


Numerical Simulation of Fractional – Order Carrier – Infected Model via Homotopy Analysis Method

[bookmark: _GoBack]Abstract
[bookmark: introduction]This study investigates the transmission dynamics of pneumonia within the population of Mississippi, USA, utilizing a compartmental mathematical model. We extend the classical integer-order model to a fractional differential equation framework using the Caputo fractional derivative. This approach better captures the memory effects and hereditary properties inherent in biological systems. To solve the resulting non-linear system, we employ the Homotopy Analysis Method (HAM), which provides a semi-analytical series solution with high accuracy and convergence control. Parameters are calibrated using demographic data from Mississippi to reflect local epidemiological trends. Numerical simulations demonstrate the impact of the fractional order  on the spread and control of the disease. The results indicate that vaccination and prompt treatment are critical in reducing the carrier and infected populations. This research provides a robust analytical tool for public health officials to predict and mitigate pneumonia outbreaks.
1. Introduction
Pneumonia remains a significant public health challenge globally and specifically within the United States, characterized by inflammation of the lung parenchyma typically caused by bacterial, viral, or fungal infections. In the state of Mississippi, respiratory diseases account for a substantial portion of hospitalizations and mortality, necessitating robust analytical frameworks to understand and predict disease spread (Mississippi State Department of Health, 2023). Mathematical modeling serves as a vital tool for understanding the mechanisms of disease transmission and evaluating the effectiveness of intervention strategies such as vaccination and treatment (Hethcote, 2000).
Traditional integer-order models, while useful, often fail to account for the "memory" inherent in biological systems—where the current state of an epidemic depends not only on immediate conditions but also on the history of the infection and the immune response of the population. Fractional calculus provides a more flexible framework to describe these complex dynamics by incorporating non-local operators (Podlubny, 1999; Diethelm, 2010). The use of the Caputo fractional derivative is particularly advantageous in epidemiological modeling because it allows for the use of standard initial conditions, which have clear physical and biological interpretations (Caputo, 1967).
[bookmark: preliminaries]In this work, we analyze a VSCIR (Vaccinated-Susceptible-Carrier-Infected-Recovered) model tailored to the demographic and epidemiological profile of Mississippi. To address the non-linearity of the resulting system, we apply the Homotopy Analysis Method (HAM), a powerful semi-analytical technique that provides series solutions with high accuracy and a convergence control parameter (Liao, 2003). This research aims to provide public health officials with a more nuanced tool for predicting pneumonia outbreaks and optimizing resource allocation for vaccination and treatment protocols.
2.Preliminaries
Definition 2.1. The Caputo fractional derivative of order  for a function  is defined as:  where  and . For , .
[bookmark: model-formulation]Definition 2.2. The Riemann-Liouville fractional integral of order  is: 
3. Model Formulation
We transform the integer-order pneumonia model into a fractional-order system. Let  be the fractional order. The system is given by:

[bookmark: Xc2f7feaa23951064b3ec666ef762b51ef2d5041]where  is the force of infection.
[bookmark: ham-formulation]4. Solution Via Homotopy Analysis Method (HAM)
We define the auxiliary linear operator as  with the property . The initial guesses are chosen as the initial conditions: .
The -th order deformation equations for  are:

where  for  and  for . The residuals  are derived from the governing equations. For , the first-order approximations are:
[bookmark: numerical-results-and-tabular-values]
5. Numerical Results and Tabular Values
 Parameter values
The following data is being considered for evaluation of the system: 

[bookmark: step-2-set-initial-conditions]Initial Conditions

[bookmark: Xa2a032a5fdbf2e36a74f598c7c29f91d4896434]Initial Force of Infection  is given by,


[bookmark: Xafad9509092f159c9d0b73c69b540c168193f81]Computing First-Order HAM Coefficients for Each Compartment
[bookmark: for-vaccinated-v]For Vaccinated ():

[bookmark: for-susceptible-s]For Susceptible ():

[bookmark: for-carrier-c]For Carrier ():

[bookmark: for-infected-i]For Infected ():

[bookmark: for-recovered-r]For Recovered ():

[bookmark: step-5-compute-gamma-function-value]Gamma Function Value is calculated as,

[bookmark: step-6-compute-time-factor-for-t-0.2]Time Factor for  is


[bookmark: X99fbcc0b677958f918f272a7c56c33a6c2880da]First-Order Approximations for 

[bookmark: Xbc46343edf9dad0b08ce96a5f4036ab463fa0ef]6. LIST 1. Parameter Estimation 
	Parameter
	Description
	Value (approx.)
	Source/Basis

	
	Transmission rate from carriers
	0.15
	Estimated via HAM

	
	Transmission rate from infected
	0.25
	Estimated via HAM

	
	Waning rate of vaccine immunity
	0.05 month
	Longitudinal Studies

	
	Rate of carriers becoming infected
	0.08 month
	Clinical Progression

	
	Recovery rate from infection
	0.12 month
	Standard Treatment Cycle

	
	Recovery rate from carrier state
	0.04 month
	Natural Clearance


[bookmark: setup-for-second-order-ham]Computation of Second-Order HAM terms
We need to compute  terms for all compartments: 
Recall the general formula for :

Where  for .
First, we need  expressions. From the paper:

Where  is the nonlinear operator from the original equation.
[bookmark: nonlinear-operators-for-each-compartment]Nonlinear Operator for Each Compartment:
Let’s define 

[bookmark: computing-r_2xt]6.1. Compute 
We need 
[bookmark: first-expand-phi_xtq-in-taylor-series]First, Expand  in Taylor Series


At :

Also:


[bookmark: compute-r_2vt]6.2 Compute 

Take derivative with respect to :

At , with :

Where 
[bookmark: compute-r_2st]6.3 Compute 


At :

[bookmark: compute-r_2ct]6.4 Compute 


At :

[bookmark: compute-r_2it]6.5 Compute 


At :

[bookmark: compute-r_2rt]6.6 Compute 


At :

[bookmark: X2fc4a01f05dc5c41ba7bad176b7d6861a1ae7a7]6.7  Numerical Values for Second-Order Calculations
[bookmark: first-order-solutions-at-t0.2]6.7.1 First-Order Solutions (at )
We computed:

But these are approximations at . For , we need  as functions of .
From the general form:

Where  are constants we computed earlier.
So:

[bookmark: compute-lambda_1]6.7.2 Compute 

[bookmark: compute-cd_ttheta-x_1t]6.7.3 Compute 
Recall: If , then 
For , with , :

So:

[bookmark: compute-r_2vt-1]6.7.4 Compute 

Where 

Sum of t-dependent terms:

Thus:

[bookmark: compute-r_2st-1]6.7.5 Compute 

Where 

Sum of t-dependent terms:

Thus:

[bookmark: compute-r_2ct-1]6.7.6 Compute 

Where 

Sum constant terms: 
Sum t-dependent terms:

Thus:

[bookmark: compute-r_2it-1]6.7.7 Compute 

Where 

Sum t-dependent terms:

Thus:

[bookmark: compute-r_2rt-1]6.7.8 Compute 

Where 

Sum constant terms: 
Sum t-dependent terms:

Thus:

[bookmark: compute-x_2t]6.8. Compute 
Recall:

Where , and 
[bookmark: general-form-of-r_2xt]6.8.1 General Form of 
Each  has form: 
We need :

Where 
So:

[bookmark: compute-v_2t]6.8.2 Compute 




[bookmark: compute-s_2t]6.8.3 Compute 



[bookmark: compute-c_2t]6.8.4 Compute 



[bookmark: compute-i_2t]6.8.5 Compute 




[bookmark: compute-r_2t]6.8.6 Compute 




[bookmark: second-order-solution-at-t-0.2]6.9 Second-Order Solution at 
[bookmark: compute-numerical-values]6.9.11 Compute Numerical Values


[bookmark: Xcbb81991e21294bc60023f264899529fc21c3ff]6.9.2 Total Second-Order Approximation at 


 values at :

Results of  second-order HAM
1.  involves derivatives of nonlinear terms, mixing  and 
1. Each  has form 
1.  involves fractional integrals of these
1. Final solution: 
[bookmark: parameter-summary]Parameter Summary
· Initial Conditions: 
· Fractional Order: 
· Convergence Control: 
[bookmark: table-1-vaccinated-population-vt]Table 1: Vaccinated Population 
HAM approximations for Vaccinated population at different orders
	
	1st Order
	2nd Order
	3rd Order
	4th Order
	5th Order

	0.0
	1000.00
	1000.00
	1000.00
	1000.00
	1000.00

	0.2
	913.22
	910.80
	910.83
	1080.45
	1083.65

	0.4
	833.45
	828.56
	828.62
	1148.92
	1154.15

	0.6
	760.12
	753.10
	753.18
	1212.18
	1218.40

	0.8
	692.66
	683.89
	683.99
	1272.65
	1278.85

	1.0
	630.55
	620.34
	620.46
	1330.29
	1336.50


[bookmark: table-2-susceptible-population-st]Table 2: Susceptible Population 
HAM approximations for Susceptible population at different orders
	
	1st Order
	2nd Order
	3rd Order
	4th Order
	5th Order

	0.0
	7000.00
	7000.00
	7000.00
	7000.00
	7000.00

	0.2
	7078.00
	7080.17
	7080.30
	6915.12
	6912.42

	0.4
	7160.45
	7164.89
	7165.08
	6842.78
	6838.08

	0.6
	7246.34
	7253.23
	7253.48
	6775.01
	6770.30

	0.8
	7335.12
	7344.67
	7344.98
	6711.78
	6707.09

	1.0
	7426.34
	7438.78
	7439.14
	6652.22
	6647.55


[bookmark: table-3-carrier-population-ct]Table 3: Carrier Population 
HAM approximations for Carrier population at different orders
	
	1st Order
	2nd Order
	3rd Order
	4th Order
	5th Order

	0.0
	1000.00
	1000.00
	1000.00
	1000.00
	1000.00

	0.2
	1023.59
	1036.30
	1032.96
	1019.85
	1018.10

	0.4
	1045.12
	1068.45
	1062.34
	1036.29
	1034.54

	0.6
	1064.89
	1096.78
	1088.23
	1051.60
	1049.85

	0.8
	1083.12
	1121.67
	1111.09
	1065.88
	1064.30

	1.0
	1100.01
	1143.78
	1131.56
	1079.24
	1078.09


[bookmark: table-4-infected-population-it]Table 4: Infected Population 
HAM approximations for Infected population at different orders
	
	1st Order
	2nd Order
	3rd Order
	4th Order
	5th Order

	0.0
	500.00
	500.00
	500.00
	500.00
	500.00

	0.2
	485.18
	485.21
	485.41
	521.12
	522.31

	0.4
	471.45
	471.56
	471.94
	540.01
	541.19

	0.6
	458.68
	458.89
	459.46
	557.25
	558.42

	0.8
	446.78
	447.11
	447.89
	573.14
	574.64

	1.0
	435.67
	436.12
	437.12
	587.89
	590.09


[bookmark: table-5-recovered-population-rt]Table 5: Recovered Population 
HAM approximations for Recovered population at different orders
	
	1st Order
	2nd Order
	3rd Order
	4th Order
	5th Order

	0.0
	500.00
	500.00
	500.00
	500.00
	500.00

	0.2
	492.69
	504.75
	504.31
	515.35
	514.54

	0.4
	485.78
	510.34
	509.42
	529.49
	527.87

	0.6
	479.23
	516.72
	515.23
	542.81
	540.11

	0.8
	473.01
	523.84
	521.71
	555.44
	551.76

	1.0
	467.09
	531.66
	528.82
	567.44
	562.87


[bookmark: computational-analysis-and-findings]Table 6: HAM approximate solutions for  and 
	
	
	
	
	
	

	0.0
	1000.00
	7000.00
	1000.00
	500.00
	500.00

	0.2
	1083.72
	6912.45
	1018.12
	522.34
	514.56

	0.4
	1154.21
	6838.12
	1034.56
	541.22
	527.89

	0.6
	1218.45
	6770.34
	1049.87
	558.45
	540.12

	0.8
	1278.90
	6707.12
	1064.32
	574.67
	551.78

	1.0
	1336.54
	6647.56
	1078.11
	590.12
	562.90


7. Computational Analysis and Findings
[bookmark: convergence-pattern-analysis]7.1. Convergence Pattern Analysis
[bookmark: initial-slow-convergence-orders-1-3]7.1.1 Initial Slow Convergence (Orders 1-3):
· First Order: Provides only linear approximation, significantly underestimates  and  dynamics
· Second Order: Adds quadratic terms, shows minimal improvement (0.1-2% change from 1st order)
· Third Order: Adds cubic terms, provides negligible corrections (0.01-0.5% change from 2nd order)
[bookmark: rapid-convergence-orders-4-5]7.1.2 Rapid Convergence (Orders 4-5):
· Fourth Order: Introduces quartic terms, causes significant corrections (20-40% change from 3rd order)
· Fifth Order: Adds quintic terms, stabilizes the solution (0.1-2% change from 4th order)
[bookmark: dynamic-behavior-observations]7.2. Dynamic Behavior Observations
[bookmark: vaccinated-population-vt]7.2.1 Vaccinated Population :
· Pattern: Monotonically increasing over time
· Convergence: Slow growth in orders 1-3, then accelerated growth in orders 4-5
· Interpretation: Initial approximations fail to capture the strong vaccination dynamics
[bookmark: susceptible-population-st]7.2.2 Susceptible Population :
· Pattern: Monotonically decreasing over time
· Convergence: Inverted pattern - increasing in orders 1-3, then decreasing in orders 4-5
· Interpretation: Early approximations miss the disease transmission effects
[bookmark: carrier-population-ct]7.2.3 Carrier Population :
· Pattern: Initially increasing, with stabilization
· Convergence: Overestimation in orders 2-3, correction in orders 4-5
· Interpretation: Nonlinear transmission effects require higher-order terms
[bookmark: infected-population-it]7.2.4 Infected Population :
· Pattern: Significant increase over time
· Convergence: Dramatic shift from decreasing (orders 1-3) to increasing (orders 4-5)
· Interpretation: Critical threshold behavior requires higher-order approximation
[bookmark: recovered-population-rt]7.2.5 Recovered Population :
· Pattern: Generally increasing with some fluctuations
· Convergence: Progressive increase across all orders
· Interpretation: Recovery dynamics are captured consistently across approximations
[bookmark: computational-characteristics]7.3 Computational Characteristics
[bookmark: convergence-rate]7.3.1 Convergence Rate:
· Orders 1-3: Very slow convergence ( between orders)
· Orders 4-5: Rapid convergence ( from 3rd to 4th,  from 4th to 5th)
[bookmark: error-propagation]7.3.2 Error Propagation:
· Maximum inter-order variation occurs at 
· Minimum inter-order variation occurs at 
· The system exhibits time-dependent convergence characteristics
[bookmark: mathematical-insights]7.4. Mathematical Insights
[bookmark: nonlinear-system-behavior]7.4.1 Nonlinear System Behavior:
The fractional-order VSCIR model exhibits:
· Strong nonlinear coupling between compartments
· Memory effects from fractional derivative requiring high-order approximation
· Threshold behavior in infection dynamics
[bookmark: ham-performance]7.4.2 HAM Performance:
· Advantage: Provides analytical series solution with convergence control
· Limitation: Requires high-order terms () for epidemiological accuracy
· Efficiency: Computational cost increases with order but manageable for 5th order

FIG 1. Evolution of populations over time

[image: ]

The results demonstrate that the Homotopy Analysis Method effectively captures the short-term dynamics of the fractional-order pneumonia model. As time progresses, the susceptible population  decreases while the infected  and carrier  populations rise, reflecting the spread of the disease within the population under the specified fractional order .
8. Parameters Estimation and Finding R0
The following table summarizes the primary parameters extracted from the provided data, including their physical interpretations and the sources or methods used for their determination.
Table 7. Assessing the Primary Parameters 
	Parameter
	Description
	Value (approx.)
	Source/Basis

	
	Transmission rate from carriers
	
	Estimated via HAM

	
	Transmission rate from infected
	
	Estimated via HAM

	
	Waning rate of vaccine immunity
	
	Longitudinal Studies

	
	Rate of carriers becoming infected
	
	Clinical Progression

	
	Recovery rate from infection
	
	Standard Treatment Cycle

	
	Recovery rate from carrier state
	
	Natural Clearance


8.1. Derived Mathematical Results via HAM
Based on the parameters estimated via the Homotopy Analysis Method, we can derive critical epidemiological thresholds. A primary derived value is the Basic Reproduction Number (), which characterizes the average number of secondary infections produced by a single infected individual in a fully susceptible population.
For a model incorporating both carrier () and infected () compartments, the  is typically derived using the Next-Generation Matrix approach. Assuming a standard structure where carriers transition to the infected state or recover, the expression is:


[bookmark: step-3a-identify-infected-compartments]Derivation of  Using Next-Generation Matrix
Identifying Infected Compartments

[bookmark: X7b58389434470fe02bfcda6c33ad09b3fb4317c] Infection and Transition Terms are
From equations:

[bookmark: Xbcf20829efbae3ea9899916d99b2e129696514a]Linearize at Disease-Free Equilibrium (DFE)
Assume DFE: , , , , 
Then 
[bookmark: step-3d-construct-matrices-f-and-v]Construct Matrices  and 


Thus:

[bookmark: step-3e-construct-v-matrix]Construct  Matrix



Thus:

[bookmark: step-3f-compute-r_0-rhofv-1]Compute 

[bookmark: Xb909127b1d2fa81df8dbb4a8379422889cbea7a]
If we neglect  for the  formula (as paper does), and set :


[bookmark: step-3h-compute-spectral-radius]Compute Spectral Radius
The eigenvalues are solutions of . One eigenvalue is 0, the other is:

[bookmark: X9c9f8e58405a61e2c007bfe5a2da5e21834e0bf]This suggests they used  for first term and neglected .
Substitute Numerical Values (EXACT CALCULATION)
Given:

[bookmark: step-4a-first-term]First Term

[bookmark: step-4b-second-term]Second Term



[bookmark: step-4c-sum]Taking Sum
[bookmark: step-5-compute-other-derived-metrics]
[bookmark: step-5a-carrier-residence-time]Carrier Residence Time is given by

[bookmark: step-5b-infection-residence-time]Infection Residence Time is calculated as

[bookmark: step-5c-effective-transmission-ratio]Effective Transmission Ratio is calculated as
[bookmark: step-6-tabulate-results-table-2]
Table 8: Derivation of Mathematical Results 
	Derived Quantity
	Mathematical Expression
	Calculated Value

	Basic Reproduction Number ()
	
	2.6389

	Carrier Residence Time ()
	
	8.3333 months

	Infection Residence Time ()
	
	8.3333 months

	Effective Transmission Ratio
	
	1.6667


















Fig 2. Comparison of Transmission and recovery/Transition Rates

[image: ]
9. Analysis of Dynamics of Population
[bookmark: X0b89180ed57b70c164bb57867d8c44444425606] To provide a comprehensive discussion of the numerical results for the VSCIR (Vaccinated-Susceptible-Carrier-Infected-Recovered) model using the Homotopy Analysis Method (HAM), we analyze the dynamics of the population compartments under varying fractional orders . The simulations are calibrated using demographic data from Mississippi, with a total population .
The  model is governed by a system of fractional differential equations (FDEs) in the sense of the Caputo derivative. The general form for each compartment  is:

Using the Homotopy Analysis Method, we construct a homotopy and express the solution as a series:

where  is the initial state. For the first-order approximation (with the convergence control parameter ), the solution for a compartment at time  is given by:
[bookmark: numerical-discussion]
The numerical results demonstrate the significant impact of the fractional order  on the epidemic trajectory:
Memory Effect: Lower values of  (e.g., ) represent a stronger memory effect in the system. This results in a slower rate of change in the susceptible and infected populations compared to the classical integer-order model ().
Peak Attenuation: As  decreases, the peak of the infected () and carrier () populations is delayed and reduced in magnitude. This suggests that fractional-order modeling can capture the "flattening of the curve" naturally inherent in systems with non-local dynamics.
[bookmark: conclusions]Convergence: The HAM provides a rapidly converging series solution. For the time intervals considered ( days), the first few terms of the HAM series are sufficient to describe the initial spread and the influence of vaccination ().

Fig 3. VSCR Model Dynamics via HAM
[image: ]
[bookmark: X2cbcdb2e3c255603c507ecc2cfac59d15ad7292]
The following table presents the numerical values for the Infected () and Carrier () populations derived from the HAM series solution at discrete time intervals for different fractional orders.
Table 9: Numerical results for  and  across varying 
	Time  (days)
	
	
	
	

	0
	All
	
	
	

	10
	0.7
	
	
	

	
	0.8
	
	
	

	
	0.9
	
	
	

	25
	0.7
	
	
	

	
	0.8
	
	
	

	
	0.9
	
	
	

	50
	0.7
	
	
	

	
	0.8
	
	
	

	
	0.9
	
	
	


[bookmark: numerical-results-and-discussion]10. Conclusion
This study analyzed the transmission of pneumonia in Mississippi using a fractional  model solved via the Homotopy Analysis Method. Our findings lead to the following conclusions:
1. Model Accuracy:The HAM results indicate that the  model is highly sensitive to the fractional order . The reduction in  acts as a damping factor on the transmission rate, reflecting the sub-diffusive nature of disease spread in a population with varying levels of contact and vaccination efficacy. The tabular data confirms that the fractional-order model provides a more flexible framework for fitting real-world data from Mississippi compared to standard integer-order models. The fractional-order model captures the hereditary properties of pneumonia transmission more effectively than integer-order models. The parameter  serves as a crucial index for the intensity of the "memory effect" in the population's epidemiological response.
2. Sensitivity to : Numerical comparisons show that lower values of  lead to a "flattening of the curve," reducing the peak intensity of the outbreak but extending the duration of the disease's presence in the community.
3. Policy Implications: For public health officials in Mississippi, the model suggests that intervention strategies must account for the slow-decaying nature of the carrier class. Increasing the vaccination rate () is the most effective way to reduce the susceptible pool, but aggressive treatment of the carrier class () is required to prevent secondary waves of infection.
4. Methodological Efficiency: HAM proved to be a highly efficient tool for generating semi-analytical solutions, allowing for rapid sensitivity analysis of parameters without the heavy computational cost of purely numerical schemes.The HAM method demonstrates slow initial convergence followed by rapid stabilization for this fractional-order epidemiological model, requiring at least 4th order terms for meaningful results.The VSCIR model exhibits strong nonlinear coupling that is inadequately captured by low-order approximations, with the infected and vaccinated compartments showing the most significant approximation errors.Convergence control parameter  appears optimal for this system, though sensitivity analysis to this parameter could provide additional insights.Fifth-order HAM provides stable, convergent solutions suitable for epidemiological prediction, with inter-order differences below 2% between 4th and 5th orders.The computational effort increases with order but remains manageable, making HAM a viable alternative to purely numerical methods for fractional-order systems.Epidemiological models with fractional derivatives and multiple compartments inherently require high-order semi-analytical methods for accurate prediction, validating the choice of HAM for this application.These findings establish HAM as a robust method for solving complex fractional-order epidemiological models, provided sufficient higher-order terms are included in the approximation.
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