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Derivation of a Pricing Model for European Calls with Transaction Costs under the Heston Stochastic Volatility 

Abstract
An option as a financial security, gives the holder the right to buy or sell an underlying asset at a predetermined price on a specified date. Option pricing which plays a vital role in financial market deals with valuing the price of an option using variables like stock price, interest rate, exercise price, expiration time, volatility. This work deals with the derivation of the pricing Partial Differential Equations (PDEs) for European calls with transaction costs under the Heston stochastic volatility. The Heston stochastic volatility is chosen because it follows a process that is more adaptable to the market which is the mean reverting process. We obtain our formulation by utilizing a familiar option without transaction costs in its price and using a dynamic hedging strategy. Our final pricing PDE does not include the familiar option and it reduces to the original Heston PDE when transaction costs are eliminated.  
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1.0 Introduction
Option pricing is one of the most important topics in financial mathematics. Options are vital type of financial instrument that involve two parties that accept to buy (call) or sell (put) an asset at a specified price on or before a future date. An option contract gives the holder right, but not obligation, to buy or sell an underlying asset at a predetermined price called the strike or exercise price on a specified date. Options can be grouped in two ways depending on when an investor could exercise it. Hence, an option that can only be exercised on the expiry is referred to as European-style option while an option that can be exercised on any trading day before the expiry date is called American-style option. 
1.1   Research questions 
The following research questions guide the objective of this work.
1. Can we derive a pricing PDE for the writer of European call option with transaction costs under the Heston stochastic volatility?      
2. Can we obtain a pricing PDE for the holder of European call option with transaction costs under the Heston stochastic volatility?    
3. Can we use a familiar option without transaction costs in its price and a dynamic hedging strategy to derive the required pricing PDEs?     
1.2   Objective of the study
Our objective in this work is to derive pricing Partial Differential Equations (PDEs) for European calls with transaction costs under the Heston stochastic volatility.

2.0 Literature review
The problem associated with random behaviour of stock exchange has been addressed extensively by many researchers. The Black-Scholes model [1] has been widely used since its introduction in 1973 for pricing options. However, market data have shown some limitations of the model. The assumption in the Black-Scholes model of constant volatility is not realistic in practice. Various pricing models with non-constant volatility have been derived to overcome this challenge. Pricing models like the local volatility model [2], regime-switching in volatility [3, 4, 5] and the stochastic volatility models [6, 7]. In the financial market, the Heston model [6] which assumes the stochastic volatility has been widely adopted. Another assumption of the Black-Scholes model which is not applicable in real market is the absence of transaction cost. When considering the transaction costs, based on the market incompleteness, the option price for the holder and writer of the option is no longer unique. Leland [8] under the Black-Scholes framework included transaction costs in options pricing. He derived the Black-Scholes PDE with an adjusted volatility by the transaction cost rate and the hedging interval. Other variations of the Leland model can be seen in [9, 10, 11, 12, 13]. Mariani and SenGupta [14] derived a pricing model that incorporates transaction costs, in which the stochastic volatility follows a modified Hull and White model [7]. 
2.1  Option Pricing
A strong foundation for the development of theories in option pricing theories was laid in the seminal papers of Black and Scholes [1] and Merton [15]. The Black-Scholes model was based on an unrealistic assumption of no transaction cost in portfolio hedging. Such an assumption in real market is not practicable. Reason being that almost every financial transaction has associated cost. In order to solve the problem, Leland [8] proposed a simple modification to the Black-Scholes model. He obtained a non-linear Black-Scholes PDE to explain the effect of proportional transaction costs. [9, 16, 12, 13] followed Leland’s idea to propose variations of the hedging approach for different forms of transaction costs. Davis et al. [17] proposed a method for solving option pricing problem based on the theory of utility maximization. Their method involves solving a three-dimensional Hamilton-Jacobi-Bellman equation arising from various terminal conditions representing the investor’s decision of whether or not to include an option in his portfolio. 
In this work, we present pricing PDEs for European calls with transaction costs under the Heston stochastic volatility. The Heston stochastic volatility is chosen because it follows a more adaptable process to the market which is the mean reverting process. We obtain our formulation by utilizing a familiar option that does not include transaction costs in its price and using a dynamic hedging strategy. 

3.0    Research method 
 Let  be a probability space where , the sample space, includes all possible outcomes, , the filtration that includes the information of the underlying price before time, , and , the probability measure. Under a risk-neutral measure, the stock price at time , denoted by  equals the discounted expectation of the stock price with risk-free interest rate . Stochastic processes are vital in option pricing as the stock price is always taken to follow different types of stochastic process. Geometric Brownian motion is among the most commonly used stochastic process. A stochastic process can be defined thus: Given a probability space , a stochastic process  is said to be a collection of random variables , where  is called the index set. 
3.1      Dynamic Hedging Strategy
In finance, hedging simply refers to the act of strategically trading financial instruments with the aim of offsetting as much as possible, the risks that go with the initial position of an investor in assets already owned. Dynamic hedging refers to the act of rebalancing the hedged portfolio through time. It can be divided into two main divisions namely local and global hedging. Dynamic local hedging strategy targets the risk in each small time period independently while dynamic global hedging strategy considers the aggregate risk jointly from one period to another.   
3.2        Ito’s Lemma
Ito’s lemma is a useful tool in financial mathematics. It is used in finding the differential of a deterministic function of a stochastic process. Ito’s lemma plays the role of a stochastic calculus counterpart of the chain rule. It is stated thus: Consider a stochastic differential equation 
                                             ,                                                         (1)
where  and  are constants representing the drift and volatility terms of the geometric Brownian motion respectively, and  is a Weiner process. If a stochastic process  follows equation (1), then for any function that is twice differentiable , the differential of  can be written as 
                                                                       (2)
3.3    Heston Stochastic Probability Model
The Heston model, developed by Steven Heston in 1993 [6] is an option pricing model which can be used for options pricing on different securities. It uses statistical methods to calculate and forecast option pricing. This is achieved with the assumption that volatility is arbitrary. Some of the characteristics of the Heston model are listed below. Heston model factors in a possible correlation between a stock price and its volatility. It conveys volatility as reverting to the mean. Heston model gives a closed-form solution. It does not require that stock prices follow a lognormal probability distribution. 
Consider the following stochastic volatility model:
                                           
                                   ,                                            (3)
where the correlation between  and  is :
                                  .                                                                   (4)
The model has the following parameters:
, the drift of the process for the stock; , the mean reversion speed for the variance; , the mean reversion level for the variance; , the volatility of the variance; and , the correlation between the two Brownian motions . The stochastic volatility in the Heston model [6] is mean reverting towards the long term mean  with a speed . The more the value of , the faster the model reaches the long term mean of the variance. We denote the volatility of  by a constant, .  
3.4    The Model
Consider a portfolio  that contains one option  of the underlying asset, and  of a known option, . The value of this portfolio is 
                                ,                                                                     (5) 
where  is the price of the underlying asset. The variance  together with  satisfy the following stochastic differential equations
                                                                                                    (6a)                                      
                                  ,                                                     (6b)
where  is the drift, , the long-term mean of the variance, , the mean reversion rate, and , the volatility of the variance. The Wiener process  are correlated with a coefficient 
                                   .                                                                    (7)
, used in hedging the volatility risk in equation (5) is chosen to be a Heston-type European option without transaction costs. For the holder of the option, in a non-infinitesimal fixed time-step, we denote the change in the portfolio’s value in equation (5) by 
                                 ,                                          (8)
where  is the transaction cost which is proportional to the asset price  and the absolute value of number of traded stocks,  together with the rate of transaction cost . Using Ito’s lemma to  in equation (8) gives 
        
                       
                   .                         (9)
Due to volatility and asset price fluctuation, we hedge against the risk by choosing
                  and .
Hence, 
                             and  .                                             (10)
Equation (9) becomes 
             
                       .           (11)
Suppose the investor choses to invest the portfolio’s monetary value in a risk-free bank with  as the interest rate. This means that the change in portfolio value is . Equation (5) becomes
                   ,                                                        (12)
where  are as defined in equation (10). Hence,
                
                                                .                        (13)
Substituting equation (13) into the expectation of equation (11) gives
    
     .
                                                                                                                                              (14)
Since  is a familiar Heston-type option, equation (14) becomes
   
     .                                                                                                           (15)
To enable us calculate the transaction costs when hedging the portfolio from the time, , we derive the number of transactions . The number of stocks traded at the time  and  are stated below. 
                   ,                                                       (16a)
and
               
                            .                    (16b)
The changes in assets and the volatility are small since we assumed , the time step to be small. Therefore, we can use Taylor’s expansion for the components of . But  and , hence, the dominant term in  is , whereas the other terms are . We therefore have 
  
                                                                     (17)
From equations (16a) and (17), we have the number of traded stocks from  as 
                        
                             
                             .                                  (18)
Since the transaction cost term does not depend on the additional option, , that is
                                         ,                                                                 (19a)
and  
                                        .                                                                  (19b)
Integrating the two PDEs in equations (19a) and (19b) will lead to 
                                 ,                                                                                      (20)
where  depends on time only.  Equation (20) reveals that during the hedging process, the number of  options to be traded, that is , does not depend on the option price  and the number of traded underlying . Hence, equation (20) is justified because the transaction costs are paid only for stocks trading, the associated trading amount should not depend on any other options involved by the additional risk. Therefore, when calculating the transaction costs term,  should not be a function of . 
Using equation (19) on (18), we have total number of traded stocks during  to be 
                              .                                             (21)
Let 
                                   ,                                                              (22)
where 
                                            and         .                                             (23)
Since,  denote Brownian motions with correlation, , we have 
               and    ,                                      (24)
where  are independent normal random variables. In order to determine the expected value of the transaction costs in a time-step, we substitute equations (23) and (24) in equation (22) to have 
       .                    (25)   
But
                    
                              .                                                                          (26)
Hence, 
                      ,                                       (27)
Substituting equation (23) in equation (25) gives 
   .                      (28)
Putting the expectation of equation (28) in equation (15), we have
     
         .                         (29)
Equation (29) gives the option price for the holder and writer of the option, . That is, the PDE for the holding value of the option,  is 
        
         .                                  (30)
Similarly, the option price for the writer is given by 
         
         .                                  (31)

4.0  Conclusions and recommendations  
Based on the incorporation of the transaction costs and the market incompleteness, the option price for the holder and writer of the option is no longer unique. Equations (30) and (31) give the option price for the holder and writer of the option,  respectively. This was achieved through a familiar option whose price excludes transaction costs and a dynamic hedging strategy. Their solutions, together with adequate conditions yield the holding and writing price of an option with transaction costs. Equation (29) reduces to Heston PDE when the transaction cost rate is equal to zero. 
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