


Comparison of the Power of Tests for Detecting Seasonality in Time Series with Linear and Quadratic Trends

Abstract: This paper discusses some tests of seasonality in time series data. The emphasis is to compare the powers of three tests in the detection of the presence seasonal effects in time series data using stimulated example. The parameters of the trending curves (linear and quadratic) are varied in this study in other to check the effects on the powers of the tests. The model structure is additive. 
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1 Introduction 





[bookmark: _Hlk211927364][bookmark: _Hlk211928280][bookmark: _Hlk211927433][bookmark: _Hlk211927496][bookmark: _Hlk211927554]The purpose of the time series decomposition is to isolate the four time series components available in the series. That is, to de-compose an observed time series  into components, representing the trend , the seasonal , the cyclical and irregular(Kendal and Ord (1990), Chatfield (2004)
The models most commonly used for time series decomposition are the


[bookmark: _Hlk210085347][bookmark: _Hlk210084249][bookmark: _Hlk211926435][bookmark: _Hlk210084410]Additive Model                             (1)


[bookmark: _Hlk210084473]Multiplicative Model                          (2)


[bookmark: _Hlk210085090]Mixed Model                                  (3)




If short period of time is involved, the cyclical component is superimposed into the trend (Chatfield (2004)) and the observed time series  can be decomposed into the trend-cycle component , the seasonal and the irregular. Therefore, the decomposition models are


Additive Model                                   (4)


Multiplicative Model                                 (5)


[bookmark: _Hlk210087224]Mixed Model                                        (6)





[bookmark: _Hlk210474881][bookmark: _Hlk210475000][bookmark: _Hlk210476025]where   is the trend-cycle component, is the seasonal component with the property  and is the irregular component. For equation (4), it is convenient to make assumption that the sum of the seasonal component over a complete period is zero, ie                                                                             (7)

[bookmark: _Hlk210476182]Similarly, for equations (5) and (6), the convenient variant assumption is the sum of the seasonal component over a complete period is .

.                                                                                       (8)





[bookmark: _Hlk210476248][bookmark: _Hlk210476433][bookmark: _Hlk210476496]It is equally assumed that the irregular component is the Gaussian white noise for equations (4) and (6), while for equation (5), is the Gaussian white noise and that 


[bookmark: _Hlk210477159]For a seasonal data with length of period, interval, the Buys-Ballot naturally partitions the observed time series data into rows for easy to understand. For details of Buys-Ballot procedure for time series decomposition see Iwueze and Ohakwe [2], Iwueze and Nwogu [3], Nwogu et al [4], Dozie [5], Dozie and Uwaezuoke [6], Dozie et al [7], Dozie and Ijeoma [8], Dozie and Nwanya [9], Dozie and Ihekuna [10], Dozie and Ibebuogu [11], Dozie and Ibebuogu [12], Dozie and Uwaezuoke [13], Dozie and Ihekuna [14], Dozie and Ihekuna [15], Dozie [16], Dozie and Uwaezuoke [17] and Dozie [18]

Seasonality can be described in time series as a pattern that repeats every elements. The following graphical methods can be used to detect seasonality: the autocorrelation plot (Box, Jenkins and Reinset, [19]), the run sequence plot (Chambers, Cleveland, Kleiner and Tukey, [20]) and multiple box plots (Chambers et al., [20]. Both the seasonal subseries plot and the box plot assume that the seasonal periods are known. If there is significant seasonality, the autocorrelation plot should show spikes at multiples of lags equal to the period, the seasonal lag (Box et al., [19]). 



[bookmark: _Hlk210344150][bookmark: _Hlk210344701][bookmark: _Hlk210344262][bookmark: _Hlk210477842]Hakko [21] stated that,  goodness-of-fit test is relatively good for detecting seasonality because of its simple mathematical theory, which makes it easy to calculate and understand. The test is on whether the empirical data can be a sample (McLaren, Legler & Brittenham, [22]). This test needs a sample from a population with an unknown distribution function  and a certain theoretical distribution function . Although there is no restriction on the underlying distribution, usually the hypothetical distribution is a uniform distribution. 




[bookmark: _Hlk210478095][bookmark: _Hlk210477911]For seasonality studies, the frequency is the observed value at the seasons, while the frequency is the expected cell frequency at the seasons.

The Kolmogorov-Simonov test can be modified to serve as a goodness-of-fit test. In the special case of testing for normality of the distribution, samples are standardized and compared with a standard normal distribution. It is comparable to the  goodness-of-fit test because both approaches are designed to test if a sample taken from the population fits a specified distribution. On the other hand, the KS-Test does not compare observed and expected frequencies at each season, but rather the cumulative distribution functions between the ordered observed and expected values Rau [23].
Several statistical tests have been suggested to test for seasonality. Iwueze and Ohakwe [2] proposed a Buys-Ballot estimation method for the estimation of trend parameters and seasonal components in time series decomposition. Iwueze and Nwogu [3] showed that, for the linear trending curve, the seasonal variance is a function only on the trend parameters for the additive model and both trend parameters and seasonal indices for multiplicative model.  Chatfield [1] proposed that, the Buys-Ballot tables is used for inspecting time series data for the presence of trend and seasonal effects. Fomby [24] stated various graphs suggested by the Buys-Ballot table for inspecting time series data for the presence of seasonal effects. In his study of Stable Seasonal Pattern (SPP) models, gave an adaptation of Friedman’s two-way analysis of variance by ranks test for seasonality in time series data.

2 Methodology
2.1 Tests for Seasonality in the Additive Model for Linear and Quadratic Components
The summary of the overall sample variances for the additive model obtained by Iwueze and Nwogu (2014) for linear and quadratic curves are given in Table 1


[bookmark: _Hlk211928135][bookmark: _Hlk211924535]Table 1: Summary of overall sample variances of linear () and quadratic () components for additive model
	
     Linear
	


	
    Quadratic
	






[bookmark: _Hlk211928132]Where  and 
For detection of seasonality from overall sample variances listed in Table 1, we apply the matched pairs of data by Nwogu et.al (2016). The results of the overall sample variance for linear and quadratic curves in the presence and absence of seasonality are given in Table 2 and Table 3 respectively


[bookmark: _Hlk209771607][bookmark: _Hlk209771566]2.2   The Student Distribution


[bookmark: _Hlk209772040][bookmark: _Hlk209771914]The test statistic for student’s Distribution is given as       



Where   and .  Under the null hypothesis that the median of the two characteristics are the same and are taken from a population with the same median.  is assumed zero under null hypothesis, thus, 







[bookmark: _Hlk209775700][bookmark: _Hlk209775910][bookmark: _Hlk209832660] is the value of the median of the deviation under the null hypothesis. Reject the null hypothesis () at a level of significance if  . Otherwise, do not reject .  is the 100  percentile of the distribution with  degree of freedom.

2.3 The Sign Test



[bookmark: _Hlk209833019][bookmark: _Hlk209833122][bookmark: _Hlk209833209]For smaller sample sizes (ie ), the test statistic for the sign test R, the smaller of the number of positive sign and the number of negative sign .  Hence, 






[bookmark: _Hlk209833604][bookmark: _Hlk209833865][bookmark: _Hlk209834264].  is the observed value and the critical value ().  is computed from the binomial probability with the parameters and 

2.4 Wilcoxon Signed-Rank Test
The test statistic for the Wilcoxon Signed-Ranks Test is given by






[bookmark: _Hlk209834985][bookmark: _Hlk209835167][bookmark: _Hlk209836831][bookmark: _Hlk209837485][bookmark: _Hlk209836237] for observed values with , where  is the sum of the positive ranks of non-zero differences and  is the sum of the absolute values of the negative ranks of non-zero. If the null hypothesis is true, these sums are expected to be equal. The Wilcoxon Signed test statistic for large observations, ie is given by


 where n is the number of matched pairs of data for which their differences is not zero and  




[bookmark: _Hlk211928133]The null hypothesis is rejected at level of significance if . Otherwise do not reject 

[bookmark: _Hlk211928134]For detection of seasonality from Table 1, we define 


represent the overall sample variances in the presence of seasonal indices and  represent the overall sample variance in the absence of seasonal indices. Thus, the overall sample variances in the presence and absence of seasonal given in Table 2 and Table respectively


Table 2: Summary of overall sample variances of linear () and quadratic () components for additive model in the presence of seasonal effect
	
     Linear
	
                           

	
    Quadratic
	
                      






Table 3: Summary of overall sample variances of linear () and quadratic () components for additive model in absence of seasonal indices
	
     Linear
	
                               

	
    Quadratic
	




From Table 2, the linear and quadratic curves are both functions of seasonal components only when the trend parameters are removed. Therefore, it important to remove the trend parameters before constructing test for seasonality. 


3. Empirical Examples
In this section, we discuss empirical examples to illustrate the applicability of the tests for seasonality in time series data when the trending curves are linear and quadratic and to compare the powers of the tests. The empirical example consists of the stimulated series from the additive model. Results from stimulations using additive model are contained in section 3.1. Section 3.2 compares the powers of the three tests in the detection of the presence of seasonal effects while section 4.1 is the concluding remarks.
3.1 Simulation Results from Additive Model








[bookmark: _Hlk208707791][bookmark: _Hlk208708429][bookmark: _Hlk211928136]The first example is based on the 100 simulations of 120 observations each simulated  with and   and  with  and , .  The seasonal indices  given in Table 4

Table 4: Seasonal () indices used in the simulation of series
	

	   1
	  2
	  3
	  4
	   5
	   6
	   7
	   8
	  9
	10
	 11
	  12

	

	-0.9
	1.3
	0.2
	0.7
	-0.7
	-0.1
	-2.5
	-1.1
	2.6
	0.1
	1.4
	-1.0




[bookmark: _Hlk210564857]The stimulated results of the application of the three tests (test, Wilcoxon signed-ranks test and sign test) for the detection of seasonality in time series data when trend-cycle components are present in Linear and Quadratic are shown in Table 5. 
[bookmark: _Hlk211853601]Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass         %Fail
	%Pass       %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
85.15         14.85  
85.15         14.85        
	100.00       0.00
100.00       0.00
95.05          4.95
	100.00      0.00
100.00      0.00
95.05        4.95

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
90.19          9.81
	100.00       0.00
100.00       0.00
 89.05        10.5
	100.00      0.00
100.00      0.00
89.05        10.5

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)


                                                                               
[bookmark: _Hlk211854148] Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
85.19         14.81  
85.19         14.81        
	100.00       0.00
100.00       0.00
96.08          3.92
	100.00      0.00
100.00      0.00
96.08        3.92

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.89           6.11
	100.00       0.00
100.00       0.00
 87.15        12.85
	100.00      0.00
100.00      0.00
87.15        12.85

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)


                                                                               
Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
89.92         10.08  
85.92         10.08        
	100.00       0.00
100.00       0.00
96.03          3.97
	100.00      0.00
100.00      0.00
96.03        3.97

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
91.67           8.33
	100.00       0.00
100.00       0.00
 85.87        14.13
	100.00      0.00
100.00      0.00
85.87        14.13

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)



Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
83.19         16.81  
81.15         18.85        
	100.00       0.00
100.00       0.00
96.01          3.99
	100.00      0.00
100.00      0.00
96.01        3.99

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.29           6.71
	100.00       0.00
100.00       0.00
 89.11        10.89
	100.00      0.00
100.00      0.00
89.11        10.89

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)



Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
93.09          6.91  
89.19         10.81        
	100.00       0.00
100.00       0.00
96.91          3.09
	100.00      0.00
100.00      0.00
96.91        3.09

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.88           6.12
	100.00       0.00
100.00       0.00
 87.19        12.81
	100.00      0.00
100.00      0.00
87.19        12.81

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)



Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
93.88          6.12  
89.49         10.51        
	100.00       0.00
100.00       0.00
96.90          3.10
	100.00      0.00
100.00      0.00
96.90        3.10

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.12           6.88
	100.00       0.00
100.00       0.00
 89.34        10.66
	100.00      0.00
100.00      0.00
89.34        10.66

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)




Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
87.56         12.44  
84.55         15.45        
	100.00       0.00
100.00       0.00
96.98          3.02
	100.00      0.00
100.00      0.00
96.98        3.02

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
98.39           1.61
	100.00       0.00
100.00       0.00
 89.19        10.81
	100.00      0.00
100.00      0.00
89.19        10.81

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)



Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
85.13         14.87  
85.19         14.81        
	100.00       0.00
100.00       0.00
96.01          3.99
	100.00      0.00
100.00      0.00
96.01        3.99

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.83           6.17
	100.00       0.00
100.00       0.00
 87.19        12.81
	100.00      0.00
100.00      0.00
87.19        12.81

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)


                                                                               
Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
89.89        10.11  
85.11         14.89        
	100.00       0.00
100.00       0.00
96.05          3.95
	100.00      0.00
100.00      0.00
96.05        3.95

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.89           6.11
	100.00       0.00
100.00       0.00
 87.17        12.83
	100.00      0.00
100.00      0.00
87.17        12.83

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)




Table 5: Stimulated results of tests for seasonality for de-trended series for linear and quadratic cont’ 
	Trend Curve
	Test Statistic
	%Pass        %Fail
	%Pass        %Fail
	%Pass        %Fail

	Linear:




	
test
Signed-rank test
Sign test
	100.00       0.00
93.09          6.91  
89.59         10.41        
	100.00       0.00
100.00       0.00
96.99          3.01
	100.00      0.00
100.00      0.00
96.99        3.01

	Quadratic


,



	
test
Signed-rank test
Sign test
	100.00        0.00
100.00        0.00
93.89           6.11
	100.00       0.00
100.00       0.00
 86.79        13.21
	100.00      0.00
100.00      0.00
86.79        13.21

	              Significance level(s)
	    1% (0.01)
	 5% (0.05)
	 10% (0.1)



3.2: Comparison of Powers of the three Tests in the Presence of Seasonal Effects



[bookmark: _Hlk211922630]The performance of all the three tests ( Wilcoxon signed-ranks and sign test) in detection of seasonality in time series data are given in Table 5. In comparison with theWilcoxon signed-ranks and sign test in the detection of the presence of seasonality in time series.  For the two trending curves (linear and quadratic), the recorded 100% all through in detecting the presence of seasonal effect at the three chosen levels of significance. The Wilcoxon signed-ranks test is ranked second in detecting the presence of seasonal effect. The Wilcoxon signed-rank test equally recorded 100% all through for quadratic curve and sometime records a little blow 100% for the linear trend. The sign test, when applied to the de-trended series from the stimulated series appears to trailing behind. 

Concluding Remarks


This study has compared the powers of the three tests in detecting the presence of seasonality in time series data. The performance of all the three tests ( Wilcoxon signed-ranks and sign test) are assessed and compared using simulated series with the linear and quadratic trending curves and at different levels of significance. The results of the analysis show that the recorded 100% all through in detecting the presence of seasonal effect at the three chosen levels of significance. The Wilcoxon signed-ranks test is ranked second in detecting the presence of seasonal effect. The Wilcoxon signed-rank test equally recorded 100% all through for quadratic curve and sometime records a little blow 100% for the linear trend. The sign test, when applied to the de-trended series from the stimulated series appears to trailing behind. The nature of the modal structure is additive
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