we need a lot of flexibility in a particular region of t, we use more join points in this region. And of course, less where we don’t need much curvature. However, it is pointless to have breakpoints without data. There should in most situations be at least one observed value t, within the subinterval. If one suspects that there is a sharp feature in a particular region, only one or two data values in it.
Example, a study of blood pressure of adult over a period of time on data that covers low blood pressure, normal blood pressure and high blood pressure. The data was divided into three distinct subsets and three separate time trends estimated.
Assuming a liner time trend, we may postulate the following model.
Period 1 low (blood pressure)   
Period 2 (normal pressure)   
Period 3 (High Blood Pressure)   
Where (L, U) is the time interval
Function is parameterized as   : 
The estimated trends can be represented in the figure (1) below




                O                                      L                              U                            t
Figure (1) Estimated trends (discontinuity at join points).
Therefore, there is nothing in the unrestricted estimation process to ensure that the functions meet at the join t = 1. And t = u thus creating an instantaneous jump or discontinuities at the join points.
One method of overcoming this is to reformulate the model by defining 

Vicinity will pretty much climate any hope of adequately describing it, and the fitted curve may as well be smooth. The problem of deciding exactly where to position knots is often finessed in one of two ways. First, users often just make them equally spaced, but of course paying attention to the requirement of having at least one observation in every subinterval. The second strategy is the place a join point at every fixed number of observed values of ‘t’ sometimes called quantile placement. This has the advantage of ensuring that there is a reasonable amount of data associated with each subinterval
6	ILLUSTRATION


Table 1 :  The following shows the age  in years and blood pressure readings  in (10 mmHg) of an organization over a period of time
	
Period
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	
Age 
	20
	21
	23
	24
	26
	28
	29
	30
	32
	33

	Blood Pressure


	1.5
	1.7
	0.7
	1.6
	0.9
	1.8
	1.5
	1.2
	1.3
	1.7



	
Period
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20
	21

	
[bookmark: _Hlk177481362]Age 
	35
	37
	38
	40
	42
	43
	45
	46
	48
	49
	50

	Blood Pressure


	1.4
	1.8
	2.0
	1.4
	2.0
	1.9
	1.7
	2.2
	1.5
	1.6
	2.3




	
Period
	22
	23
	24
	25
	26
	27
	28
	29
	30
	31

	
Age 
	51
	52
	53
	54
	55
	56
	57
	58
	59
	60

	Blood Pressure


	1.2
	1.1
	1.8
	1.6
	1.4
	2.7
	1.5
	2.5
	1.6
	2.4



We classify the data into the following arbitrary periods:

Period 1    

Period 2   

Period 3    
We define the following 


[bookmark: _Hlk176844919]
                           

                             
The new set of data is as thus;

	
Period 
	

	

	

	


	1
	20
	0
	0
	1.5

	2
	21
	0
	0
	1.7

	3
	23
	0
	0
	0.7

	4
	24
	0
	0
	1.6

	5
	26
	0
	0
	0.9

	6
	28
	0
	0
	1.8

	7
	29
	0
	0
	1.5

	8
	30
	0
	0
	1.2

	9
	32
	0
	0
	1.3

	10
	33
	0
	0
	1.7

	11
	35
	0
	0
	1.4

	12
	37
	0
	0
	1.8

	13
	38
	0
	0
	2.0

	14
	40
	1
	0
	1.4

	15
	42
	2
	0
	2.0

	16
	43
	3
	0
	1.9

	17
	45
	5
	0
	1.7

	18
	46
	6
	0
	2.2

	19
	48
	8
	0
	1.5

	20
	49
	9
	0
	1.6

	21
	50
	10
	1
	2.3

	22
	51
	11
	2
	1.2

	23
	52
	12
	3
	1.1

	24
	53
	13
	4
	1.8

	25
	54
	14
	5
	1.6

	26
	55
	15
	6
	1.4

	27
	56
	16
	7
	2.7

	28
	57
	17
	8
	1.5

	29
	58
	18
	9
	2.5

	30
	59
	19
	10
	1.6

	31
	60
	20
	11
	2.4


The linear spline function is therefore,




The model can now be fitted by the usual least squares method to estimate the parameters  and  respectively
SOLUTION

Period 1: 

[bookmark: _Hlk149241069]                                                                                                                (1)
	
Period 
	
Age
	
Blood Pressure
	

	


	1
	20
	1.5
	400
	30.0

	2
	21
	1.7
	441
	35.7

	3
	23
	0.7
	529
	16.1

	4
	24
	1.6
	576
	38.4

	5
	26
	0.9
	676
	23.4

	6
	28
	1.8
	784
	50.4

	7
	29
	1.5
	841
	43.5

	8
	30
	1.2
	900
	36.0

	9
	32
	1.3
	1024
	41.6

	10
	33
	1.7
	1089
	56.1

	11
	35
	1.4
	1225
	49.0

	12
	37
	1.8
	1369
	66.6

	13
	38
	2.0
	1444
	76.0

	14
	40
	1.4
	1600
	56.0


     n=14                       416                       20.5                    12,898                 618.8


but

           

              

            


          

         

                But 

                      1.46 – (0.018) (29.71)
                                 1.46 – 0.54

                                     0.92
Therefore, from equation 1 above;

                                                                                             (2)

        

                                                                                                     (3)
	
Period 
	
Age
	
Blood Pressure
	
		
	


	15
	42
	2.0
	1764
	84.0

	16
	43
	1.9
	1849
	81.7

	17
	45
	1.7
	2025
	76.5

	18
	46
	2.2
	2116
	101.2

	19
	48
	1.5
	2304
	72.0

	20
	49
	1.5
	2401
	78.4


         n=6                        273                     10.9                    12459                  493.8


      

      

         

         

         

       

         But    

 = 1.82 – (-0.057) (45.5)
        =  1.82 + 2.5935

= 4.41
Therefore, from equation (3)

                    


                     4.41+(-0.057)


                4.41-0.057                                                           (4)
for period 3

     

[bookmark: _Hlk148765725]                                                                  (5)


	
Period 
	
Age
	
Blood Pressure
	

	


	21
	50
	2.3
	2500
	115.0

	22
	51
	1.2
	2601
	61.2

	23
	52
	1.1
	2704
	57.2

	24
	53
	1.8
	2809
	95.4

	25
	54
	1.6
	2916
	86.4

	26
	55
	1.4
	3025
	77.0

	27
	56
	2.7
	3136
	151.2

	28
	57
	1.5
	3249
	85.5

	29
	58
	2.5
	3364
	145.0

	30
	59
	1.6
	3481
	94.4

	31
	60
	2.4
	3600
	144.0


          n=11                     605                     20.1                    33385                  1112.3

                             

                              

                                 

                             

                

               

          But 

            =1.83 – (0.062) (55)
                           1.83 – 3.41

              =       -1.58
Therefore, from (5)

               

                                                                           (6)
Thus, reparametrizes the function as 

                                                   (7)
where

               

 -0.057 – 0.02
           = - 0.077

                -0.08

     

      

0.062 – (-0.08+0.02)

      0.062 – (-0.06)
                   = 0.062+0.06
                   = 0.122
                       0.12
From the above parameters, we can obtain the linear spline function as 



      CONCLUSION
A significant improvement is achieved by dividing the basic interval into smaller subintervals and using a different polynomial to approximate the function in each subinterval. These polynomials are not independent; they are joined together at specific points called knots. By carefully selecting these knots and ensuring that the polynomials meet with a certain degree of smoothness (which means that not only the function itself but also some of its derivatives are continuous at the knots), we get a piecewise as polynomial function known a spline.
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