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A Mathematical Model on the Dynamics of Teacher Adoption of Problem-Based Learning in Mathematics Education

Abstract
[bookmark: _Hlk207833520]This study develops a compartmental model to analyze the dynamics of Problem-Based Learning adoption among Ghanaian mathematics teachers. The model is framed within the SEIR structure and classifies teachers into susceptible, exposed, hesitant, and active adopter compartments. Stability analysis of the derived nonlinear system establishes a threshold for sustainable adoption via the basic reproduction number, . Positivity and boundness of solutions in the region  are established. This reveals that the model has epidemiological significance and is well-posed. Stability analysis reveals two stable equilibria: a PBL-free equilibrium and an endemic equilibrium.  Sensitivity analysis identifies teacher attrition and hesitancy as the primary barriers to adoption, while peer influence and recruitment are key facilitators. Numerical simulations visualize the temporal dynamics of each teacher compartment. Simulations highlight slow PBL adoption rates and significant congestion in the hesitant group under baseline conditions. The findings indicate the need for policymakers to design targeted interventions such as training, mentorship, and incentives to promote PBL adoption and improve mathematics education outcomes in Ghana. 
Keywords: Problem-Based Learning, Compartmental Modeling, Mathematics Education.

Introduction
Mathematics is a compulsory subject at the primary and secondary school levels worldwide.  In Ghana, students' performance in mathematics is a key determinant of their future educational and career prospects (Ministry of Education, 2019). Consequently, the Ghanaian mathematics curriculum is designed to provide students with a solid foundation in mathematical concepts and skills, such as critical thinking, problem-solving, and analytical skills (NaCCa, 2019). Mathematics education is critical for Ghana's economic development and competitiveness since it provides individuals with the skills and knowledge necessary to participate in the modern economy. This makes mathematics a fundamental subject for students to learn. However, substantial number of studies suggest that student performance in mathematics remains a major concern (Fokuo et al., 2022; Butakor & Dziwornu, 2018). 
Research has consistently shown that students' mathematics performance in Ghana continues to decline at both the basic and senior high school levels. Studies have identified factors such as anxiety, weak conceptual foundation, self-doubt in understanding mathematics and lack of interest in mathematics as contributors (Bornaa et al., 2025; Agbornu & Edekor, 2020). Among these factors, the choice of teaching methods has received increasing attention (Asante et al., 2024). This has prompted a critical re-examination of instructional strategies.
Traditional practices and contemporary practices are the two broad pedagogical strategies in mathematics teaching. These practices typically involve a lecture-based approach that emphasizes procedural fluency and memorization (Oppong-Gyebi et al., 2023). Traditional teaching methods have been the cornerstone of mathematics instruction for decades due to the overcrowded nature of classrooms and high-stakes examination pressures (Anane, 2015; Osai et al., 2021). While these methods may improve performance in routine tasks, they have been criticized for promoting passive learning and failing to develop higher-order skills (Atteh, 2023). In contrast, contemporary practices such as inquiry-based learning, technology-enhanced learning, and project-based learning aim to foster problem-solving and deep understanding. These approaches have demonstrated effectiveness in improving engagement and learning outcomes (Assuah et al., 2022). Nonetheless, their implementation faces significant challenges in Ghanaian schools (Mohammed e al., 2020).
Among the contemporary instructional methods gaining international recognition is Problem-Based Learning (PBL). The PBL teaching strategy was implemented for the first time in medical education at the University of McMaster in Canada in the 1960s (Savery, 2006). PBL is an educational approach that centers learning around solving open-ended real-world problems. Unlike traditional teaching methods where students passively receive information from the instructor, in PBL, students work together in groups to tackle problems that do not have straightforward solutions. Teachers carefully facilitate the process by guiding students without imposing solutions. Studies show that students who learn through PBL demonstrate better problem-solving abilities, enhanced teamwork skills. and deeper comprehension of concepts since they are required to apply their knowledge in realistic contexts (Aidoo, 2023; Nurlaili et al., 2023; Okyere et al., 2023). This active involvement in learning helps students internalize information and better retain it over time (Zheng et al., 2023). 
 While the collaborative approach of PBL aligns with Ghana’s mathematics curriculum goals (NaCCa, 2019), its adoption has been limited due to barriers such as large class sizes, high-stakes examinations and insufficient teacher training (Osai et al., 2021). These barriers discourage teachers from fully implementing PBL despite curriculum reforms that encourage active learning.
Most existing studies on PBL in Ghana focus on its effectiveness as an instructional intervention or the challenges that arise when implementing this approach. As a result, little is known about the dynamics of how PBL adoption spreads among teachers over time. Adoption is not an isolated decision but a social and systemic process influenced by teacher training, peer interactions, classroom realities, and institutional pressures (Hung et al., 2019). Understanding this dynamic is essential to designing policies and interventions that can accelerate the diffusion of innovative practices in mathematics education.
To address this gap, this study employs a compartmental modeling approach to examine the dynamics of PBL adoption in pre-tertiary mathematics education in Ghana. Specifically, a variant of the Susceptible-Exposed-Infected-Recovered (SEIR) model is employed. This model which is commonly used in epidemiology, is adapted in this study to capture teachers’ movement between stages of PBL awareness, trial and adoption. This is because, PBL adoption is assumed to be a nonstandard diffusion process shaped by contextual and peer influences. This modeling approach provides a framework for analyzing the factors that drive or hinder adoption. Thereby offering valuable insights for policymakers and educators seeking to promote sustainable instructional reforms in mathematics education.  
Model Formulation
[bookmark: _Hlk207575289]In this section we develop a mathematical model for PBL adoption. PBL adoption is assumed to be a nonstandard epidemic process that rarely emerges out of nothing but is usually related to some already PBL persistent environment which may affect potential teachers. Therefore, the dynamics of PBL adoption was modeled using a compartmental model. We divide the total population into four compartments based on the their PBL adoption status: the susceptible teachers, exposed teachers, hesitant adopters and active adopters.  The susceptible group  are teachers who have no awareness of PBL and are capable of adopting the strategy. These teachers may be exposed via interacting and learning from colleagues who actively implementing PBL at rate . Literature suggests that PBL adoption relies primarily on peer collaboration (Aidoo, 2023). The susceptible population increases by the recruitment of new teachers, at rate  and decreases when teachers move to the exposed compartment at rate . The exposed class  consists of teachers who have become aware of PBL through peer interactions. The exposed teacher advances to a stage where he/she fully and effectively implements PBL at rate  or a stage where he/she partially implements PBL at rate . The exposed sub-population increases at rate  when susceptible teachers join the exposed compartment and decreases at rates  and  Once a teacher is exposed, he/she cannot be part of the susceptible teacher population. Teachers who do not implement PBL at all post-exposure remain in the exposed compartment. The hesitant subpopulation consists of teachers whom after exposure, adopt PBL in a limited way. These teachers have tried PBL but are not committed to using it regularly. The hesitant class increases when exposed teachers join at rate  and decreases when teachers move to the active adopter class at rate . The parameter  measures the rate at hesitant adopters become convinced and transition to active adopters or may be guided by active adopters. A hesitant adopter cannot relapse to the exposed compartment. The active adopter class is made up teachers actively and consistently implementing PBL. The active adopter subpopulation increases when exposed teachers join at rate  and when hesitant teachers join at rate . This group drives further adoption through peer interaction and influence. All four compartments are decreased by attrition at rate . It is further assumed that the population size is not fixed and teachers in the population freely mix and interact with each other. The total population at all times is denoted by , where  .
The flow diagram of the model described is shown below.
   Figure 1: Flow diagram of PBL adoption
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The following nonlinear system of differential equations (1) governs the dynamics of the proposed model:
 
 			
  
 					(1)
With initial conditions:   and 

Basic Properties of the Model
Positivity of the model’s solutions
Theorem 1. Assume that the system of model equations (1) has an initial value of  belonging to the invariant set , the solution set  is positive for all time .
Proof. From the system of model equations (1), . Since   is positive, the equation can be expressed as . Integrating both sides gives  . Since the exponential function is always non-negative, it follows that  stays positive. Similarly, ,  and . Thus, for all , solutions of the system of equations will always remain positive in the region .  
Boundedness of the model’s solutions
The appropriate subset indicated by , is the area where the solutions to the system (1) are uniformly bounded. The closed set  is considered positively invariant with regard to the model (1). 
Proof. Suppose  is a solution to the system of model equations with non-negative initial conditions, then , simplifies as . By applying the method of integrating factor, , at  so that    . It is easy to observe that  as . Thus, the total solution of the model (1) with the associated initial conditions belong to  for every . Therefore,  is deemed as a positively invariant region with regard to model (1).

Stability Analysis of the Equilibrium Points
This section presents the PBL-free and PBL-endemic equilibrium points as well as the analysis of their stability.
PBL-Free Equilibrium point 
The PBPL-free equilibrium represents a state in which no PBL adoption is present in the population. At this equilibrium, all PBL-related compartments () are reduced to zero. This equilibrium is denoted by . The PBL-free equilibrium is obtained by setting system of model equations (1) to zero. This gives:

The basic reproductive number, 
The concept of reproduction number in the context of PBL adoption represents the average number of new PBL adopters that a single initial adopter can generate when introduced into a fully susceptible population.  provides insight into whether PBL adoption will likely sustain itself ()  or will gradually fade out (). In this study,  is calculated as the largest eigenvalue of the next-generation matrix , where , as employed by Nathan and Jackob (2020). The matrix  is the matrix of spread that are currently new to the system, and  represents the matrix of spread that are already present evaluated at the PBL-free equilibrium .
 This gives: 

 Proof.  
 and 
When  and  are assessed at the PBL-free equilibrium, the Jacobian matrices are provided as follows:
 and 
The following represent the matrix ’s inverse and : 
, so that 
To calculate the basic reproduction number , we compute the eigen values of  by solving the characteristic equation . This gives:

Evaluating the characteristic equation gives: 
 and 
By the method of Vanderiesche,  is given by the largest eigenvalue of the next-generation matrix . Hence, the basic reproduction number is determined as:

Hence proven 
Local Stability of the PBL-Free Equilibrium point 
Theorem. The dynamical system’s adoption-free equilibrium point, , is locally asymptotically stable when  and unstable when  on .
Proof. The Jacobian matrix of the dynamical system at  is given by: 

The characteristics equation for the eigenvalues is given by:  

Along the first column, we obtain:

This gives:

Along the first row, we obtain:



This is 

Where





Factorizing 


We determine that  and  by using the Routh-Hurwitz criterion. Also,  is positive if . This suggests that all eigenvalues,  and , have real parts that are negative when .Therefore, the disease-free equilibrium is locally asymptotically stable if . Hence proven 

Global Stability of the PBL-Free Equilibrium point 
Global stability analysis determines whether the system will return to equilibrium from any initial condition, not just small perturbations from the . For the global stability of a system’s equilibrium point to be determined, the system must be expressed in triangle form.


Where  and  represent non-transmitting and transmitting compartments respectively with ,  and . This gives:




Theorem. The system  is globally asymptotically stable at the PBL-free equilibrium when all eigenvalues of matrix  have real negative parts and  is a Metzler matrix. 
Proof. It is clear that the single eigenvalue of ,  has negative real part. Also,  is a Metzler matrix since all off-diagonals are non-negative entries. Therefore, the system  is globally asymptotically stable at realistic PBL-free equilibrium in .
Adoption-Endemic Equilibrium Point
PBL adoption continues to exist in the population when the model reaches an endemic equilibrium. We designate the endemic equilibrium values as , in order to distinguish them from the PBL-free equilibrium point. For endemic equilibrium, , and equate all equations in the system to . This gives:

Where, 




Local Stability of the PBL-Endemic Equilibrium point 
This analysis determines whether small perturbations to the system (e.g., minor fluctuations in case numbers) will decay over time or grow uncontrollably. To establish the local stability of the endemic equilibrium, we analyze the system’s Jacobian matrix evaluated at the endemic equilibrium.
[bookmark: _Hlk207572004]Theorem.  The dynamical system’s adoption-endemic equilibrium point, , is locally asymptotically stable when  and unstable otherwise.
Proof. The Jacobian matrix of the dynamical system at  is given by: 


The characteristics equation for the eigenvalues is given by: 

Along the first column, we obtain:


The corresponding characteristic equation of  is , where the coefficients:  is negative trace (sum of all compartmental exit rates),  is the sum of ,  is the sum of  and  is the determinant of the matrix.




Checking Routh-Hurwitz conditions for stability when :
1. Positive coefficients condition is satisfied: .
2. Nonlinear condition hold:   and  .
Hence, the endemic equilibrium is locally asymptotically stable for, as all Routh-Hurwitz conditions on  are satisfied. Thus, when , small outbreaks near the endemic state will not explode, maintaining persistent but controlled infection levels.
Global Stability of the PBL-Endemic Equilibrium point 
Theorem. If , the dynamical system converges to the endemic equilibrium from any initial condition where PBL adoption is present. Thus, considered globally asymptotically stable in .
Proof. Consider the Lyapunov function:
 
Taking the time derivative gives
  
 
 
Where, 
 
 
Since the parameters of the model and the state variables are not negatives, it follows from the above that  if , and  if and only if . 
[bookmark: _Hlk203751466]Thus, anytime , the positive equilibrium state  is globally asymptotically stable in the positive region , according to the LaSalle’s invariance principle. 
Numerical Results 
This section presents parameter estimation, sensitivity analysis and numerical simulations of the system.  
Parameter Estimation
A pre-tertiary mathematics teacher in Ghana typically serves for 30 years. As a result, this study assumes the annual attrition rate ( to be the reciprocal of years of service. The parameter values used were:  and . Estimated parameter values are presented in Table 1.  
Sensitivity Analysis
Sensitivity analysis identifies the contribution of each parameter to the spread of PBL using the normalized forward sensitivity index of . The relative change of to variations in each parameter is given in Table 1. The analytical formula for sensitivity index is given by: 

Where  
Table 1: Sensitivity indices of the model's parameters
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The sensitivity analysis in Table 1 shows that parameters   and  have a positive linear impact on . Thus, an increase in their values would lead to positive proportional changes in . On the other hand, parameters  and  have a negative impact on , indicating that an increase in these parameters would lead to a decrease in  and vice-versa. The dropout parameter,  has the strongest negative impact at ,  suggesting that a small increases in its value will significantly dampen adoption. The hesitancy parameter,  also negatively impacts spread (−0.89) but less negatively than . Effective contact rate,  and recruitment rate,  have indices of +1, indicating that proportional increases in either of these parameters directly and proportionally increases . Adoption rate of both exposed and hesitant teachers () contribute positively to adoption with moderate elasticities (+0.64 and +0.80), but less powerfully than  and . This analysis provides insight into policies which can be implemented to enhance teacher adoption of PBL. 
Numerical Simulations
The model equations were simulated using Google Colab, with the stated parameters values. However, the simulation was run over weeks, as a result, their equivalent weekly equivalents were calculated and used. 
The graph for the susceptible population shown in Figure 2 depicts that the teacher population in this compartment decreased slowly over time. This is due to the sole dependence of the conversion of the susceptible population to the exposed population on the peer transmission rate (), suggesting minimal effectiveness of  alone to ensure exposure to PBL. Providing PBL workshop directly to the susceptible population could significantly reduce this subpopulation by promoting awareness of PBL to susceptible teachers. This is supported by Aidoo (2023), whom observed that exposure was the missing link in Ghana’s PBL rollout. 
Figure 3 illustrates the dynamics of the exposed teacher population over time which shows a gradually exposure to PBL. As evident, there is minimal congestion in this compartment suggesting little delay in transitioning from this compartment to other compartments. 
The graph for the hesitant population in Figure 4 shows a slow initial rise in the number of hesitant teachers followed by a continued rise. This suggests that more teachers join this compartment from the exposed compartment over time. The continued rise observed in the curve is as a result of the low number of hesitant teachers who convert into active adopters. Introducing mentorship as an intervention could considerably reduce stagnation in the compartment, leading to an increased outflow of teachers into the active adopters’ population as discovered by Vescio et al. (2008). Moreover, mentorship may indirectly reduce dropout in the hesitant population.
Finally, the graph for active adopters shown in Figure 5 depicts a minimal increase in the number of teachers who are active adopters of PBL. This poor growth is due to the low rate at which the exposed and the hesitant teachers join the compartment. The compounded impact of the workshop and mentorship controls could improve inflow into this compartment. Additionally, incentive programs could be used to reinforce active PBL adoption among teachers in this compartment as highlighted by Ofosu-Yeboah (2023). Moreover, this intervention could control dropout in the compartment.


Figure 2: Dynamics of the susceptible population
Figure 3: Dynamics of the exposed population






Figure 5: Dynamics of the active adopter population
Figure 4: Dynamics of the hesitant population






Conclusion
[bookmark: _Hlk207655063]The study sought to develop a mathematical model that describes PBL adoption among pre-tertiary mathematics teachers and study its dynamics. The study adopted a compartmental model, where teachers were categorized into four epidemiological compartments depending on their PBL adoption status, namely: susceptible, exposed, hesitant adopters and active adopters. Using the Leibniz stability theorem, Routh Hurwitz criteria, Lyapunov functions and LaSalle’s invariance principle, the local and global stability of the model’s equilibrium points were analyzed and confirmed. The stability analysis revealed that PBL may continue to spread among teachers or may fade out. Moreover, sensitivity analysis identified adoption rate of dropout and hesitancy rates as the most crucial parameters that inversely affects the adoption of PBL. Adoption rates of exposed and hesitant teachers were found to proportionally increase PBL adoption. Finally, a numerical simulation of the compartments over time was performed. Developing optimal control strategies is left for future work.

Recommendation
Workshop which is the missing link in Ghana’s PBL rollout should be organized on a periodical basis to promote aware of the teaching strategy. Also, recognized adopters of PBL should be selected from districts to receive additional education on PBL in order to have the capacity to counsel exposed and hesitant teacher. Mentorship may address the application gap left by theoretical training and individual setbacks in PBL implementation. Moreover, incentive programs in the form of rewards and recognitions could be awarded to teachers who continue to use PBL in their teaching. This may lead to self-regulation of the instructional method. This intervention will future discourage practicing teachers from relapsing into conventional teaching practices. Finally, future studies should consider the introduction of a discontinuation compartment. This compartment will seek to garner insight on active adopters who may halt the use of PBL. The insight gained could be used to devise strategies to control discontinuation, ensuring the sustenance of the instructional technique.
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