
BOUNDS FOR THE k-FORCING PROPAGATION TIMES IN

GRAPHS

Abstract. A subset Zk of vertices in a graph is called a k-forcing set if its
vertices are initially assigned a color while the remaining vertices start as
uncolored. The graph undergoes a color propagation process based on the
following rule: a colored vertex with at most k uncolored neighbors forces
each of those neighbors to become colored. This process continues until all
vertices in the graph are colored. The k-forcing number of a graph, denoted
as Zk(G), represents the smallest possible size of a k-forcing set. The prop-
agation time of a k-forcing set of graph G is the minimum number of steps
that it takes to force all the vertices black, starting with the vertices in the
k-forcing set and performing independent forces simultaneously. The mini-
mum and maximum k-forcing propagation times of a graph are taken over
all minimum k-forcing sets of the graph. We discuss the minimum k-forcing
propagation time of graph G. Additionally, it delves into the precise deter-
mination of bounds for k-forcing propagation times. for certain well-known
graphs. Also characterized regular graphs with k-forcing propagation time
one.
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Key Words: Zero forcing number, k-forcing number, Propagation time,
k-forcing Propagation time.

1. Introduction

Zero forcing is a graph coloring process that begins with vertices initially
colored either white or black. The procedure repeatedly applies the following
rule: if a black vertex has exactly one white (out-)neighbor, that neighbor is
“forced” to change its color to black. A zero forcing set is an initial selection
of black vertices capable of turning all vertices in the graph black through this
process. The minimum cardinality of such a set is known as the zero forcing
number of the graph G, denoted by Z(G).

The propagation time of a zero forcing set refers to the number of steps re-
quired to completely color all the vertices of a graph black, starting from the
initial zero forcing set. During this process, independent forces are applied si-
multaneously at each step, meaning that all vertices are capable of forcing a
neighbor to change color do so in parallel until no further forcing is possible.
The propagation time of a zero forcing set is discussed in [4]. The notion of

1

UNDER PEER REVIEW



propagation time, which measures how many rounds of simultaneous indepen-
dent forces are required for a zero forcing set to color an entire graph, was
implicit in [8] and later made explicit in [9]. Chilakamarri et al. [10] investi-
gated this parameter (which they term the iteration index) for several graph
families, including Cartesian products and a variety of grid graphs. Since con-
trolling a whole network through sequential operations on a limited subset of
particles is highly valuable [9], understanding the number of steps required to
achieve full control—captured by the propagation time—is an essential aspect
of the process. Similar kind of propagation is introduced in [11], [12], [13] and
[14].

For a simple graph G and k > 0 a positive integer, the k-forcing number of
G, denoted by Zk(G) is the minimum number of vertices that are needed to be
initially colored black so that all vertices after a finite number of steps become
colored black during the subsequent color changing rule.
Color changing rule : If a black colored vertex has at most k non-colored neigh-
bors, then each of its non-colored neighbors becomes colored as black. When
k = 1, this definition is same as that of the zero forcing number, denoted by
Z(G) see [5]. In [5] Amos et al. proposed the definition of k-forcing set. In [7]
the authors presence a study on the k-forcing number in the context of splitting
graphs. Yair Caro et al. in [6] proved a conjuncture post by Amos et al.in [5].

In this article, we extend this propagation time into k-forcing sets and intro-
duce the minimum and the maximum k-forcing propagation time of a graph.
Also found some bounds for k-forcing propagation time of a graph.

2. Motivation

The study of k-forcing propagation time in graphs is motivated by the deep
connections to the spread of information, control processes, and monitoring in
complex networks. The process of k-forcing extends the standard Zero Forcing
rule by allowing a colored vertex to force up to k uncolored neighbors in one step,
incorporating flexibility into the modeling of real diffusion processes. Indeed,
many natural systems include agents that can influence several neighbors at
once, due to the spread of influence in social networks, the propagation of signals
in communicational systems, or activations in neural and biological networks.
Consequently, the capability to determine how influence spreads within such a
system may be a matter of both theoretical and practical concern.

From a graph-theoretic perspective, the k-forcing propagation time provides
insight into the efficiency of dynamic coloring processes and the temporal be-
havior of forcing sets. It enables scholars to measure not only the minimum
number of initial colored vertices required to eventually color the whole graph
but also how fast this takes place. This time dimension enhances the classi-
cal study of forcing sets by allowing a deeper understanding of such structural
properties as bottlenecks, centrality, and resilience of a network.

Furthermore, the study of k-forcing propagation time has algorithmic and
computational implications. The determination of optimal forcing sets natu-
rally induces challenging optimization problems: the search to predict their
propagation behavior intersects with areas such as network design, resource
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placement, graph searching, and power domination. These results can guide
strategy for efficient monitoring of power grids, minimizing control points in
distributed systems, and improving protocols for fast and reliable information
dissemination.

In general, there is a motivation to explore k-forcing propagation time be-
cause, by blending theoretical graph parameters with dynamic spread processes,
it provides a versatile tool for analyzing and optimizing how influence moves
through networks. Thus, this growing area combines both mathematical ele-
gance and rich applications, constituting an important direction of research in
modern graph theory.

3. k-forcing propagation time of graphs

In this section, we discuss the minimum and the maximum k-forcing prop-
agation time for graph G. Also, find the exact value of minimum k-forcing
propagation time for certain well-known graphs.

Definition 3.1. [4] Let G = (V,E) be a graph and Z a zero forcing set of

G. Define A(0) = Z, and for t ≥ 0, A(t+1) is the set of vertices w for which
there exists a vertex b ∈

⋃t
s=0A

(s) such that w is the only neighbor of b not in⋃t
s=0A

(s). The propagation time of Z in G, denoted pt(G,Z), is the smallest

integer t0 such that V =
⋃t0

s=0A
(s).Two minimum zero forcing sets of the same

graph may have different propagation times.The minimum propagation time of
G is

pt(G) = min{pt(G,Z)|Z is a minimum zero forcing set of G}.
and the maximum propagation time of G is

PT (G) = max{pt(G,Z)|Z is a minimum zero forcing set of G}.
We extend the concept of propagation time into k-forcing sets. We define the

minimum and maximum propagation times for the k-forcing set of G as follows.

Definition 3.2. Let G = (V,E) be a graph and Zk be a k-forcing set of G,

where k > 0 is a fixed positive integer. Define F (0) = Zk, and for p ≥ 0,
F (p+1) is the set of vertices w such that there exists a vertex b ∈

⋃p
s=0 F

(s) with

at most k neighbors outside
⋃p

s=0 F
(s), and w is one of the neighbors of b not

already in
⋃p

s=0 F
(s). The propagation time of Zk in G, denoted ptk(G,Zk), is

the smallest integer p0 such that V =
⋃p0

s=0 F
(s).Two minimum k-forcing sets of

the same graph may have different propagation times. The minimum k-forcing
propagation time of G is defined as follows

ptk(G) = min{ptk(G,Zk)|Zk is a minimum k-forcing set of G}.
Definition 3.3. A subset Zk of vertices of G is an efficient k-forcing set for G
if Zk is a minimum k-forcing set of G and ptk(G,Zk) = ptk(G).

Definition 3.4. The maximum k-forcing propagation time of G is

PTk(G) = max{ptk(G,Zk)|Zk is a minimum k-forcing set of G}.
Consider the following example to show that two minimum k-forcing sets of

the same graph may have different propagation times.
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Example 3.5. Let G be the graph in figure 1. Let Z2 = {v4} and Z ′
2 = {v1}

are two minimum 2-forcing sets for G. Then F (0) = {v4}, F (1) = {v3, v5},
F (2) = {v1, v2, v6, v7}, so pt2(G,Z2) = 2. However F ′(0) = {v1}, F ′(1) = {v3},
F ′(2) = {v2, v4}, F ′(3) = {v5}, F ′(4) = {v6, v7}, so pt(G,Z ′

2) = 4. Hence
pt2(G) = 2, and PT2(G) = 4.

v1

v2

v3 v4 v5

v6

v7

Figure 1. Graph for Example 3.5

From the definition, it is clear that ptk(G) ≤ PTk(G). When k = 1, this
definition is same as that of the minimum and maximum propagation time
of G, denoted by pt(G) and PT (G) respectively. The bounds for k-forcing
propagation time are given below.

Proposition 3.6. Let G be a graph with k-forcing number Zk(G), where k > 1.
If n is the number of vertices in G, then⌈

logk

(
1 +

(k − 1)n

Zk(G)

)⌉
− 1 ≤ ptk(G) ≤ PTk(G) ≤ n− Zk(G).

Proof. Let G be a graph with k-forcing number Zk(G). If n is the number of
vertices of G. Then total n − Zk(G) number of vertices being white in first
stage. In each stage at-least one vertex colored black. Hence

PTk(G) ≤ n− Zk(G).

In the first stage, at-most kZk(G) vertices colored black, in the second stage
at-most k2Zk(G) vertices colored black and so on. Hence, the lower bound for
ptk(G) is the smallest positive integer p such that

Zk(G)(1 + k + k2 + · · ·+ kp) ≥ n.

Solving this, we have

p =

⌈
logk

(
1 +

(k − 1)n

Zk(G)

)⌉
− 1.

That is, ⌈
logk

(
1 +

(k − 1)n

Zk(G)

)⌉
− 1 ≤ ptk(G)

Therefore, we get⌈
logk

(
1 +

(k − 1)n

Zk(G)

)⌉
− 1 ≤ ptk(G) ≤ PTk(G) ≤ n− Zk(G).

□
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Remark: [4] When k = 1 we have the result⌈
n− Z(G)

Z(G)

⌉
≤ pt(G) ≤ PT (G) ≤ n− Z(G)

The following examples show that the bounds in the above proposition are
sharp.

Example 3.7. Let G be the graph in figure 2. Let Z3 = {v5} be the min-

imum 3-forcing sets for G. Then F (0) = {v5}, F (1) = {v4, v6, v10}, F (2) =
{v1, v2, v3, v7, v8, v9, v11, v12, v13}, so pt3(G) = pt3(G,Z3) = 2. Also⌈

log3

(
1 +

(3− 1)13

Z3(G)

)⌉
− 1 = 2.

v2

v1 v3

v5

v4

v6

v9

v8

v7
v10

v11

v12

v13

Figure 2. Graph for Example 3.7

Example 3.8. Consider a path P5 with vertex set {v1, v2, v3, v4, v5}, each vi is
adjacent with vi−1 and vi+1, 1 < i < 5 . Zk = {v1} is a minimum k-forcing
set, where k ≥ 1, and PTk(P5) = 4 = 5− Zk(P5).

From proposition 3.6, we have the following result.

Proposition 3.9. For a graph G, and k is an integer greater than one. If
ptk(G) = 1 then |V (G)| ≤ Zk(G)(k + 1). Here Zk(G) is the k-forcing number
of G.

Proof. Let G be a graph, and let k > 1 be an integer. Given that ptk(G) = 1,
then by proposition 3.6, we have⌈

logk

(
1 +

(k − 1)n

Zk(G)

)⌉
− 1 ≤ ptk(G) = 1.

Solving this, we get |V (G)| ≤ Zk(G)(k + 1). □
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The converse of this proposition is false. LetG be the graph obtained fromK4

by appending a leaf to one vertex. Then Z2(G) = 2, |V (G)| = 5 < Zk(G)(k+1)
and pt2(G) = 2.

Let G be a k regular graph. Then every singleton set of vertices forms a k
forcing set. Hence from proposition 3.6 we get,

(1) ⌈logk (1 + (k − 1)n)⌉ − 1 ≤ ptk(G).

Using this inequality, we have the following proposition.

Proposition 3.10. For a k regular graph G, ptk(G) = 1 iff |G| = k + 1.

Proof. Let G be a k regular graph with ptk(G) = 1. We know that the set {v},
where v ∈ V (G), forms a k-forcing set for G. The vertex v is adjacent to k
other vertices in G and ptk(G) = 1. Hence |G| = k + 1.

Conversely, assume that |G| = k+ 1, the singleton set {v}, where v ∈ V (G),
forms a k-forcing set for G. In the first stage, k vertices are colored black.
Hence ptk(G) = 1. □

For a k-regular graph G, the lower bound in inequality 1 is sharp only when
ptk(G) = 1. Hence, we can fine tune the lower bound by the following proposi-
tion.

Proposition 3.11. Let G be a connected k-regular graph with |V (G)| = n.
Then the lower bound for ptk(G) is,

ptk(G) ≥

{ ⌈
n−1
2

⌉
for k = 2⌈

logk−1

(
n(k−2)+2

k

)⌉
for k > 2

Proof. Let G be a k-regular graph. Then the set {v}, where v ∈ V (G), forms
a k-forcing set for G. The vertex v is adjacent to k other vertices in G, in the
first step k vertices colored black, in the second step at-most k(k − 1) vertices
colored black [since, in this step each black colored k vertices adjacent to k
other vertices and out of which one already has the black vertex v], in the third
step at-most k(k−1)2 vertices colored black and so on. Hence, the lower bound
for ptk(G) is the smallest positive integer p such that

1 + k + k(k − 1) + k(k − 1)2 + · · ·+ k(k − 1)p−1 ≥ n.

Solving this, we have

p =

{ ⌈
n−1
2

⌉
for k = 2⌈

logk−1

(
n(k−2)+2

k

)⌉
for k > 2

Therefore, we have

ptk(G) ≥

{ ⌈
n−1
2

⌉
for k = 2⌈

logk−1

(
n(k−2)+2

k

)⌉
for k > 2

□

The following example shows that the lower bound in the above proposition
is sharp.
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Example 3.12. Let G be the 3-regular graph in figure 3 with 22 vertices. Let
Z3 = {v1} be the minimum 3-forcing sets for G. Then F (0) = {v1}, F (1) =

{v2, v3, v4}, F (2) = {v5, v6, . . . , v10}, and F (3) = {v11, v12, . . . , v22} so pt3(G) =
pt3(G,Z3) = 3. Also ⌈

log2

(
22(3− 2) + 2

3

)⌉
= 3.

v1

v5

v8

v9

v10v6

v7

v3

v4

v2

v12 v11
v13

v14

v15

v16

v17 v18

v19

v20

v21

v22

Figure 3. Graph for Example 3.12

We know that every k-forcing set is also a k + 1 forcing set, But we cannot
compare the k forcing propagation time and k + 1 forcing propagation time of
a graph. Consider the following proposition.

Proposition 3.13. Let G be a graph, and let k, p be two positive integers with
k < p. Then

(i) ptk(G) ≤ ptp(G) is not true, in general.
(ii) ptk(G) ≥ ptp(G) is not true, in general.

Proof. (i) Consider a path P5 with vertex set {v1, v2, v3, v4, v5}, each vi is adja-
cent to vi−1 and vi+1, 1 < i < 5. We know that the set A = {v1} forms a zero
forcing set and pt(P5) = 4. But the set B = {v3} is a minimum k forcing set
with k ≥ 2. Hence ptk(P5) = 2. Therefore, we have pt(P5) > pt2(P5).

(ii) Consider the hyper cube graph Q3 depicted in figure 4. We can see that
the set A = {v1, v2, v3, v4} is a minimum zero forcing set and pt(Q3) = 1. It
can be easily observed that any singleton set of vertices forms a 3-forcing set
and is minimum. Hence pt3(Q3) = 3. Therefore pt(Q3) < pt3(Q3).
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v1 v2

v3v4

v5 v6

v7v8

Figure 4. Hypercube graph Q3

□

From the definition of k-forcing propagation time, we can easily observe that

Observation 3.14. For any graph G, ptk(G) = 0 if and only if G is a totally
disconnected graph.

Minimum k-forcing propagation time of a graph G and its sub graph H are
not comparable, consider the following examples.

Let G be a graph. If H is a sub graph of G, then ptk(H) ≤ ptk(G) is not
true, in general.

Consider the graph G = K4 depicted in Figure 1.

v1

v2 v3

v4

Figure 5. The Graph G.

Let Z2 = {v1, v2} be the minimum 2-forcing set for K4 and pt2(G) = 1. Now
consider a sub graph H = K4 − e of G given below.

v1

v2 v3

v4

Figure 6. The Graph H.

Here Z ′
2 = {v2} be a minimum 2-forcing set forH and pt2(H) = 2. Therefore,

the assertion follows.
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The converse of the above assertion is that it need not be true in general.
That is, for a graph G and H is a sub graph of G, then ptk(H) ≥ ptk(G) is not
true in general. Consider the following example.

Let G be the path graph P5. The set {v3} is a minimum 2-forcing set and
pt2(G) = 2.

v1 v2 v3 v4 v5

Figure 7. The Graph G

Consider the subgraph H = P3 of G

v1 v2 v3

Figure 8. The Graph H

Here Z2 = {v2} be a minimum 2-forcing set for H and pt2(H) = 1. Therefore,
the assertion follows.

Next we investigate the k-forcing propagation time for path and cycle.

Theorem 3.15. Let G be the path Pn, of order n ≥ 2. Then PTk(Pn) = n− 1,
k ≥ 1.

Proof. Let G be the path Pn with V (G) = {v1, . . . , vn}. Then the set {v1} is
a minimum k-forcing set, k ≥ 1. In each time step only one forcing occurs.
Hence PTk(Pn) = n− 1. □

Theorem 3.16. Let G be the path Pn, of order n ≥ 2. Then ptk(Pn) =
⌈
n−1
2

⌉
,

k ≥ 2.

Proof. Let G be the path Pn with V (G) = {v1, . . . , vn}. Then the set {v⌈n
2
⌉ is

a minimum k-forcing set, k ≥ 2. In each time step two forcing occurs simulta-
neously. Hence ptk(Pn) =

⌈
n−1
2

⌉
. □

Theorem 3.17. For the cycle Cn, of order n ≥ 3, Then

ptk(Cn) = PTk(Cn) =

{ ⌈
n−2
2

⌉
for k = 1⌈

n−1
2

⌉
otherwise

Proof. Let Cn denote the cycle Cn with V (Cn) = {v1, . . . , vn}. Then the set
{v1, v2} is a minimum zero forcing set. And the set {v1} is a minimum k-forcing
set for k > 1. Both forcing sets are unique up to isomorphism and in each time
step two forcing occurs simultaneously. Hence

ptk(Cn) = PTk(Cn) =

{ ⌈
n−2
2

⌉
for k = 1⌈

n−1
2

⌉
otherwise

□

Theorem 3.18. For any connected graph G, PTk(G) = |V (G)| − 1 if and only
if G is a path Pn.

UNDER PEER REVIEW



We can see that a graph G with ptk(G) = 0 if and only if G is totally discon-
nect. And now we characterize graphs having minimum k-forcing propagation
time n− 1.

Proof. Let G be a connected graph with PTk(G) = |V (G)| − 1. then by propo-
sition 3.6, we have Zk(G) = 1. And only one forcing occurs in each time step.
Hence G is a path Pn. Converse part is by proposition 3.15. □

4. Conclusion and Further Scopes

In this article, we found some bounds for the k-forcing propagation time of
graphs. Also found the exact value of the k-forcing propagation time of graphs,
such as paths, cycles. And we characterized regular graph with the k-forcing
propagation time one.

Some questions remains open, such as the characterization of graphs where
ptk(G) = 1 and 2. Another open problem is to find the algorithm for finding
maximum and minimum k-forcing propagation time for a connected graph G.
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