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ABSTRACT

	[bookmark: OLE_LINK3]We study the existence of small prime solutions to a Diophantine equation that combines quadratic and higher degree prime variables. Specifically, we consider the equation

,




[bookmark: OLE_LINK4]where theare pairwise coprime nonzero integers, is an integer with, andis an integer. 
Using the Hardy–Littlewood circle method under a strong local solvability condition, we show that the potential influence of a Siegel zero can be completely avoided. This allows us to circumvent the Deuring–Heilbronn phenomenon—a common source of complication in such problems and obtain stronger bounds without relying on extensive numerical computation.

The following results are proved for any : 


[bookmark: OLE_LINK12]（i）If all coefficientsare all positive and, then the equation is solvable in primes.
（ii）If the coefficients are not all of the same sign, then there exist prime solutions satisfying

,


where, and the implied constant depends only on.
These results extend earlier work on pure quadratic and linear prime equations, demonstrating how refined local hypotheses can lead to cleaner analytic conclusions in additive prime number theory.



Keywords: Small prime; Diophantine equations; Circle method; Exponential sums .

1. INTRODUCTION
This paper is concerned with the existence of small prime solutions to Diophantine equations of mixed degrees. Specifically, we study the equation

[bookmark: ZEqnNum895132]	,	



[bookmark: _Hlk217135364]whereare nonzero integers,are prime variables,is an integer, and n is a given integer. Problems of this type lie at the intersection of additive prime number theory and Diophantine analysis, with classical origins in the investigation of Goldbach type equations.
The study of small prime solutions began with Baker [1], who considered the linear equation

[bookmark: ZEqnNum406456]	.	
[bookmark: _Hlk217135456][bookmark: OLE_LINK13]Subsequent works by Liu and Tsang [2], Choi [3], Liu and Wang [4], and Li [5] have steadily improved the bound on the primes. Under the Generalized Riemann Hypothesis, Choi and Kumchev [6] obtained the nearly optimal bound. Recently, Li and Ge [7] examined a mixed linear and higher degree equation

	,	

[bookmark: OLE_LINK14]where the bounds of prime solutions depend on the exponent.
For purely quadratic equations, Liu and Tsang [8] initiated the investigation of

[bookmark: ZEqnNum303999]	.	



Progress on the constantin the boundwas made by Choi and Liu [9],  Choi and Liu [10], Choi and Kumchev [6], and finally Harman and Kumchev [11], who established the best known value.


In the present work we treat the genuinely mixed degree equation , which contains four quadratic terms and one term of arbitrary degree. We suppose that, for all,

[bookmark: ZEqnNum515880]	,	


[bookmark: _Hlk217136727]wherecounts the number of solutions of the corresponding congruence modulo, and is given by


We further suppose 

[bookmark: ZEqnNum783079]	,	

and write. 
Under these hypotheses we show that the possible existence of a Siegel zero exerts no exceptional influence on the analysis; consequently the Deuring–Heilbronn phenomenon, which usually complicates the treatment of major arcs, can be completely avoided. This permits us to obtain stronger bounds without resorting to delicate numerical computations.
The main results in this paper are the following theorem.

Theorem 1.1 Suppose  and  hold. Let.

(i) Ifare all positive, then  is solvable whenever

.

(ii) Ifare not all of the same sign, then  has prime solutions satisfying

,

where the implied constant depends only on. 
The proof is carried out by the Hardy–Littlewood circle method. In Section 2 we outline the overall strategy. Section 3 collects the necessary lemmas on exponential sums over primes. Section 4 handles the minor arc estimates and completes the proof of Theorem 1.1.








Notation As usual, stands for the function of Euler. We useandto denote a Dirichlet character and the principal character modulo, respectively. The letterdenotes absolute positive constants which may vary at different places. The letterdenotes a positive constant which is arbitrarily small. We also write, andfor short.
2. Outline of the Method

We investigate the weighted number of solutionsby applying the Hardy–Littlewood circle method. The core idea is to express the counting function as an integral over the unit interval and then dissect this interval into major arcs, where the generating functions are well approximated by their expected main terms, and minor arcs, where pointwise upper bounds suffice to show that their contribution is negligible. In our setting, the strong local solvability hypothesis  ensures that the potential influence of a Siegel zero is neutralized, thereby allowing us to circumvent the Deuring–Heilbronn phenomenon entirely. This leads to a more streamlined analysis and the stronger bounds stated in Theorem 1.1.


The precise notation and parameters required for the circle method are now introduced. For, let denote the weighted number of solutions to; that is,

,


whereis a big parameter,,


,,


,.
Choose

[bookmark: ZEqnNum231680]	.	

By Dirichlet's lemma on rational approximation, eachmay be written in the form

[bookmark: ZEqnNum866604]		







for some integerswithand. We denote bythe set ofsatisfying , and define the major arcand the minor arcsas follows: 

[bookmark: ZEqnNum683708]		


It follows fromthat the major arcsare mutually disjoint. Let


, .
Then we have




On each major arcs we approximate the exponential sumsby their expected main terms. The following theorem gives the asymptotic contribution of. The proof of Theorem 2.1 follows the standard major arc analysis of the circle method; we refer to the classical treatments in Davenport [12, Chapter 9] and Vaughan [13, Chapter 3] for details.



Theorem 2.1 Suppose  and . Letbe as in  with,determined by . Then we have 

		


where the singular seriesand the singular integralwill be given in  and .

To this end, we introduce the following notation. For a Dirichlet characterlet 

.


Ifare characters mod, then we write

，


，
and

[bookmark: ZEqnNum352339]	.	


[bookmark: OLE_LINK6][bookmark: OLE_LINK7]Lemma 2.1 Assuming , we havefor some constant. 


[bookmark: OLE_LINK16]Proof: The lower bound is a consequence of the local solvability hypothesis  combined with the pairwise coprimality condition . By the Chinese remainder theorem and the product formula for singular series, it suffices to show that each local factoris positive for every prime. Condition  ensures exactly this. The precise logarithmic‑logarithmic lower bound follows from a classical argument; for details, see Vaughan [13, Theorem 3.4] or Brüdern [14, Lemma 3.3].
Lemma 2.2 Suppose  and


(i)are not all of the same sign and; or


(ii)are positive and.
Then we have 

[bookmark: ZEqnNum959933]		


Proof. In case (i) the result follows from comparing the sum  with an integral; the sign condition ensures that the summation region is sufficiently regular. In case (ii) we setand note that the main contribution comes from variables of size. A detailed computation can be found in Harman and Kumchev [11, Lemma 4] or the general treatment in Vaughan [13, §3.3].

Now we turn to the estimation of the integral on the minor arcs.
3. Some Necessary Lemmas 
From the estimates for the exponential sum s(α) defined by

.
we derive estimates for the generating functions that appear in the proof.








Lemma 3.1 Suppose thatand. Then either one has the bound, or else there exist integersandsuch that, and , in which case

.



The next lemma generalizesto, whereis a non-zero integer.










Lemma 3.2 For, letbe a non-zero integer satisfying . Suppose that. Then either one has the bound, or else there exist integersandsuch that, and, in which case

	.	
Proof: Lemmas 3.1 and 3.2 are standard consequences of Vinogradov’s method for exponential sums over primes. Their proofs rely on Vinogradov’s mean-value theorem. Full details can be found in [15].
4. Proof of the Theorem 1.1 




Letbe a parameter withthat also satisfies hypothesis (i) or (ii) of Lemma 2.2 according toare all positive or not. In this section, we estimate the integral on. 







When, there exist integersandsatisfying  withandand such that. Obviously, satisfies  

.
By Lemma 3.2, we have

	,	


whereis defined by . We have the following mean-value estimate for: 

,
which in combination with Hölder's inequality gives

.
Therefore, 


Thus,




Ifand all ofare positive, then



provided that. Consequently,  




On the other hand, if the coefficientsare not all of the same sign and, then



Without loss of generality, for all, we have


We complete the proof of Theorem 1.1.
5. Conclusion
This paper investigates the existence of small prime solutions to the mixed degree Diophantine equation


under the strong local solvability condition  and the pairwise coprimality assumption . The main novelty of our approach lies in the treatment of the major arcs: by assuming that the congruence condition holds for every modulus, we avoid the influence of a potential Siegel zero and thereby circumvent the Deuring–Heilbronn phenomenon. This simplifies the asymptotic analysis and allows us to obtain the explicit bounds stated in Theorem 1.1 without extensive numerical computation.
Our results extend previous work on pure quadratic prime equations [8] and on linear and higher degree equations [7]. They also illustrate how strengthened local hypotheses can lead to cleaner global analytic arguments, a principle that may be useful in other additive prime problems where exceptional zeros cause complications.

Natural open problems include improving the exponentin the bounds, relaxing the coprimality condition, and generalizing the method to equations with more variables or higher degrees.
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