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Some Fixed Point Results on G-(E.A.) Property of Integral Type Mappings in G-Metric Spaces


Abstract: This paper investigates the existence and uniqueness of fixed points for Lebesgue integrable self-mappings satisfying integral type contractive conditions in the framework of G-metric spaces. By employing the G-(E.A.) property together with weak compatibility, we establish fixed point results under weaker and more flexible assumptions, completely eliminating the need for continuity of the involved mappings. The obtained existence and uniqueness theorems unify and generalize several well-known fixed point results in metric, b-metric, and G-metric spaces. Furthermore, the fixed point problem is shown to be well posed. An illustrative example is provided to demonstrate the applicability of the main results. These findings contribute to a stronger theoretical foundation for further research in nonlinear analysis and related applications.
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Among the fundamental results of fixed point theory, the Banach contraction principle has played a central role in the analysis of nonlinear problems across several mathematical disciplines. Due to its wide applicability, considerable efforts have been devoted to extending this principle to more general spaces and under weaker contractive conditions.
One important generalization of metric spaces is the concept of a G-metric space, introduced by Mustafa and Sims. In a G-metric space, the distance between three points is measured by a non-negative real-valued function satisfying a set of axioms that generalize those of a metric space. This structure has proven to be a powerful framework for studying fixed point problems and has attracted significant attention in recent years.
Following the introduction of G-metric spaces, many authors have obtained fixed point, coincidence point, and common fixed point results[12-16] by extending classical contraction conditions to this setting. In particular, integral type contractive conditions have emerged as an effective tool for weakening standard contraction assumptions, allowing broader applicability to nonlinear mappings.
Another notable concept in modern fixed point theory is the (E.A.) property, which was introduced to ensure the existence of coincidence points without requiring continuity of mappings or completeness of the underlying space. This idea has been successfully adapted to various generalized metric structures, including G-metric spaces, leading to several important results.
Inspired by the above considerations, this work focuses on establishing fixed point results for integral type mappings satisfying the G-(E.A.) property within the framework of G-metric spaces.The main results presented herein generalize and improve a number of existing theorems by relaxing continuity assumptions and employing integral type inequalities. The obtained results contribute to the ongoing development of fixed point theory in G-metric spaces and provide a unified approach to several earlier works.




Now,we give some preliminaries and basic definitions which are used throughout the paper.
In 2006, Mustafa and Sins introduced the concept of G-metric spaces.
Definition 1.1.[10] Let  be a non-empty set and  be a function satisfying the following conditions:
(G1)  iff .
(G2)   for all  with 
(G3)  for all  with 
(G4) (symmetry in all variables).
(G5)  for all (rectangle inequality).
Then the function  is called a generalized metric or more specifically a -metric space on  and the pair  is called -metric space.
Definition 1.2. Let  be a -metric space and let  be a sequence of points of  We say that the sequence   is -convergent to  if
as 
that is, for any  there exists  such that  for all  We call  the limit of the sequence and write   as  
Proposition 1.3.  Let  be a -metric space. The followings are equivalent:
1.  is -convergent to 
2.  as 
3.  as 
4.  as 
Proposition 1.4.  Let  be a -metric space. The followings are equivalent:
1. The sequence  is a -Cauchy 
2. For any  there is  such that  for all 
Definition 1.5. A -metric space    is called  -complete if every -Cauchy sequence is -convergent in .
In 1996, Jungck[7] introduced the concept of weakly compatible maps as follows:
Definition 1.6. Let  be a metric space. A pair of self – maps  is weakly compatible if they commute at their coincidence points, that is, if there exists , such that  , where  is coincidence point of  and 
Definition 1.7. [1]  Let  be a metric space. Two self-maps  and  on  are said to satisfy the (E.A.) property, if there exists a sequence {} in  such that,
 =   =  for some .
Lemma 1.8. [3] Let  be Lebesgue integrable mapping which is summable on each compact subset of [0, ∞), non-negative and such that for each  and  be a sequence of non-negative numbers with
  Then 
Lemma 1.9. [3] Let ϕ : [0, ∞) → [0, ∞] be Lebesgue integrable mapping which is summable on each compact subset of [0, ∞), non-negative and such that for each  
  and  be a sequence of non-negative numbers with 
Then 
We define  and  as follows: 
 is upper semi-continuous, sequence  converges to  as  and  for any 
 is Lebesgue integrable, summable on each compact subset of  non-negative and for each  
Throughout this paper we shall making use of the standard notations and terminologies of nonlinear analysis.
2.Main Results
Theorem 2.1. Let  be a complete metric space and let  and  on a metric space   be self-maps on .Suppose
     for all                                                         (2.1)
Where   is Lebesgue integrable function such that
  for all  and

Assume 
1. 
2. One of the pairs or satisfied (E. A) property.
3. One of the image    and  is G-closed.
4. The pairs  or  are weakly compatible.
Then  and  have a unique common fixed point in . 
Proof: As  satisfies (E.A.)property, then there exists a sequence  satisfying
    for some 
 Since in   such that 
   therefore  
Now we will show that the sequence is G-Cauchy.
Using                                                        
Hence, from the inequality (2.1), where 

Now taking limit, we have



Now, taking limit and using the lemma (1.9) in inequality (2.1), we have

So, we have

This implies that 

If  is closed subspace of, then there exists  such that  
Now we will show that 
Consider
                                                                                 (2.2)
Where



.
Taking limit in (2.2), we have

Hence 
Since  therefore, there exists  such that 
Now, we will show that 
Similarily, from (2.1), we have
                                                                              (2.3)                                                                          
where


.
From (2.3), we have

 Therefore  or 
By weak compatibility of the pair  and , we obtain
 and 
Now, we shall show that q is the common fixed point of  and  
From (2.1), we have
                                                                              (2.4)                                                                          
where


.
Using in (2.4), we have

Hence  therefore 
Similarly, it can be shown 
To prove the uniqueness of fixed point, suppose that p is another point of  and  such that

From (2.1), we have
                                                                               
But since  and  therefore it becomes
                                                                                  (2.5)                                   
Where


.
Using in (5), we have

Hence  therefore 
This shows that fixed point is unique.
Hence proves the uniqueness of the fixed point theorem.
Corollary 2.2 Let  be a G- metric space where the function  satisfies all the condition.
Assume  be mapping such that 
    for all 
where  is Lebesgue integrable mapping which is summable on each compact subset of  non negative and such that for c>0,
 and

Suppose the pair  satisfies (E.A.) property at a point of coincidence in 
Moreover, if the pair  is weakly compatible then,  and  have a unique common fixed point in 
Example 2.3. Let  where , such that
 
Consider  clearly 
Clearly  satisfy (E. A.) property also  and  are weakly compatible.
 and  satisfies the inequality (2.1) of  Theorem 2.1
Hence  and  have unique fixed point 
Theorem 2.4. Let  be a complete  metric space and let  and  be self-maps on . Suppose there exists a Lebesgue integrable function  such that 
     for all       where,

There exists such that 
Assume 
1. 
2. One of the pairs or satisfied (E.A.) property.
3. One of the images    and  is G-closed.
4. The pairs  or  are weakly compatible.
Then  and  have a unique common fixed point in . 
Proof: By (E.A) property, suppose there exists a sequence  such that 
and 
Using property
   
where,

Using G- triangular inequality, we have

By Assumption,  we have

This implies that

So,  , hence 
Since, , We have
 for some  and because  is -closed, therefore  in 
Hence,   for some 
Using the weak compatibility of  we get 


Similarly,

Hence,  is a common fixed point of and 
Now, we prove the uniqueness of fixed point.
Suppose  is another fixed point. Then,

Since all maps fix both q and p


So, 

Since,  is positive on , this implies 
Hence, 
Thus, fixed point is unique.
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