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2| and |b3|.

1. Introduction and Motivation

Let A represent the class of analytic functions expressed as

(1.1) h(ζ) = ζ +
∞∑
n=2

bnζ
n,

which are analytic within the open unit disk ∆ = {ζ : |ζ| < 1}. The subclass S ⊂ A
consists of those functions that are univalent in ∆.

Ding et al. [8] proposed the class Lλ(β) of analytic functions, defined as

Lλ(β) =
{
h ∈ A : <

(
(1− λ)

h(ζ)

ζ
+ λh′(ζ)

)
> β, β < 1, λ ≥ 0

}
.

It follows directly that Lλ1(β) ⊂ Lλ2(β), whenever λ1 > λ2 ≥ 0. In particular, for
λ ≥ 1 and 0 ≤ β < 1,

Lλ(β) ⊂ L1(β) = {h ∈ A : <h′(ζ) > β},
demonstrating that Lλ(β) is a univalent subclass (see [12, 6, 7]).

For h ∈ A , the Sǎlǎgean differential operator Dm : A → A is defined recursively by

D0h(ζ) = h(ζ), D1h(ζ) = ζh′(ζ), D2h(ζ) = ζ(D1h(ζ))′,

and, more generally for m ∈ N,

(1.2) Dmh(ζ) = ζ +
∞∑
n=2

nmbnζ
n, ζ ∈ ∆

The operator Dm is known as Sǎlǎgean differential operator (see[16]).
If h ∈ S , then h admits an inverse h−1 with the properties

h−1(h(ζ)) = ζ, ζ ∈ ∆,

and

h−1(h(w)) = w, |w| < r0(h), r0(h) ≥ 1
4
.
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The inverse has the power series expansion

h−1(w) = w − b2w
2 + (2b2

2 − b3)w3 − (5b3
2 − 5b2b3 + b4)w4 + · · · .

A function h ∈ A is called bi-univalent if both h and its inverse h−1 are univalent in
the open unit disk ∆. The collection of all such functions is represented by Σ (see [19]).

Brannan and Taha [3] (see also [20]) introduced certain subclasses of Σ that are linked
to the classical families of starlike and convex functions, namely S ∗(α) and K (α) for
0 ≤ α < 1. As an example, the class S ∗

Σ[α] representing strongly bi-starlike functions of
order α is defined by functions that satisfy the following condition:

h ∈ Σ,
∣∣∣ arg

(
ζh′(ζ)

h(ζ)

) ∣∣∣ < απ

2
, ζ ∈ ∆,

and ∣∣∣ arg

(
w(g′(w))

g(w)

) ∣∣∣ < απ

2
, w ∈ ∆,

where g denotes the analytic continuation of h−1 in ∆. These classes, S ∗
Σ(α) and KΣ(α),

motivated further studies on coefficient problems, in particular deriving bounds for |b2|
and |b3|. Later, Frasin and Aouf [9] refined such results using methods of Srivastava et
al. [19].

The study of Salagean-type operators continues to attract attention in geometric function
theory. Recent works include P. Sharma et.al [18], Sagsöz [17], Breaz and Cot̂irla [4],
Alharbi and Yamaguchi-Noshiro [1], A. Murugan et.al [13], H. Ö. Güney and S. Yalçin[10],
Ibrahim [11], and Chang and Janteng [5]. These studies investigated coefficient estimates
for generalized, q- and (p, q)-Salagean operators as well as mappings in leaf-like domains.
A related extension by Naik and Sahoo [14] derived Fekete-Szegö inequalities for analytic
functions in leaf-like domains.

Motivated by these investigations, we introduce two new subclasses of the bi-univalent
function family Σ using a weighted Salagean operator characterized by the parameters
(m,α, β, λ). This formulation unifies and extends earlier subclasses by allowing additional
degrees of analytic freedom. The resulting coefficient estimates for |b2| and |b3| generalize
known results as special cases.

We require the following lemma, which will be used throughout.

Lemma 1.1. [15] If f ∈ P , then |dk| ≤ 2 for all k, where P denotes the class of analytic
functions in ∆ having positive real part and given by the expansion

f(ζ) = 1 + d1ζ + d2ζ
2 + d3ζ

3 + · · · , ζ ∈ ∆.

2. Coefficient Estimates for the class BΣ(m,α, λ)

Definition 2.1. Let h(ζ) be given by (1.1). We say h belongs to BΣ(m,α, λ) if

(2.1) h ∈ Σ and
∣∣∣ arg

(
(1− λ)

Dmh(ζ)

ζ
+ λ(Dmh(ζ))′

) ∣∣∣ < απ

2
,

for 0 < α ≤ 1, λ ≥ 1, and ζ ∈ ∆, together with

(2.2)
∣∣∣ arg

(
(1− λ)

Dmg(w)

w
+ λ(Dmg(w))′

) ∣∣∣ < απ

2
,
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where g is the inverse of h, expanded as

(2.3) g(w) = w − b2w
2 + (2b2

2 − b3)w3 + · · · .

Remark 2.2. If we take m = 0, in definition (2.1) this reduces to the class BΣ(α, λ)
studied in [9].

Remark 2.3. By taking m = 0 and λ = 1 in definition (2.1) it reduce to the class H α
Σ

introduced in [19].

Theorem 2.4. If h(ζ) ∈ BΣ(m,α, λ) with 0 < α ≤ 1, λ ≥ 1,then

(2.4) |b2| ≤
2α√

2m(λ+ 1)2 + α
(
3m(4λ+ 2)− 22m(λ+ 1)2

) ,
and

(2.5) |b3| ≤
4α2

22m(λ+ 1)2
+

2α

3m(2λ+ 1)
.

Proof. From conditions (2.1) and (2.2), there exist analytic functions p(ζ) and q(w) be-
longing to P such that

(2.6) (1− λ)
Dmh(ζ)

ζ
+ λ(Dmh(ζ))′ = [p(ζ)]α,

and

(2.7) (1− λ)
Dmg(w)

w
+ λ(Dmg(w))′ = [q(w)]α.

Here,

(2.8) p(ζ) = 1 +
∞∑
n=1

pnζ
n, ζ ∈ ∆,

(2.9) q(w) = 1 +
∞∑
n=1

qnw
n, w ∈ ∆.

Comparing coefficients between (2.6) and (2.7) yields

(2.10) 2m(λ+ 1)b2 = αp1,

(2.11) 3m(2λ+ 1)b3 = αp2 +
α(α− 1)

2
p2

1,

(2.12) − 2m(λ+ 1)b2 = αq1,

(2.13) 3m(2λ+ 1)(2b2
2 − b3) = αq2 +

α(α− 1)

2
q2

1.

From (2.10) and (2.12), we deduce

(2.14) p1 = −q1.

Hence,

(2.15) 2(22m(λ+ 1)2)b2
2 = α2(p2

1 + q2
1).
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Combining (2.11), (2.13), and (2.15), one obtains

2(3m(2λ+ 1))b2
2 = α(p2 + q2) +

α(α− 1)

2
· 2(22m(λ+ 1)2)b2

2

α2
.

This simplifies to

b2
2 =

α2(p2 + q2)

2m(λ+ 1)2 + α
(
3m(4λ+ 2)− 22m(λ+ 1)2

) .
Applying Lemma 1.1, which guarantees |p2|, |q2| ≤ 2, establishes inequality (2.4).

To estimate |b3|, subtracting (2.13) from (2.11) gives

(2.16) 2(3m(2λ+ 1))(b3 − b2
2) = α(p2 − q2) +

α(α− 1)

2
(p2

1 − q2
1).

Using (2.14) and (2.15), this becomes

2(3m(2λ+ 1))b3 =
α2(2λ+ 1)3m(p2

1 + q2
1)

22m(λ+ 1)2
+ α(p2 − q2).

Therefore,

b3 =
α2(p2

1 + q2
1)

2(22m(λ+ 1)2)
+

α(p2 − q2)

2(3m(2λ+ 1))
.

Applying Lemma 1.1 once more (|p1|, |q1|, |p2|, |q2| ≤ 2) gives the estimate in (2.5). �

The following cases arise as direct consequences of Theorem 2.4.

Corollary 2.5. ([9]) For m = 0 and if h(ζ) ∈ BΣ(α, λ), then

(2.17) |b2| ≤
2α√

(λ+ 1)2 + α(1 + 2λ− λ2)
,

and

(2.18) |b3| ≤
4α2

(λ+ 1)2
+

2α

2λ+ 1
.

Corollary 2.6. ( [19]) If λ = 1 , m = 0, and h(ζ) ∈H α
Σ , then

(2.19) |b2| ≤ α

√
2

2 + α
,

(2.20) |b3| ≤
α(3α + 2)

3
.

3. Coefficient Estimates for the class BΣ(m,β, λ)

Definition 3.1. A function h(ζ) given by (1.1) belongs to BΣ(m,β, λ) if

(3.1) h ∈ Σ and <
(

(1− λ)
Dmh(ζ)

ζ
+ λ(Dmh(ζ))′

)
> β,

and

(3.2) <
(

(1− λ)
Dmg(w)

w
+ λ(Dmg(w))′

)
> β,

where 0 ≤ β < 1, λ ≥ 1, and g is the inverse of h as in (2.3).
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Remark 3.2. For m = 0, in definition (3.1) this reduces to BΣ(β, λ) studied in [9].

Remark 3.3. If we take m = 0, λ = 1,in definition (3.1) it becomes HΣ(β), introduced
in [19].

Theorem 3.4. If h(ζ) ∈ BΣ(m,β, λ) with 0 ≤ β < 1, λ ≥ 1, then

(3.3) |b2| ≤

√
2(1− β)

3m(2λ+ 1)
,

and

(3.4) |b3| ≤
4(1− β)2

22m(λ+ 1)2
+

2(1− β)

3m(2λ+ 1)
.

Proof. From (3.1)(3.2), we can find analytic functions p(ζ), q(w) ∈ P such that

(3.5) (1− λ)
Dmh(ζ)

ζ
+ λ(Dmh(ζ))′ = β + (1− β)p(ζ),

(3.6) (1− λ)
Dmg(w)

w
+ λ(Dmg(w))′ = β + (1− β)q(w).

Using the expansions (2.8)(2.9) and comparing coefficients, we obtain

(3.7) 2m(λ+ 1)b2 = (1− β)p1,

(3.8) 3m(2λ+ 1)b3 = (1− β)p2,

(3.9) − 2m(λ+ 1)b2 = (1− β)q1,

(3.10) 3m(2λ+ 1)(2b2
2 − b3) = (1− β)q2.

From (3.7) and (3.9), it follows that

(3.11) p1 = −q1.

Consequently,

(3.12) 2(22m(λ+ 1)2)b2
2 = (1− β)2(p2

1 + q2
1).

Moreover, combining (3.8) and (3.10), we find

2(3m(2λ+ 1))b2
2 = (1− β)(p2 + q2).

Using Lemma 1.1, which guarantees |p2|, |q2| ≤ 2, leads to (3.3).
For |b3|, subtract (3.10) from (3.8), giving

2(3m(2λ+ 1))(b3 − b2
2) = (1− β)(p2 − q2),

which can be written as

b3 =
(1− β)2(p2

1 + q2
1)

2(22m(λ+ 1)2)
+

(1− β)(p2 − q2)

2(3m(2λ+ 1))
.

Applying Lemma 1.1, inequality (3.4) follows immediately. �
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Corollary 3.5. ( [9]) For m = 0 and if h(ζ) ∈ BΣ(β, λ), then

(3.13) |b2| ≤
√

2(1− β)

2λ+ 1
,

and

(3.14) |b3| ≤
4(1− β)2

(λ+ 1)2
+

(1− β)

2λ+ 1
.

Corollary 3.6. ([19]) For λ = 1 , m = 0, and if h(ζ) ∈HΣ(β), then

(3.15) |b2| ≤
√

2(1− β)

3
,

(3.16) |b3| ≤
(1− β)(5− 3β)

3
.

4. Concluding Remarks and Applications

The coefficient bounds derived in this paper have potential applications in conformal
mapping problems, distortion theory, and the study of analytic image domains in complex
dynamical systems. They also provide useful estimates for analytic filters and potential
functions in engineering mathematics where reversible analytic transformations are mod-
eled by bi-univalent mappings. Future research may extend these results to q-calculus
and fractional-order Salagean operators.
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