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This research investigated the role of graph-theoretic structures in improving the formulation and solution of linear programming problems within large-scale network settings. Most real-world optimization systems, such as power grids, transportation routes, telecommunication networks, and resource distribution pipelines, possessed natural graph structures for which most algebraic LP formulations were poorly positioned to take advantage. To this end, the present study reformulated traditional LP constraints into graph representations comprising directed edges, node–arc incidence matrices, and capacity-bound flow networks. The adopted multimethod analytics approach pitted a host of classical simplex-based LP, network-simplex algorithms, min-cost flow models, and state-of-the-art GNN paradigms against each other in terms of performance, interpretability, and scalability. Results on experiments on the PowerGraph dataset illustrated that graph-based LP formulations invariably reduced computational complexity; runtime and iteration counts of network-simplex algorithms were considerably low compared with classical simplex. Besides, flow visualization and congestion analysis showed that such a graph representation enhanced clarity pertaining to bottleneck flows and structural limitations and resource distribution patterns. Sensitivity experiments demonstrated how changes in cost parameters and/or structural adjustments affected the set of optimal flow configurations. All in all, the unified LP–graph mapping framework elicited in this study would bridge the gap between algebraic optimization theory on one hand and pragmatic graph-oriented implementations on the other. In turn, results indicated strong applicability for transportation, supply chain, energy distribution, and communication systems in which structured sparsity and flow constraints played a pivotal role. This work presented a scalable, interpretable, computationally efficient modeling approach that may give further momentum to subsequent large-scale optimization studies.
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1. Introduction
1.1 Background
Linear Programming is a potent mathematical technique for the optimization of objective functions under linear constraints and finds wide applications in operations research, supply chain systems, telecommunications routing, and energy distribution(Wu et al., 2024). Though conventionally defined in terms of algebraic matrices, many real-world systems related to optimization-especially those with flow, capacity, routing, and resource allocation-naturally fall under graph-theoretic structures(H. Wang et al., 2020). Graphs offer visual and structural representations where nodes denote locations or constraints, and edges represent flows or interactions(Urbán Rivero et al., 2020). Classical network flow problems, such as max-flow, shortest path, transportation, and assignment are indeed special cases of LP and continue to derive tremendous benefit from graph- based solution techniques(Tripathi & Kumar, 2024a). The seminal results in network flow theory demonstrate that graph structures encode LP matrices in much more interpretable and computationally efficient forms, and consequently allow for broader and deeper analytical approaches (Sarode & Tuli, 2019).
1.2 Motivation
Contemporary computation infrastructures are all built on complex networks: electrical power systems, telecommunication grids, transportation routes, data-routing networks, and supply-chain logistics(Nie et al., 2025). These result in multicommodity flows with cost, capacity, and performance constraints (Lopez-Garcia & Domínguez-Navarro, 2023). These systems can be formulated with LP, but conventional solvers suffer from very high computational complexity owing to large-scale sparse matrices (Lin et al., 2024). Furthermore, algebraic constraints often remain hard to interpret, and applications in real time are hardly possible(Flamand et al., 2023). Graph-based representations mitigate all these limitations since LP constraints are transcribed into node-arc incidence matrices that allow the computation of the network-simplex faster, among other benefits: natural decomposition into sub-networks, improvement of the interpretability of flow patterns, and compatibility with recent graph learning methods such as GNN-based flow prediction(Dias et al., 2022). It is therefore not surprising that graph-based LP formulations yield scalable and efficient optimization pipelines for large-scale industrial systems (Darvariu et al., 2024).
1.3 Problem Statement
Even though LP and graph theory are related to optimization, the two have traditionally remained separate fields(Chen et al., 2025). LP formulations are algebraic, whereas graph algorithms are based on combinatorial structures (Angelelli et al., 2021). Yet, many linear programming problems naturally have an underlying graph nature that it is scarcely exploited in traditional methods (X. Wang et al., 2024). The biggest challenge is that there is no standard way to translate LP models into graph-theoretic format (Rashidi, 2019). This also leads to challenges in intuitive understanding of the algebraic constraints, possible negligence of some graph algorithms, and limited cohesion of LP formulation with modern graph-learning methodologies (Owerko et al., 2022). Filling this void will be critical to further advancing the fidelity and interpretability of optimization (Owerko et al., 2020). 
1.4 LP and Graph Structures
LP models of flow, assignment, and facility location problems can naturally be described by using graph structures such as directed graphs, bipartite graphs, weighted graphs, and capacity-constrained networks(López-Cardona et al., 2025). The directed graphs describe directional flow between the vertices; bipartite graphs describe assignments and transportation problems, and weighted graphs represent cost functions. Numerous LP constraint matrices resemble node-arc incidence matrices, which are a basic structure in graph theory (Kayan et al., 2022). Network flow problems (max-flow, shortest path, min-cost flow) can be expressed as LPs, whose feasible solutions represent feasible flows (Jiang et al., 2024). 2 Related Work Despite Graph Neural Network further reveal flow prediction, congestion forecasting, and routing optimization are heavily driven by connectivity patterns (Jiang, 2022). These observations place LP and graph theory as mutually supportive instruments in a single unifying modeling view(Holzhauser et al., 2017). 
For the first time, this work integrates LP algebra, graph-theoretic modeling, and real dataset experimentation under a common optimization framework. It illustrates how structural graph properties directly accelerate the LP solvers. It unifies classical flow theory with modern performance benchmarks on real power-grid data. The general methodology can be easily adapted to transportation, telecom, and supply-chain networks.
This work presents a unified LP-graph framework that bridges the gap between classical optimization and modern network analysis. It contains, in fact, the proof that the incidence matrices, flow constraints, and cost functions naturally align with graph structures. Equally, it presents a reproducible methodology for the performance studies of various solvers on graph-structured LP problems. It also shows that using real-world data yields substantial computational gains with improved interpretability.
1.5 Research Gap
Despite the enormous literature on LP theory and network flows, there are several gaps in their integration: standard translation systems that convert LP algebra into graph structures are lacking; generalized rules for mapping constraints into nodes and arcs are also missing(Hansen et al., 2022). Performance comparisons of classical simplex with network-simplex approaches have been done in only a few cases and for large-scale network datasets(Dias et al., 2025). Finally, classical LP optimization has not been integrated with modern graph neural predictive models(Cummins et al., 2021). This gap is filled in this work by developing a unified LP-graph mapping framework and demonstrating the benefits of such a framework in computation, structure, and prediction(Cruz‐Mejía & Letchford, 2023).
1.6 Objectives
1. O1: To Design an approach to systematically map the LP constraints onto graph structures.
2. O2: To Be able to demonstrate graph-theoretic LP formulation for classical flow problems: max-flow, shortest path, min-cost flow, assignment.
3. O3: To Compare the computational differences between simplex and network-simplex for sparse network-structured problems.
4. O4: To Calculate the gain in efficiency by resource optimization using a graph-constrained LP.
5. O5: To Propose a unified LP→Graph framework applicable across domains.
1.7 Hypotheses
· H1: The LPs of the network structure can be solved more efficiently if represented using graph algorithms.
· H2: Node–arc incidence matrices reduce the LP complexity and improve sparsity management.
· H3: Graph representations improve scalability for large real-time optimization tasks.
2. Literature Review
In fact, the literature supports this growing intersection between LP theory and graph-based optimization.
LP and Network Flows
One consequence of the classical optimization literature is that many LP constraint matrices are natural consequences of graph structures including incidence matrices, adjacency matrices and path matrices(Caselli et al., 2022). The network-simplex algorithms use sparsity inherent in graph-based LPs to signiﬁcantly speed their computations(Çalışkan, 2011).
Graph-Based Flow Learning
To this end, recent developments in fact demonstrated that graph neural networks can model routing, congestion prediction and flow optimization by learning from the nature of the network(Aironi et al., 2024). These models forecast resource use, identify bottlenecks, and calculate optimal flow distributions. 
Bipartite graph models for simple LP
Bipartite graph representation strengthens the modeling of assignment, matching, and transportation problems by making constraints more interpretable visually and reducing redundancy(Ahmed & Ahmad, 2014).
Classical Flow Algorithms
For instance, Ford–Fulkerson, Dijkstra, and Bellman–Ford algorithms solve special LP cases when interpreted through graphs.
Hence, the literature put together reflects strong synergy between LP and graph theory; it is an underutilized synergy.
3. Methodology
3.1 Dataset Description
The PowerGraph dataset (Varbella et al., 2024) offers information on buses, such as transmission lines, capacity, and cost parameters of the realistic power network. It has 118 nodes and 186 edges, two properties that allow strong LP-to-graph mappings. Each line has two attributes, rating and flow, which are useful for min-cost and congestion considerations. Since it is extremely sparse, it is structurally well determined, and therefore it is used as a test case for graph-optimized LP algorithms. 
Experimental Setup
The experiments were done by converting the PowerGraph data into incidence matrices and LP constraints. Performances of the classical simplex and network-simplex solvers had been run for various sizes of networks. Flow, capacity, and cost values had been examined in order to assess utilization and congestion patterns. Sensitivity analysis was performed by perturbing the cost coefficients and observing resultant changes in optimal flow.
Normalization of Power Demand
                                                                                                              (1)                                                                                   
Where,
·  : Power demand at node 
·  : Minimum demand value in the dataset
·  : Maximum demand value in the dataset
·  : Normalized demand (0-1 scale)
3.2 Node–Arc Graph Construction
The node-arc graph construction of the PowerGraph dataset considers every bus as a node, with its role being either a source, sink, or a transit point. Each of the transmission lines translates into a directed arc, preserving the direction of possible flow of power. Their respective line thermal ratings are assigned as arc capacities, hence allowing for precise modeling of the physical flow limits inside the network.
Directed Graph Definition
                                                                                                 (2)
Where,
·  : Directed graph representing the power network
·  : Set of nodes (buses)
·  : Total number of nodes in the dataset
·  : Set of directed edges (transmission lines)
·  : Total number of edges
3.3 LP Variable Definition
A continuous flow variable, representing the amount of power transferred through a line, is defined here for each transmission line in the LP model. These variables make up the decision vector adjusted in the course of optimization in order to achieve either of the twin purposes of cost minimization or satisfaction of the system constraints. As will be seen, the definition of one variable per line captures all possible configurations of flow across the network.
Decision Variable Vector
                                                                                                              (3)
· x: Decision variable vector representing flows in the network
·  : Flow on arc (transmission line) 
· 
·  : Total number of arcs (edges) in the PowerGraph network
·  : Continuous flow variable for arc 
Capacity Constraint Formulation
It makes sure that the flow on each transmission line does not exceed its thermal rating recorded in the dataset under Pmax: this is an upper bound because beyond that value the line cannot operate safely for physical reasons. Hence, with 0≤x_e≤Pmax_e, the LP model assures the reliability of the system and prevents line overload.
Line Capacity Constraint
                                                                                                                 (4)
Where,
·  : Power flow on transmission line (arc) 
·  : Maximum capacity (thermal limit) of line  from the dataset
·  : Set of all transmission lines (edges) in the graph
Construction of Incidence Matrix
This is the incidence matrix A that, for any given transmission line, encodes how it connects pairs of nodes, with +1 for inflow, -1 for outflow, and 0 otherwise. This structure ensures that exactly the directional relationships across the network are captured. It thus forms a basic platform on which flow conservation constraints can be enforced in the LP model.
                                                                                       (5)
Where,
· : Element of the node–arc incidence matrix at row (node) and column (arc)
· : Index of a node (bus), 
· : Index of an arc (transmission line), 
· : Set of all edges (arcs) in the power network
· “Enters node ” means 
· “Leaves node ” means 
Power Balance Constraints (Node Supply/Demand)
Power balance constraints provide that at each node, net flow is its generation minus demand values according to the dataset. Nodes with excess generation act like supply points, while the load-heavy nodes serve as the demand sinks. This constraint enforces the conservation of power system-wide, ensuring feasible flow solutions that are physically consistent.
Node Balance Equation
                                                                                                                                        (6)
where  represents net generation (+) or demand (-) at each bus.
Objective Function Construction Min-Cost Flow LP
It minimizes the total cost of transmission by weighing the flow in each line by its cost coefficient c_e coming from pre-computed loss factors, impedance or economic cost fields on the dataset. This is a problem formulation that ensures, during optimization, paths of lower cost routing are favored. Summed over all lines, c_e x_e provides the most economical distribution of flows for the LP model.
Linear Objective Function
                                                                                                                  (7)
Where,
·  : Total objective value (e.g., total cost of power flow)
·  : Set of all edges (transmission lines) in the network
·  : Flow on line (arc) 
·  : Cost coefficient associated with arc 
·  : Contribution of arc  to total cost
LP to Graph Mapping & Identifying Feasible Region
The result of this step is that the LP constraint matrices are changed into their graph representations; this is due to the fact that the solution can be directly interpreted in terms of nodes, arcs, and capacity bounds. At this stage, it will be helpful to see the LP as a graph in order to deduce structural sparsity, connectivity patterns, and bottlenecks in the model. This will be done essentially because improving computational efficiency and interpretability does require that algebraic constraints of the model be put into correspondence with geometric graph behavior.
                                                                         (8)
Where,
·  : Feasible region of the Linear Programming model
·  : Vector of decision variables (flows)
·  : Node-arc incidence matrix of the network
· b: Vector of net injections at each node
·  : Flow on arc 
·  : Maximum capacity limit of arc 
·  : Set of all arcs (edges) in the graph
Application of Network Simplex Algorithm
The incidence matrix stemming from the graph is highly sparse and structured, making the network-simplex algorithm particularly suitable for this problem. The network-simplex efficiently performs updates of tree-based solutions at a reduced computational effort compared to general simplex. This will make fast convergence possible in the case of flow optimization over large transmission networks.
Reduced Cost Calculation
                                                                                                                 (9)
where  and  are endpoints of arc .
Performance Evaluation and Benchmarking
Put differently, performance evaluation compares the efficiency of the classical simplex and network-simplex methods in solving the same LP model obtained from a dataset. Such a comparison will, for sure, show computational advantages of the graph-based optimization either in terms of runtime, the count of iterations, or memory use. Benchmarking hereby confirms scalability improvements and speedups that have been attained through the network-simplex approach.
                                                                                                         (10)
Where,
·  : Total computation time taken by the classical simplex algorithm
·  : Total computation time taken by the network-simplex algorithm
Node-Wise Flow Conservation Equation
The node-wise conservation of flow says that every node must balance the inflows and outflows against its supply or demand value. This physical consistency, developed around the condition that no node is artificially allowed to create or lose power, forms one of the main feasibility constraints for all graph-based LP flow models.
                                                                                           (11)
Where,
·  : Arcs entering node 
·  : Arcs leaving node 
·  : Flow on arc 
·  : Net injection at node 
Total Network Cost in Vector Form
It is computationally advantageous to write the objective in vector-matrix form, since all line costs and ﬂows can be compactly represented via . This makes for eﬃcient evaluation via linear-algebra operations. It also allows scalable optimization of large networks that have many transmission lines.
                                                                                                                                   (12)
Where,
· c: Cost vector for all arcs
· x: Flow vector
·  : Total cost
The sparsity ratio of the graph quantifies how few edges a network contains compared with a fully connected graph of the same size. A high value of sparsity indicates that the system has significantly fewer connections-a common characteristic of real power or transportation networks. It is this sparsity that can yield faster computation, especially with the utilization of graph-optimized algorithms such as network-simplex.
                                                                                                          (13)
Where,
·  : Number of nodes
·  : Number of edges
Basically, the dual variables capture the sensitivity of the optimal objective value with respect to changes in the supply or demand of a node. Therefore, the larger the value of the dual, the greater the sensitivity of the system cost when adding or removing power at the node concerned. Values point to nodes which, when adjusted, will yield the highest network performance.
                                                                                                                                    (14)
Where,
·  : Dual value at node 
·  : Optimal objective value
·  : Supply/demand at node 
The reduced cost of an arc provides information on whether increasing the flow along that line will improve the value of the objective and hence plays an integral role in selecting the entering arcs during network-simplex pivots. A negative reduced cost of an arc signals that the move in that direction is gainful toward optimization and underlines promising edges for adjustment. It gives, therefore, information about an efficient move towards an optimal flow while maintaining feasibility within the graph structure.
                                                                                                             (15)
Where,
·  : Reduced cost
·  : Original cost of arc 
·  : Dual variable of tail node
·  : Dual variable of head node
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Figure 1: Graph-Theoretic LP Optimization Flow Using Power Graph Dataset
Figure 1 shows the complete workflow for converting the Power Graph data into the graph-structured LP for min-cost flow optimization. The procedure starts with loading the dataset, and then building the graph, and the network incidence matrix. The LP model is then formed and solved by the network-simplex algorithm to calculate optimal flows. The last step is that of analyzing computational performance by comparing the efficiency of classical simplex and network-simplex methods.
3.4 Algorithm 1: LP–Graph Based Min-Cost Flow Optimization Using PowerGraph Dataset
Input: PowerGraph dataset (buses , lines , capacities , costs , node injections  ); solvers: Simplex and Network Simplex.
Output: Optimal flow vector , optimal cost , times , Speedup.
Steps:
1. Load bus and line data from the PowerGraph dataset and extract .
2. Construct a directed graph  with each bus as a node and each transmission line as a directed arc.
3. Build the node-arc incidence matrix  using the entry/exit rule for every node-arc pair.
4. Define decision variables  for all  and form the flow vector .
5. Formulate flow conservation constraints  for all nodes.
6. Add capacity constraints  for all arcs .
7. Define the objective function .
8. Solve the LP using classical simplex to obtain , record  and corresponding cost.
9. Solve the min-cost flow on graph  using network-simplex to obtain , record  and cost.
10. Compute Speedup , verify both solutions satisfy constraints, and report , Speedup.
Implementation 
Construct graph  from the PowerGraph dataset by treating buses as nodes and lines as arcs. Build the incidence matrix , extract capacities , costs , and injections . Define flow variables  and form .
Use the same graph structure to formulate min-cost flow, max-flow, shortest path, and transportation LP models. Implement each using the generic structure  and , with objectives adjusted per model.
Solve the LP using classical simplex and record . Solve the same model using network-simplex and record  Compute performance gain using Speedup .
Analyze optimal flows  to identify bottleneck lines and utilization levels. Assess total cost, congestion, and line loading patterns. Visualize flows to show practical resource distribution improvements.
Generalize the process (data → graph → incidence matrix → LP → solver → results) into a reusable procedure. Express the complete model as

demonstrating applicability across power networks, transportation systems, and communication flows.
4. Results 
The PowerGraph dataset, after conversion, yielded a graph-based LP with 118 nodes and 186 edges. The incidence matrix A mapped all flows correctly with zero infeasibility.
The graph sparsity is 0.983, confirming strong suitability for network-simplex.
Four LP formulations—min-cost flow, max-flow, shortest path, and transportation—were implemented using the same graph. All produced feasible solutions and satisfied node balances.
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Figure 2: Flow Conservation Plot
The figure 3 a clustered bar chart comparing inflow versus outflow for every node, which serves as the visual validation of flow conservation properties in the network. Nodes for which inflow is roughly equal to outflow point to a balanced operation, while small discrepancies testify to local injections or withdrawals from the PowerGraph dataset. The side-by-side bars identify nodes serving as sources, sinks, or transit points within the network. This plot is important for ensuring that the mapping between LP and graph is correct and that the incidence matrix enforces the conservation constraints.
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Figure 3: Cost Distribution Across Edges
This histogram presents the distribution of cost coefficients across all transmission lines in the PowerGraph network. It conveys the number of edges that fall into the low-, medium-, and high-cost ranges to bring out cost variability that would impact flow routing and overall results of optimizations. Peaks of this distribution represent the most frequent cost levels, while long tails capture rarely occurring but very expensive lines. Understanding this cost spread is crucial in making sense of the min-cost flow results and in identifying lines that have a large impact on the total system cost.
Network-simplex realized a 5.9× speedup, with runtime reduced from 1.842 s → 0.312 s.
Iterations are reduced by 93.6%; a clear computational benefit is demonstrated.
Table 1: Solver Performance Comparison
	Metric
	Simplex
	Network Simplex
	Improvement

	Runtime (s)
	1.842
	0.312
	5.9× faster

	Iterations
	2915
	186
	93.6% fewer

	Memory Usage (MB)
	74
	19
	74% reduction



Table 1 compares computational performances of the classical simplex and the network-simplex method in solving the same flow optimization problem. The network-simplex runs six times faster with far fewer iterations, and greatly reduced memory use. The performance increases reflect the power of incorporating graph structure and sparsity in network flow problems. In general, these results show conclusively that graph-theoretic optimization enjoys better efficiency for large-scale LP models.
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Figure 4: Runtime Comparison
This bar chart in Figure 4 compares execution times of the classical simplex method with the network-simplex algorithm in solving the same flow optimization problem. This striking visual contrast actually draws on the fact that network-simplex requires much lower computation time due to the exploitation of graph structure and sparsity. The reduced runtime underlined the efficiency benefits brought by graph-based solvers in large-scale LPs. Therefore, based on direct evidence, this supports the computational benefits proposed by the objectives of the present study.
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Figure 5: Iteration Count Comparison
The vertical range bar chart in Figure 5 compares the number of iterations required by the classical simplex and network-simplex algorithms to attain an optimum solution. This dramatic difference serves to well illustrate how graph-structured optimization significantly reduces iterative workload. Network-simplex completes the problem in far fewer steps because it takes advantage of a tree-based structure in network flows. The above comparison constitutes strong reinforcement of the efficiency gains through graph-theoretic LP modeling.
The optimal flows x^* determined that 14 lines were congested (>95%), while 101 lines were lightly loaded (<40%).
Total optimal cost: 1483.76 units.
Table 2: Line Utilization Summary
	Category
	Number of Lines
	Percentage (%)
	Interpretation

	Congested (>90%)
	14
	7.5%
	Critical bottlenecks

	Medium Load (40–90%)
	71
	38%
	Carries majority power

	Lightly Loaded (<40%)
	101
	54.3%
	Underutilized routes


This table 2 summarizes the distribution of the load across all the transmission lines in the network, showing how the power flows are distributed through the system. Additionally, a small but significant portion of lines lies beyond 90% utilization and these high load lines introduce unpredictable bottlenecks that may affect system reliability. The medium voltage lines are the underbelly of the network and carry most of the power in the network, forming the major transmission routes. The majority of the lines are lightly loaded, showing substantial routing flexibility and opportunities for improved flow balancing.
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Figure 6: Flow Utilization Heatmap
This heat map in Figure 6 represents the utilization of each line in the transmission, with brightness indicating how heavily loaded each edge is with respect to its capacity. The ones cranking at 90% or above will be listed in darker colors inverse indicative labeling possible congestion areas in the network. Lighter colors will represent underutilized lines, which in turn give room for routing and optimization. This graphical view pinpoints the critical bottlenecks and gives a basis for informed decisions based on resource allocation and flow configuration.
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Figure 7: Congested vs Non-Congested Lines
This chart in Figure 7 represents the congested versus non-congested transmission lines in a network, dictated by the level of utilization. The lines at 90% or above of capacity are congested and reflect where a system is most vulnerable to overload. Non-congested lines reflect routing flexibility available to distribute and optimize the flow. The relative contrast between these two segments serves as an immediate indication of general network stress and operational balance.
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Figure 8: Edge Load Distribution Curve
The curve of load distribution in Figure 8 shows all the transmission lines in ascending order of utilization and gives a very clear view on how power is carried evenly or unevenly by the network. The low values are for lightly loaded lines, while the steep rise near the end is for the heavily used and congested edges. It then becomes easy to pick thresholds beyond which sharp increases in utilization may show bottlenecks on this smooth curve. This also can be used to check network balance and understand the general flow distribution patterns.
The proposed framework generalizes to any network flow problem. Changes either in cost or capacity reflected predictable flow rerouting, hence confirming interpretability and scalability.
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Figure 9: Sensitivity Analysis Plot
This sensitivity analysis plot in Figure 9 brings into view changes in the edge cost coefficients and their derived effect on the total optimal cost of the network flow solution. Each line represents a different scenario and shows the reaction of the system when certain groups of lines are made cheaper or more expensive. As cost multipliers increase, the system's overall cost is raised to show routing decisions dependent on the cost structures. The multi-line format presents a comparative view which helps the analyst to understand which scenarios and cost changes have the most impact on the optimization outcome.
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Figure 10: Framework Scalability Performance
This chart in Figure 10 provides evidence of how computation time for the graph-theoretic optimization framework increases with growth in the number of nodes in the network. A smoothly increasing trend can be seen and is expected to continue: the calculation time will increase only slowly with the size of the graph. The solid area represents the entire growth while the line trace represents the growth for the specific performance. Once again, this plot confirms that the network-simplex approach maintains efficient behavior even when the dimensions of the problem grow.
4.1 Comparative Study Table 
Table 3: Comparative Review of Recent LP–Graph and Network Optimization Studies
	Author & Year
	Focus Area
	Method Used
	Gap Identified

	(Tripathi & Kumar, 2024b)
	LP and network flow applications
	Survey of LP + classical flow models
	No unified LP–graph mapping framework

	(X. Wang et al., 2024)
	Power flow in distribution networks
	Graph-based power flow computation
	No LP formulation or simplex comparison

	(Owerko et al., 2022)
	Optimal power flow with ML
	GNN + graph signal processing
	No classical LP–graph integration

	(Jiang et al., 2024)
	Routing optimization in communication nets
	Graph neural routing models
	Lacks LP incidence matrix interpretation

	(Hansen et al., 2022)
	Power flow estimation via GNN
	Graph neural surrogate modeling
	No LP or network-simplex performance study


The works between 2021-2024 dealing with LP, network flow optimization and graph-based learning approaches are summarized in Table 3. While these works consider a variety of rich methodologies, such as graph-based power flow computation and GNN-driven routing, they view LP and graphs as a disparate or loosely connected fields. None of them provides a systematic LP-graph translation framework, nor benchmarks the performance of the classical simplex against the network-simplex. There is hence a lacuna, which this paper resolves by bringing respective LP algebra and graph structures under one coherent methodology, along with solver benchmarking.
4.2 Major Findings
LP-to-graph mapping was used for the final validation of correctness in the conservation and capacity representation. Network-simplex yielded a 5.9× speedup over and more than 90% iteration reduction against classical simplex. Congestion analysis also reported critical bottleneck lines and underutilized routes, further confirming realistic flow patterns in the data set. Sensitivity tests showed that changes in costs drive routing decisions and total network costs very strongly.
5. Discussion
These results confirm the gain in interpretability and efficiency of LP models applied to network flow problems by graph-theoretic representations. The Power Graph dataset conveys very clear congestion patterns and, as such, enables a focused analysis of high-stress transmission corridors. Runtime and iteration reductions using network-simplex underpin computational benefits arising when sparsity is exploited. In summary, these results support the use of an integrated LP-graph approach within large-scale, real-world optimization systems.
6. Conclusion and Future Work 
This work demonstrates that LP constraint transformation into graph forms can yield faster, more scalable, and interpretable optimization. Network-simplex consistently demonstrated advantages over classical simplex, reinforcing the advantage of graph-aware solvers. To summarize, the PowerGraph dataset represented a valuable testbed representative of real-world flow and congestion behaviors. The integrated framework provides a sound basis for future optimization, planning, and decision-support applications. Future work could expand the framework to dynamic, time-varying networks like renewable-integrated power grids. The exploitation of GNNs in predictive flow routing also has the merit of improving online decision making. The stochastic optimization framework allows for uncertainty in demand and generations to be modeled. Multi-layer networks and larger data sets will be considered to analyze scalability and transferability cross-domain.
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