
Small prime solutions of Diophantine equations 

[bookmark: _GoBack]

.     
.
              . 
                     
	.
..


.

____________________________________________________________________________________________

*Corresponding author: Email: XYZ@ABC.COM


ABSTRACT

	







In this paper, we study the small prime solutions of the equation, whereare non-zero integers satisfyingfor, and,are integers. Let. For any, we establish: 



（i）Ifare all positive, and, then the above equation is solvable in primes.

（ii）Ifare not all of the same sign, then the above equation has prime solutions satisfying

,

where the implied constant depends only on.
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1. INTRODUCTION
In 1967, Baker [1] first raised and investigated the problem of small prime solutions of the equation

	,	
satisfying

,


whereare nonzero integers satisfying some necessary conditions, and.
In 2025, Li and Ge [2] studied the prime equation

		
satisfying

,



whereare nonzero integers satisfying some necessary conditions,, and .
Liu and Tsang [3] first studied the quadratic equation

	,	
satisfying

[bookmark: ZEqnNum648393]	,	






whereare nonzero integers satisfying some necessary conditions, and. The first numerical result forin  was, obtained by Choi and Liu [4]. The number 20 was subsequently reduced toby Choi and Liu [5] and then to 8 by Choi and Kumchev [6]. The best result is due to Harman and Kumchev [7] who showed that.


For any integer,, this paper considers the Diophantine equations

[bookmark: ZEqnNum895132]		



whereare prime variables and the coefficientsare nonzero integers. Suppose for all,

[bookmark: ZEqnNum515880]	.	
where


We further suppose 

[bookmark: ZEqnNum783079]		

and write. The mian results in this paper are the following theorem.

Theorem 1.1 Suppose  and  hold. Let.


(i) Ifare all positive, then  is solvable whenever. 

(ii) Ifare not all of the same sign, then  has prime solutions satisfying

,

where the implied constant depends only on. 
We establish Theorem 1.1 by the circle method. Unlike previous works that relied on the Deuring-Heilbronn phenomenon over enlarged major arcs, we demonstrate that under the stronger assumption , the potential presence of a Siegel zero exerts no exceptional influence, thereby allowing us to circumvent the Deuring-Heilbronn phenomenon altogether. This approach yields stronger results while avoiding extensive numerical computation. Section 2 outlines the proof of Theorem 1.1. In Section 3, we present key lemmas that will be used in proving Theorem 1.1. Finally, in Section 4 we treat the minor arcs and complete the proof of Theorem 1.1.








As usual, stands for Euler function. We useandto denote a Dirichlet character and the principal character modulo, respectively. The letterdenotes an absolute positive constant that may vary at different places. The letterdenotes a positive constant that is arbitrarily small. We also write, and. 
2. Outline of the Method


For, we denote bythe weighted number of solutions of, i.e.



where,


,,


,.

We will investigateby the Hardy-Littlewood circle method. To this end, we set

[bookmark: ZEqnNum231680]	.	

By Dirichlet's lemma on rational approximation, eachmay be written in the form
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for some integerswithand. We denote bythe set ofsatisfying , and define the major arcand the minor arcsas follows: 

[bookmark: ZEqnNum683708]		


It follows fromthat the major arcsare mutually disjoint. Let


, .
Then we have



To deal with the integral on the major arcs, we need the following theorem. The proof of Theorem 2.1 follows a standard argument; we therefore omit the details.



Theorem 2.1 Suppose  and . Letbe as in  with,determined by . Then we have 

		


[bookmark: OLE_LINK1]whereandwill be given in  and, respectively.



To derive Theorem 2.1, we need to boundandfrom below. For, we define 

.


Ifare characters mod, then we write

，


，
and

[bookmark: ZEqnNum352339]	.	


Lemma 2.1 Assuming , we havefor some constant. 
Lemma 2.2 Suppose  and


(i)are not all of the same sign and; or


(ii)are positive and.
Then we have 

[bookmark: ZEqnNum959933]		
The proofs of Lemma1-2 are by now standard. Thus the proofs are omitted.

Now we turn to the estimation of the integral on the minor acrs.
3. Some Necessary Lemma 
We derive estimates for the generating functions appearing in the proof from the estimates for the exponential sum

.








Lemma 3.1 Suppose thatand. Then either one has the bound, or else there exist integersandsuch that, and , in which case

.



The next lemma generalizesto, whereis a non-zero integer.










Lemma 3.2 For, letbe a non-zero integer satisfying . Suppose that. Then either one has the bound, or else there exist integersandsuch that, and, in which case

	.	
Lemmas 3.1- 3.2 are factly Lemma3.1-3.2 of [8] respectively.
4. Proof of the Theorem 1.1 











Letbe a parameter withthat also satisfies hypothesis (i) or (ii) of Lemma 2.1 according toare all positive or not. Now, we turn to the estimation of. When, there exist integersandsatisfying  withandand such that. Obviously, satisfies  

.
By Lemma 3.2, we have

	,	


whereis defined by . We have the following mean-value estimate for: 

,
which in combination with Holder's inequality gives

.
Therefore, 


Thus,




Ifand all ofare positive, then



provided that. Consequently,  




On the other hand, if the coefficientsare not all of the same sign and, then



Without loss of generality, for all, we have


We complete the proof of Theorem 1.1.
5. Conclusion

This paper investigates the problem of small prime solutions to a Diophantine equation of mixed degree .
By systematically applying the Hardy–Littlewood circle method together with mean-value estimates and bounds for exponential sums over primes, the contributions from the minor arcs are effectively controlled. As a result, we establish the existence of prime solutions and provide upper bounds for such solutions. This extends previous results on pure quadratic equations to the mixed-degree case. Future work may focus on applying similar techniques to more general coefficient configurations or to equations in higher dimensions.
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