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Abstract
Murrah is known as "Black Gold," and it plays an important role in human nutrition and employment. The Murrah breed, that is native to Haryana state (Accession No. INDIA_BUFFALO_0500_MURRAH_01001) is one of the best dairy buffalo breed. Murrah is now considered as a world-class improver buffalo dairy breed. The study aims to predict the lactation yield of Murrah buffaloes at an early stage of lactation using 25 years of data on production traits for first 4 parities. The data included 1524 lactations from 644 buffaloes sired by 213 bulls, with 5,17,293 daily milk yield records for 305- and 455-day lactation. Non-genetic factors (period of calving and parity) significantly affected milk yield (P<0.05), so data were corrected before fitting; Gamma Function (GF), Exponential Function (EF), Polynomial Regression Function (PRF), and Mixed Log Function (MLF). For 305-day yield, adjusted R² values were 99.72% (GF), 97.99% (EF), 99.89% (PRF), and 98.82% (MLF), with the average root mean squares error (RMSE) 0.01%, 0.02%, 0.006%, and 0.02%, respectively. For 455-day yield, adjusted R² values were 98.10% (GF), 96.80% (EF), 99.50% (PRF), and 99.10% (MLF), with RMSE 0.04%, 0.05%, 0.02%, and 0.02%. Thus, for 305-day and 455-day milk yield prediction in Murrah buffalo, the Polynomial Regression Function was the best fit model with higher R2 and lower RMSE value. On the basis of outcome, the new model was developed for the prediction of standard lactation. However, the new model for extended lactation of 455-days showed a better fit than previous models considered in the study, with 1.5 % higher Adjusted R2 and 0.003 % lower RMSE value, by incorporating a new constant for variable square root of day of lactation.
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Introduction
“Milk production is a continuous physiological function that describes the rate of milk secretion as lactation progresses. Even if the environmental and managerial elements remain consistent, the biometrical features of lactation alter at different stages of lactation” (Yadav and Sharma, 1985). Lactation milk production indicates the buffalo's true economic worth and is used as a significant performance feature in the selection criteria for dairy animal genetic development, as well as practically all other traits that are directly or indirectly related to it. The milk production feature in buffaloes follows a curvilinear pattern during the lactation. The lactation curve of dairy cows can reveal information about the behaviour of milk production traits. “The lactation curve is a graphical representation of milk yield against time” (Brody et al, 1923) or a curve reflecting the rate of milk production as lactation progresses. “The lactation curve's usual shape has two distinct parts: a quick increase from calving to a peak period in the early stages of lactation, and a progressive drop from peak yield to its termination” (Leon-Velarde et al, 1995). 
Lactation curve models were defined by Kellogg et al (1977) as “a summary of the pattern of milk yield determined by the cow's biological efficiency”. “There are numerous advantages to evaluating or modelling the lactation curve, including the ability to predict an animal’s milk yield in a lactation with minimal error and the ability to use it in the process of cow/sire evaluation, allowing for the early identification of animals that must be culled as well as that can be affected with a disease without displaying any clinical signs” (Vargas et al, 2000). “It also aids in the prediction of production potential based on field information and provides a quick assessment of dairy animal biological efficiency and persistency. Furthermore, understanding lactation curve in dairy animals is critical for herd management and selection techniques, and can be a crucial component of dairy animal’s genetic evaluation for improving milk production traits” (Macciotta et al, 2005). The goal of lactation curve modelling is to accurately predict milk production at any time throughout the lactation. 
Material and Methods
The data on the pedigree and milk production performance of Murrah buffaloes was gathered from records and history sheets kept at the Directorate of Livestock Farms, Guru Angad Dev Veterinary and Animal Sciences University, Ludhiana, from 1991 to 2015 (25 years). The data used in this study included 1524 lactations from 644 buffaloes sired by 213 bulls, with 5,17,293 daily milk yield records for 305- and 455-day lactation. 
The data were corrected for the effect of non-genetic factors viz; period of calving, season of calving, age at first calving and parity on daily milk yield as mentioned in detail in (Brar et al, 2022). 
[bookmark: _GoBack]The following lactation curve models were studied:
1. Gamma function (Wood, 1967)

where yt: is the daily milk yield on day t; a is parameter associated with peak yield; b represents the increasing slope; and c represents the decreasing slope.
For estimating the model parameters take natural logarithms of both sides of Equation given above, giving 
ln(Yt) = ln(a) + bln(t) – ct
2. Polynomial regression function (Ali and Schaeffer, 1987)

In this model, = Average milk yield in  web of lactation, a = Related with peak yield, b & c = Related with the decreasing slope, d & e = Related with the increasing slope, x = t / 305.
3. Mixed log function (Guo and Swalve, 1995)

In the models, = average daily yield in the testday of lactation; a = initial milk yield just after calving; b= parameter of ascending slope up to the peak yield; c = parameter of descending slope and t = length of time since calving.
4. The Exponential Model of Wilmink (Wilmink, 1987)

Where, Yt is the average milk yield on the month, a is the initial milk yield of lactation, b and c are the ascending slope parameter up to the peak yield and the descending slope parameter after peak yield, respectively, k is a constant in Wilmink model.
Statistical analysis
For statistical analysis, SAS version 9.3 (Statistical Analysis System, Cary, USA) was used. Lower Root Mean Square Error (RMSE) and higher R2 were used to measure the effectiveness of lactation curve models. As a result, the ranking was done. 
Results and Discussion
The non-genetic factors such as period of calving and parity showed a significant effect (P<0.05) on daily milk yield has already been reported (Brar et al, 2022).
Different lactation curve models were fitted to daily milk yield records on the basis of estimated lactation curve parameters of different functions for prediction of 305-day milk yield (Table 1) and 455-day milk yield (Table 3) in Murrah buffalo to calculate the comparative efficiency of these models for 305-day milk yield (Table 2) and 455-day milk yield (Table 4).
Table 1 Estimated lactation curve parameters of different functions for prediction of 305-day milk yield in Murrah buffalo
	S No
	Function
	Parameters of function

	1
	GF
	= 1.671*

	2
	EF
	= 4.172-2.002*-0.006*t

	3
	PRF
	= 1.938+0.156*x-0.534*x2+0.288*ln()-0.072(ln)2

	4
	MLF
	= 1.375-0.147*+0.492*ln(t)



Table 2 Comparative efficiency of lactation curve models for 305-day milk yield
	S No
	Function
	R2 (%)
	Adj. R2 (%)
	RMSE (%)
	AIC
	BIC
	AICC

	1
	GF
	99.72
	99.70
	0.010
	-2411.220
	-2711.169
	-2411.084

	2
	EF
	98.00
	97.99
	0.028
	-1821.805
	-2121.745
	-1821.670

	3
	PRF
	99.89
	99.89
	0.006
	-2684.664
	-2984.495
	-2684.377

	4
	MLF
	98.83
	98.82
	0.022
	-1981.056
	-2280.996
	-1980.920



Table 3 Estimated lactation curve parameters of different functions for prediction of 455-day milk yield in Murrah buffalo
	S No
	Function
	Parameters of function

	1
	GF
	= 1.932*

	2
	EF
	= 2.830-0.542*-0.003*t

	3
	PRF
	= 3.456-2.399*x+0.559*x2-0.552*ln()+0.050(ln)2

	4
	MLF
	= 1.496-0.133*+0.432*ln(t)



Table 4 Comparative efficiency of lactation curve models for 455-day milk yield
	S No
	Function
	R2 (%)
	Adj. R2 (%)
	RMSE (%)
	AIC
	BIC
	AICC

	1
	GF
	98.11
	98.10
	0.041
	-2409.732
	-2859.692
	-2409.642

	2
	EF
	96.82
	96.80
	0.053
	-2175.494
	-2625.454
	-2175.404

	3
	PRF
	99.54
	99.54
	0.020
	-3041.946
	-3491.824
	-3041.756

	4
	MLF
	99.10
	99.10
	0.028
	-2744.182
	-3194.141
	-2744.182



1 Gamma function
Figures 1a and 2a showed the fit of observed and expected daily milk yields in Murrah buffaloes using gamma type function. For the 305-day milk yield (Table 2), the Gamma Function estimated R2-value (99.70%) with RMSE (0.010%) and for 455-day milk yield (Table 4) generated R2-value (98.10%) with RMSE (0.041%). However, using this function in Egyptian buffaloes by Aziz et al (2006) reported R2-value (96 %,), while on the otherhand Katneni (2007) and Singh et al (2015) had found lower R2-values (96.2 %, and 96.42 %), for the same function respectively. But, Kaur et al (2022) reported R2-value (89.20%) while working on crossbred cattle.

Fig. 1a Curve for gamma type function for 305-day milk yield


Fig. 2a Curve for gamma type function for 455-day milk yield

2 Exponential function
The fitting of observed and expected daily milk yield in Murrah buffaloes using an exponential function is depicted visually in Figures. 1b and 2b. The results showed the R2-value (97.99%) with RMSE (0.028%) for the 305-day milk yield (Table 2) and R2-value (96.80%) with RMSE (0.053%) for the 455-day milk yield (Table 4). However, utilising the exponential function, Dimauro et al (2005) in Italian water buffaloes showed R2-value (94.4 %), while Kumar (2007) and Sahoo et al (2018) in Murrah buffaloes showed lower R2-values (99.6 %, and 88.5 % respectively) than both 305-day milk yield as well as 455-day milk yield as reported in this study. R2-value reported by Singh et al (2015) was found to be higher (98.65 %) while Gupta et al (2023) working on HF crossbred reported lower R2- value (86.68%) and RMSE (0.176%). Houdek et al (2024) working on Montbéliarde-sired and Viking Red-sired crossbred cows and their Holstein herdmates reported almost similar R2- value (97.18%).


Fig. 1b Curve for exponential function for 305-day milk yield

Fig. 2b Curve for exponential function for 455-day milk yield

3 Polynomial regression function
Graphical representations of the fitting of actual and expected daily milk yield in Murrah buffaloes are shown in Figures 1c and 2c. It showed that the PRF produced the R2-value (99.89%) and RMSE (0.006%) for the 305-day milk yield (Table 2) and the R2-value (99.50%) and RMSE (0.020%) for the 455-day milk yield (Table 4). However, applying the same function on Murrah buffaloes, Kumar (2007) and Sahoo et al (2015) both reported comparable R2-values (99.68 and 99.8 %, respectively). Sahoo et al (2018) used this function on Murrah buffaloes and obtained a slightly lower R2-value (99.3%) while Gupta et al (2023) working on HF crossbred reported R2- value (99.31%) while RMSE (0.035%). 

Fig. 1c Curve for polynomial regression function for 305-day milk yield

Fig. 2c Curve for polynomial regression function for 455-day milk yield

4 Mixed log function
In Fig. 1d and Fig. 2d, a graphic representation of the fitting of observed and anticipated daily milk yields from mixed log function in Murrah buffaloes is shown. For the 305-day milk yield, the mixed log function had R2-value (98.82%) and RMSE (0.022%) (Table 2), and for the 455-day milk yield, it had R2-value (99.10%) and RMSE (0.028%) (Table 4). While working with the same function, Kumar (2007) and Singh et al (2015) obtained a comparable higher R2-value (99.59 % and 98.48 %, respectively) on Murrah buffaloes. Gupta et al (2023) working with Holstein Friesian crossbred cattle reported R2- value (88.80%) while RMSE (0.161%). While, Kaur et al (2022) reported lower R2-value (92.60%) working on crossbred cattle.

Fig. 1d Curve for mixed log function for 305-day milk yield

Fig. 2d Curve for mixed log function for 455-day milk yield

Based on the results obtained, the Polynomial Regression Function (PRF) showed the highest fitness and lowest error value, making PRF the best model. Thus, according to the fitness of two best models for both 305-day (Table 2) and 455-day milk yield (Table 4) records the new model was developed. For 305-day milk yield, the new developed model resembled the Polynomial Regression Function (Table 5) and showed similar results for efficiency as given for the polynomial regression model (Table 6). While for 455-day milk yield, the new model incorporated a new constant into the equation for variable square root of the day of lactation (Table 7) and demonstrated a better fit than any of the four previous models taken into consideration in the study, as evidenced by its 1.5 percent higher (99.65 %) Adj. R2 and lower RMSE value (0.017 %) to Polynomial Regression Function (Table 8). Thus, showing the high accuracy of prediction of lactation curve and early prediction of lactation yield in Murrah buffalo.
Table 5 New developed lactation curve model for 305-day milk yield
	New
	= 1.938+0.156*x-0.534*x2+0.288*ln()-0.072(ln)2



Table 6 Efficiency of the new developed model for 305-day milk yield
	Function
	R2 (%)
	Adj. R2 (%)
	RMSE (%)
	AIC
	BIC
	AICC

	New
	99.89
	99.89
	0.006
	-2684.664
	-2984.495
	-2684.377



Table 7 New developed lactation curve model for 455-day milk yield
	New
	= -14.583-11.197*x+1.470*x2+5.471*ln()-0.544(ln)2+1.484*



Table 8 Efficiency of the new developed model for 455-days
	Function
	R2 (%)
	Adj. R2 (%)
	RMSE (%)
	AIC
	BIC
	AICC

	New
	99.65
	99.65
	0.017
	-3168.554
	-3618.392
	-3168.301



Conclusion
The following conclusions were drawn from the current study;
· The Polynomial Regression Function showed the best fit for both 305-day milk yield and 455-day milk yield.
· The PRF can be used for early prediction of lactation performance and parameters for 305-day milk yield with very high R2-value (99.89%) and RMSE (0.006%).
· The newly constructed model, demonstrated greater fit for 455-day milk yield as evidenced by its 1.5 percent higher (99.65 %) Adj. R2 and lower RMSE value (0.017 %) to Polynomial Regression Function. 
· These models will also help in breed improvement programmes.
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