 Thermal and Quantum Properties of Nonlinear and Inverted Harmonic Oscillators in Magnetic Fields: Applications to Polyatomic Molecules

Abstract
An analytical study of the radial Schrodinger wave equation with magnetic field, nonlinear and inverted nonlinear isotropic harmonic oscillator potentials was carried out. A modified substitution technique was used to determine the energy eigenvalues of the nonlinear and inverted nonlinear oscillators while the Laplace and computational methods were used to determine the radial wave functions. The determination of the energies’ eigenvalues and the radial wave functions enabled the study to generate tables, plot graphs, and discuss the effect of the magnetic field, angular frequency, and nonlinear term on the thermodynamic functions and systems. Results of the study revealed that the energies’ eigenvalues of the inverted nonlinear oscillator fluctuates increasingly and decreasingly, while that of the nonlinear isotropic oscillator fluctuates decreasingly and degeneracies, completely removed. As the angular frequency is improved, expansion or increase is observed in the nonlinear and the inverse nonlinear cases in the radial wave functions. In the case of increase in the nonlinear term, saturation in the radial wave functions are observed in the inverted and non-inverted cases. For the effect of the increase in the magnetic field potential, initial decrease with saturation was observed in the both cases. The effect of the magnetic field and nonlinear term in both the nonlinear and inverted oscillators on the thermodynamic functions, attained saturation on the polyatomic molecules, while the effects of angular frequency is observed to enhance the thermodynamic functions. Generally, the contraction or saturation experienced with the increase of the magnetic field term is as a result of the small value of the electron charge, and the carbon (iv) oxide molecule is at higher potential than that of the water molecule.
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1. Introduction
To describe a given quantum mechanical system, the use of an appropriate potential model cannot be overemphasized because the energy eigenvalues and the corresponding wave functions from the model provide information needed and from which some or all of the needed physical quantities can be computed or analyzed. The isotropic harmonic oscillator potential is one of the central spherically symmetric potentials, which closed form solutions exist. However, same cannot be said of the nonlinear or inverted nonlinear isotropic harmonic oscillator potentials. The effective potential, which is a combination of the central potential, and the centrifugal or repulsive or stability potential poses a challenge to the solution of the Schrodinger wave equation, which resulted into many approximation schemes. However, the nonlinear term presents a second challenge in determining the energy eigenvalues and radial wave function of the nonlinear or inverted nonlinear harmonic oscillator potentials. The linear isotropic harmonic oscillator potential is stated as  

The linear isotropic harmonic oscillator potential is stated as  

                                                                                                            (1)
Following the work of Cahn and Nadgorny [1], the nonlinear harmonic oscillator expression takes the form

                                                                                             (2)



where  is the mass of oscillator,  is the frequency, r is the radius and  is a small positive nonlinear parameter. 


If   is replaced with  in (1), the resulting expression is termed inverted linear harmonic oscillator or parabolic potential barrier [2]. In like manner, (2) can be re-written as 

                                                                                           (3)
(3) is the inverted nonlinear isotropic harmonic oscillator potential or the inverted parabolic potential barrier and can be adjusted to study other variations  and combinations. 

The harmonic oscillator, linear or nonlinear, inversions, combinations and variations and their studies are abounded [3 - 13]. The reasons for these studies are predicated on the opportunity it offers us to understand the basic features of a quantum mechanical system, it use in other areas of physics and as a model of instability. To be specific, Yuce et al [2] opined that, the solution of inverted harmonic oscillator, plays a major role in constructing the modern theories of physics and also have a direct link between the free particle and the inverted oscillator. They made a further assertion that “the replacement cannot be applied to find the energy eigenvalues. If it can be made, the energy eigenvalues would take complex values for the Hermitian Hamiltonian”. Patil [14], reported that harmonic oscillator potential, its combination and inversions can be analyzed from different perspectives which provides a very useful insight into the characteristics of the system and can also be used to stimulate the potential experienced by an electron in a semiconductor layer. Orukari et al [15], provided an analytical solution of the modified nonlinear harmonic oscillator and reported that more energy is needed to sustain the system in the absence of the nonlinear term. The modification observed in their study is the replacement of the cube of the radius r with the reciprocal of the radius r in the nonlinear part of the harmonic oscillator. Magnetic field is everywhere in the universe and flying birds use magnetic field for direction. According to [16], the superconductivity state of an element or compound is reversed when a strong magnetic field is placed around it. Several study such as [17 - 24] explained that, the presence of magnetic field altered the bound state wave functions and removed partially or as a whole the degeneracy of the system considered. With the development of quantum systems, values of thermal quantities can be predicted theoretically with the help of the partition function of the system. Substantial data on thermal properties are reported on diatomic molecules with few deviations [25].The deviations notwithstanding, thermal quantities have their potential applications. For instance, mean energy is used for calculating heat loads in process design while entropy data are used for heart diseases diagnose [26]. It is in the light of these applications that some studies on thermal properties are abounded [27 - 32]. However, its application to polyatomic molecules are few. Polyatomic molecules such as water and carbon (iv) oxide are useful to man and its interaction with the environment, they also possess several modes of vibration as oppose to one mode of vibration possessed by diatomic molecules, they have clearer spin pairing of electrons than diatomic molecules and are stable than diatomic molecules. The aim of this study is to determine the effect of magnetic field on the system, confirm the statement credited to  [2] that the energy eigenvalues of any inverted oscillator will be complex and to obtain the energy eigenvalues of nonlinear and inverted nonlinear harmonic oscillators to determine the thermal properties of water and carbon (iv) oxide molecules as well as their radial wave functions with a view to comparing the two energy eigenvalues and radial wave functions.
2. Formalism

The work considers the radial Schrodinger wave equation of the form 


                                                  (4)





where is the orbital quantum number, E is the eigenvalues and  is the Planck’s constant. The magnetic field breaks spherical symmetry, However, in the consideration of its effect, , simplified to the form , which is the magnetic interaction energy associated with circulatory motion of  a charged particle and in addition a term proportional to the square of the magnetic field, which makes negligible contribution hence its use in the form as used in (5)[33]  

 (3) and the magnetic field term  is put into equation (4) and simplify, results in 


                     (5)
where q is the electron charge, B is the imposed magnetic induction and m is magnetic quantum number. 
To transform (5), an expression takes the form 


                                                                                                                                   (6)
(6) is put into (5) and the resulting expression takes the form 


                                   (7)

3. Method of solution



In order to consider the asymptotic behavior of the radial wave function for small values of  and large values of for the determination of the isotropic harmonic oscillator, the study assumed a solution of the form [34]


                                                                                                      (8)


where  is a constant.
Equation (8) is simplified using equation (7), but we could not achieve the required transformation. The JWKB method, the asymptotic iteration method and the Laplace transform method were all tested but failed to determine the energy eigenvalues. The reason is the presence of the nonlinear term. To overcome the challenge, the study proposed an improved and modified assumed solution of the form


                                                                                       (9)	



where ,   and are constants to be determined later.

(9) is put into (7) and simplify results in 



   (10)

Further, the study use a power series solution of the form


                                                                                                                         (11)

(11) is substituted into (10) and simplify, results into the form

 




  (12)

For (12) to hold, since , the coefficients must vanish separately and the following expressions result


                                                                                                    (13)


                                                                                       (14)


                                                                             (15)


                                                                                     (16)


                                                                                                 (17)



                                                                                                       (18)

               
From (14)  

                                                                                                                  (19)
Substitute (19) into (17) results into 

                                                                                             (20)

Eliminate  from (20) and (18), results into a quadratic equation of the form

                                                                                      (21)
The solution of (21) is given by 

                                                    (22)
Substitute (19) and (22) into (15) and simplify, results into the energy eigenvalues of the form

  (23)
Put (2) into (4) with the presence of the magnetic field term and follow the same procedure, the energy eigenvalues of the nonlinear isotropic harmonic oscillator is given as 

     (24)





To obtain the radial wave function using the same method is a challenge, the study rather resort to Laplace transform and computational techniques. To achieve it, the constants [35 - 38] also, , and assuming the ground state  and  obtained from  (23). 

The imposed boundary conditions are given as .

(5) is  multiplied by  gives the result as 

  (25)

Apply the Laplace transform with the imposed boundary conditions and take  transform (25) into the form

           (26)

Simplify and multiply the resulting expression by , reduced (26) into the form

                                      (27)

Take the inverse Laplace transform together with the numerical values of  given and discarding the complex part, the radial wave functions read

              (28) 
and         

    (29)

Similarly, (2) is put into (4) and using the same method as well as  obtained from  (24), the radial wave functions of the  nonlinear isotropic harmonic oscillator are given by 

(30) 
and   

    (31)

4. Thermal Properties

Thermal quantities of a system consist of parameters such as specific heat, and  entropy, mean energy, pressure, and enthalpy just to mention a few. According to [26], to determine the thermal properties of a system, the partition function is needed from where they are derived and is given as 


                                                                                                                       (32)

where g is the degeneracy of the ith level, k is the Boltzmann constant and T is the temperature.
However, the partition functions of real gases or molecules, takes the dimensionless form [34]


                                                                                                   (33)

where N is the number of particles and U is the potential energy.

To evaluate the integral ,  the  Van der Waals assumptions as reported in [39] is adopted. The assumption is that the particles are rigid spheres and they attract each other with a weak force which decreases rapidly.

The mean free energy F(T) of the system is stated as 


                                                                           (34)

where A(T) is the second virial coefficients

Using equation (33), equation (34) can be written as 


                                                                                             (35)



where  is the thermal wavelength and 

The entropy S(T) of the system takes the form


                                                                                (36)

The pressure P(V) of the system is stated as


                                                              (37)



5. Results and Discussion
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Figure 1: Plot of radial wave function of equation (28) against radius of the inverted nonlinear isotropic oscillator with the angular frequency varying.
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Figure 2: Plot of radial wave function of equation (28) against radius of the inverted nonlinear isotropic oscillator with the nonlinear term varying.
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Figure 3: Plot of radial wave function of equation (28) against radius of the inverted nonlinear isotropic oscillator with the magnetic field term varying.
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Figure 4: Plot of radial wave function of equation (29) against radius of the inverted nonlinear isotropic oscillator with the angular frequency varying.
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Figure 5: Plot of radial wave function of equation (29) against radius of the inverted nonlinear isotropic oscillator with the nonlinear term varying.
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Figure 6: Plot of radial wave function of equation (29) against radius of the inverted nonlinear isotropic oscillator with the magnetic field term varying.
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Figure 7: Plot of radial wave function of equation (30) against radius of the nonlinear isotropic oscillator with the angular frequency varying.
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Figure 8: Plot of radial wave function of equation (30) against radius of the nonlinear isotropic oscillator with the nonlinear term varying.
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Figure 9: Plot of radial wave function of equation (30) against radius of the nonlinear isotropic oscillator with the magnetic field term varying.
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Figure 10: Plot of radial wave function of equation (31) against  radius of the nonlinear isotropic oscillator with the angular frequency varying.
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Figure 11: Plot of  radial wave function of equation (31) against  radius of the nonlinear isotropic oscillator with the nonlinear term varying.
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Figure 12: Plot of  radial wave function of equation (31) against  radius of the nonlinear isotropic oscillator with the magnetic field term varying.
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Figure 13: Plot of mean free energy (+) of the inverted nonlinear isotropic oscillator as shown in (35) against  temperature with the nonlinear  term varying.
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Figure 14: Plot of  mean free energy (-) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with nonlinear term varying.
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Figure 15: Plot of  mean free energy (-) of the inverted nonliear isotropic oscillator as shown in (35) against the temperature with angular frequency term varying.
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Figure 16: Plot of  mean free energy (+) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with angular frequency term varying.
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Figure 17: Plot of  mean free energy (+) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with magnetic field term varying.
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Figure 18: Plot of  mean free energy (-) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with magnetic field term varying.

[image: ]
Figure 19: Plot of  entropy (-) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with angular frequency term varying.
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Figure 20: Plot of  entropy (+) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with angular frequency term varying.
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Figure 21: Plot of  entropy (+) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with nonlinear term varying.
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Figure 22: Plot of  entropy (-) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with nonlinear term varying.
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Figure 23: Plot of  entropy (-) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with magnetic field term varying.
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Figure 24: Plot of entropy (+) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with magnetic field term varying.
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Figure 25: Plot of pressure (+) of the inverted isotropic oscillator as shown in (37) against the volume with nonlinear term varying.
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Figure 26: Plot of pressure (-) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with nonlinear term varying.
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Figure 27: Plot of pressure (-) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with magnetic field term varying.
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Figure 28: Plot of pressure (+) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with magnetic field term varying.
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Figure 29: Plot of pressure (-) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with angular frequency term varying.
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Figure 30: Plot of pressure (+) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with angular frequency term varying.
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Figure 31: Plot of mean energy (-) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with virial coefficients of and .
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Figure 32: Plot of mean energy (+) of the inverted nonlinear isotropic oscillator as shown in (35) against the temperature with virial coefficients of and .
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Figure 33: Plot of entropy (+) of the inverted nonlinear isotropic oscillator as shown in (36) against the temperature with virial coefficients of and .
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Figure 34: Plot of entropy (-) of the inverted nonlinear isotropic oscillator as shown in (36)  against the temperature with virial coefficients of and 
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Figure 35: Plot of pressure (+) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with virial coefficients of and 
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Figure 36: Plot of pressure (-) of the inverted nonlinear isotropic oscillator as shown in (37) against the volume with virial coefficients of and 

[image: ]
Figure 37: Plot of mean energy (+) of the nonlinear isotropic oscillator as shown in (35) against the temperature with nonlinear term varying.
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Figure 38: Plot of mean energy (-) of the nonlinear isotropic oscillator as shown in (35) against the temperature with nonlinear term varying.
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Figure 39: Plot of mean energy (+) of the nonlinear isotropic oscillator as shown in (35) against the temperature with angular frequency term varying.
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Figure 40: Plot of mean energy (-) of the nonlinear isotropic oscillator as shown in (35) against the temperature with angular frequency term varying.
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Figure 41: Plot of mean energy (+) of the nonlinear isotropic oscillator as shown in (35) against the temperature with magnetic field term varying.
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Figure 42: Plot of mean energy (-) of the nonlinear isotropic oscillator as shown in (35) against the temperature with magnetic field term varying.
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Figure 43: Plot of entropy (-) of the nonlinear isotropic oscillator as shown in (36) against the temperature with magnetic field term varying.
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Figure 44: Plot of entropy (+) of the nonlinear isotropic oscillator as shown in (36) against the temperature with magnetic field term varying.
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Figure 45: Plot of entropy (+) of the nonlinear isotropic oscillator as shown in (36) against the temperature with nonlinear term varying.
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Figure 46: Plot of entropy (-) of the nonlinear isotropic oscillator as shown in (36) against the temperature with nonlinear term varying.
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Figure 47: Plot of entropy (+) of the nonlinear isotropic oscillator as shown in (36) against the temperature with angular frequency term varying.
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Figure 48: Plot of entropy (-) of the nonlinear isotropic oscillator as shown in (36) against the temperature with angular frequency term varying.
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Figure 49: Plot of pressure (+) of the nonlinear isotropic oscillator as shown in (37) against the volume with angular frequency term varying.
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Figure 50: Plot of pressure (-) of the nonlinear isotropic oscillator as shown in (37) against the volume with angular frequency term varying.
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Figure 51: Plot of pressure (-) of the nonlinear isotropic oscillator as shown in (37) against the volume with nonlinear term varying.
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Figure 52: Plot of pressure (+) of the nonlinear isotropic oscillator as shown in (37) against the volume with nonlinear term varying.
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Figure 53: Plot of pressure (+) of the nonlinear isotropic oscillator as shown in (37) against the volume with magnetic field term varying.
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Figure 54: Plot of pressure (-) of the nonlinear isotropic oscillator as shown in (37) against the volume with magnetic field term varying.
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Figure 55: Plot of mean energy (+) of the  nonlinear isotropic oscillator as shown in (35) against the temperature with virial coefficients of and 

[image: ]


Figure 56: Plot of mean energy (-) of the  nonlinear isotropic oscillator as shown in (35) against the temperature with virial coefficients of and 
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Figure 57: Plot of entropy (-) of the nonlinear isotropic oscillator as shown in (36) against the temperature with virial coefficients of and 
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Figure 58: Plot of entropy (+) of the  nonlinear isotropic oscillator as shown in (36) against the temperature with virial coefficients of and 
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Figure 59: Plot of pressure (-) of the nonlinear isotropic oscillator as shown in (37) against the volume with virial coefficients of and 
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Figure 60: Plot of pressure (+) of the nonlinear isotropic oscillator as shown in (37) against the volume with virial coefficients of and 

Table 1: Values of Van der Waals constants a and b for two polyatomic molecules [39, 40]
	Molecule
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Table 2: Values of energies (J) obtained from equation (23)  for increasing orbital and quantum numbers. (       )
	
n
	
                                
	
                         
	


	                 
	

	0
	0
	-0.493245
	78.4501
	
	

	1
	0
	-0.051052
	157.854
	
	

	2
	0
	-0.015947
	236.846
	
	

	
3


4



5




	1
0
1
2
0
1
2
3
0
1
2
3
4
	-0.656912
-0.0063442
-0.6024130
-2.171340
-0.002420
-0.567845
-2.115320
-4.649310
-0.000448
-0.542896
-2.072620
-4.592320
-8.104020




	236.166
       315.813
315.164
313.542
394.774
394.142
392.528
389.922
473.733
473.110
471.500
468.900
465.307

	


	










Table 3: Values of energies (J) obtained from equation (24)  for increasing orbital and quantum numbers. (       )
	
n
	
                                
	
                         
	

        
	                 
	

	0
	0
	-79.4501
	-0.506755
	
	

	1
	0
	-157.965
	-0.0600588
	
	

	2
	0
	-236.886
	0.0240529
	
	

	
3


4



5




	1
0
1
2
0
1
2
3
0
1
2
3
4
	-237.527
-315.834
-316.430
-317.999
-394.787
-395.352
-396.899
-399.433
-473.741
-474.284
-475.814
-479.333
-481.845




	-0.704200
     -0.014064
-0.663212
-2.285450
-0.009926
-0.642155
-2.256580
-4.857640
-0.007817
-0.063072
-2.240990
-4.841350
-8.433760

	


	















This study provides the first comparative analysis of nonlinear and inverted nonlinear oscillators as applied to polyatomic molecules. A close observation of the energy eigenvalues for the inverted nonlinear isotropic harmonic oscillator potential as shown in (23) is generally not complex. The reason may be the extension to the inverted nonlinear case. This form of the inverted nonlinear oscillator of the energy eigenvalues is not consistent with the results of [2] which also posit that a new boundary condition makes the wave function not to vanish at infinity for the inverted oscillator. However, the nonlinear isotropic harmonic oscillator potential has an energy eigenvalues which is different in values as shown in (24). This suggest that the behavior of the energy eigenvalues of the nonlinear harmonic oscillator is not clear or rather complicated to describe. This assertion was corroborated by [15]. It is clear that (28) - (31) are quantum wave functions, therefore they are square integrable which is in line with the observation of [16]. Figure 1 shows that as the angular frequency term is enhanced, there is a corresponding improvement in the radial wave function of the inverted nonlinear isotropic harmonic oscillator and this result is consistent with that of the nonlinear isotropic harmonic oscillator as depicted in Figure 7. This observation is in agreement with the work of [15]. As the nonlinear term is increased as shown in Figure 2, the radial wave function of the inverted nonlinear isotropic harmonic oscillator gets contracted or saturated. However, for the nonlinear harmonic oscillator case as shown in Figure 8, initial increase and later saturation or contraction in the radial wave function is observed. Magnetic field is a resistive force , its improvement as shown in Figure 3, reduces the amplitude and later reached a saturation point of the radial wave function of the inverted isotropic harmonic oscillator. Though the effect is not pronounced, the reason is the small value of the electron charge and this observation is in tandem with that of Figure 9. The observation supports the works of [21] – [23]. Figure 4 reveals that as the angular frequency term is enhanced, the radial wave function of the inverted nonlinear oscillator depreciates and later contracts which is a complete reversal of the nonlinear oscillator as shown in Figure 10, where an improvement of the angular frequency brings about a corresponding enhancement of the radial wave function. This contradictory behavior of the inverted nonlinear oscillator and the nonlinear oscillator justifies the complexity of these two potentials. As the nonlinear term is improved, there is a corresponding decrease and later saturation in the radial wave function of the inverted nonlinear harmonic oscillator as shown in Figure 5. This is in sharp contrast with the increase in the nonlinear term of the nonlinear oscillator potential as shown in Figure 11. An increase in the magnetic field potential as shown in Figure 6, led to a decrease and later saturation on the radial wave function of the inverted isotropic harmonic oscillator and this observation is the direct inverse to the behavior of the nonlinear isotropic oscillator as shown in Figure 12. Table 2 shows the relationship between the quantum numbers, orbital numbers and the energy eigenvalues of the inverted isotropic harmonic oscillator. As the orbital and quantum numbers are enhanced, there is an increasing fluctuations in the energy eigenvalues  and decreasing fluctuations in the energy eigenvalues   as well as complete removal of degeneracy. Similarly, Table 3 shows that as the magnetic and orbital quantum numbers of the nonlinear isotropic oscillator are enhanced, it is observed that decreasing fluctuations of the energies eigenvalues  and  are the pattern. Degeneracy is also removed. This shows that the energy eigenvalues  of Table 2 behaves the same with the energies eigenvalues  and  of Table 3. Figures 13 - 36 depict some thermodynamic functions of the inverted nonlinear isotropic harmonic oscillator while Figures 37 – 60 illustrates the behavior of some thermodynamic functions of the nonlinear isotropic harmonic oscillator. From Figures 13 and 38, it is shown that, as the nonlinear term  is enhanced, the mean energy of the oscillators attained saturation. Same observation was deduced for Figures 14 and 37. Although, the complex part of Figure 37 increases, but since complex part cannot be measured with physical instrument, it is discarded. As the angular frequency increases as shown in Figures 15 and 39, a corresponding enhancement of the mean energy of the oscillators is observed with the imaginary part truncated in Figure 39. Saturation of the mean energy for the oscillators as shown in Figures 16 and 40 is observed as the angular frequency is boosted. An increase in the magnetic field term as shown in Figures 17 and 42 and Figures 18 and 41, showed saturation in the mean energy of the oscillators with the complex part dropped in Figure 41. The enhancement of the angular frequency as shown in Figures 19 and 47, depreciated the entropy of the oscillators with the complex part in Figure 47 removed. This observation is at variance with the additive property of entropy. Although recent developing studies suggested that, entropy can be . Similarly, an increase in the angular frequency as shown in Figures 20 and 48, correspond to saturation in the entropy of the oscillators. As the nonlinear term is given a boost, Figures 21, 46, 22 and 45, showed that the entropy attained saturation. The complex part of Figure 45 was ignored. The improvement in the intensity of the magnetic field as shown in Figures 23, 43, 24 and 44, showed that the entropy is saturated. As an approximation, the complex part of Figure 44 is discarded. Figures 25, 51, 26 and 52, displayed the effect of improving the nonlinear term on the pressure of the oscillators. It is shown that similar saturation is attained in all. However, the complex part of Figure 52 is removed. Again, the pressure of the oscillators attained saturation as the magnetic field intensity is enhanced as shown in Figures 27, 53, 28 and 54, having discarded the complex part of Figure 54. Similar attainment of saturation of the pressure of the oscillators was observed as the angular frequency is improved as shown in Figures 29, 49, 30 and 50, with the imaginary part of Figure 49 removed. It is observed that in Figures 31, 55, 32 and 56, Figures 33, 57, 34 and 58 and Figures 35, 59, 36 and 60, the mean energy, entropy and pressure of  is at higher potential than that of respectively, discarding the complex parts of Figure 55, 58 and 60. The graphs of the effect of the magnetic field, nonlinear term, angular frequency and the three thermodynamic functions of are not included because, the results are similar and only differ in magnitude which can be explained theoretically from the findings of Figures 31, 55, 32 and 56, Figures 33, 57, 34 and 58 and Figures 35, 59, 36 and 60
[bookmark: _GoBack]7. Conclusion
The study generally showed the complexity of the behavior of nonlinear isotropic harmonic oscillator and also that closed form solution of the linear harmonic oscillator is possible but not so with the nonlinear and inverted nonlinear harmonic oscillator. It also contributes to the scientific community by addressing the analytical treatment of nonlinear and inverted nonlinear isotropic harmonic oscillators under the influence of magnetic field, a problem with significant implications in quantum mechanical systems and thermodynamics. The study bridges theoretical quantum models with practical applications by extending results to polyatomic molecules such as water and carbon dioxide, which are relevant in both physics and chemistry. The work highlights how nonlinear terms and magnetic fields alter energy eigenvalues, radial wave functions, and thermodynamic properties, thereby enriching our understanding of molecular interactions in external fields. Its findings may inspire further research into instability models, condensed matter systems, and quantum thermodynamics. The study of the transition from linear oscillator to inverted nonlinear oscillator is not only interesting but possess special characteristics that can be applied to other areas of classical and quantum systems. The energies eigenvalues and radial wave functions of the inverted nonlinear isotropic oscillator and that of the nonlinear isotropic oscillator shows similar and dissimilar properties as well. However, the complex value of the energy eigenvalues in the case of the inverted harmonic oscillator as reported by [2] could not be proved. The inability to prove the complex nature of the inverted nonlinear oscillator may be attributed to the extension of nonlinear harmonic oscillator to inverted nonlinear harmonic oscillator. In the absence of the complex part of the nonlinear oscillator, the effect of magnetic field, nonlinear term and angular frequency on the mean energy, entropy and pressure of inverted nonlinear and nonlinear oscillators are similar and differ only in magnitude.
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