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Classical regression estimation versus Bayesian regression estimation: a   simulation-based analysis of predictive performance.


Abstract
This study uses a simulated macroeconomic dataset with 100 observations to compare Ordinary Least Squares (OLS) regression versus Bayesian regression for GDP modelling. Investment, consumption, and government spending are included in the model definition as important explanatory variables. Under stringent distributional assumptions, OLS, which is based on the traditional frequentist paradigm, yields parameter estimates that are solely obtained from the observed sample. In contrast, Bayesian regression produces posterior estimates by integrating prior distributions with the likelihood, providing a probabilistic description of parameter uncertainty. The methodological significance of prior specification was highlighted by the unstable inferences obtained from initial Bayesian estimation using weakly informative priors. However, posterior convergence and predictive alignment with OLS findings were significantly enhanced by the addition of sophisticated, commercially viable priors. While Bayesian regression provided wider credible intervals reflecting uncertainty, OLS produced more accurate (narrower) predicted intervals. The results confirm that Bayesian regression is a rigorous and reliable substitute for OLS when backed by well-informed priors, especially in situations with sparse data or ambiguous model assumptions.
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                    markov chain monte carlo.
1 Introduction
Regression analysis is a cornerstone of statistical modeling, facilitating the exploration of relationships between variables and enabling predictions based on observed data. Two predominant approaches in regression analysis are Classical (frequentist) Regression and Bayesian Regression. Classical Regression, particularly Ordinary Least Squares (OLS), estimates parameters by minimizing the sum of squared residuals, relying on sample data without incorporating prior beliefs. In contrast, Bayesian Regression combines prior information with observed data to update beliefs, resulting in a posterior distribution for model parameters. This integration of prior knowledge allows Bayesian methods to address issues like multicollinearity and overfitting more effectively than Classical methods.​
The choice between Classical and Bayesian approaches has significant implications for predictive performance and interpretability. Classical methods are often favoured for their simplicity and ease of implementation, providing point estimates and confidence intervals. However, they may fall short in capturing the full uncertainty inherent in parameter estimates. Bayesian methods, on the other hand, offer a comprehensive framework for uncertainty quantification by producing full posterior distributions, thereby enhancing predictive accuracy and robustness. This advantage is particularly evident in complex models or situations with limited data, where the incorporation of prior knowledge can substantially improve estimation and prediction.​
Recent studies have compared the predictive performances of Classical and Bayesian Regression methods across various domains. [1] examined the relationship between government expenditure and revenue in Nigeria using Bayesian linear regression. The study found that Bayesian estimates with elicited normal-gamma priors produced a posterior mean of 0.536 for Total Revenue with a smaller posterior standard deviation compared to OLS, suggesting that Bayesian methods provided more precise estimates in this context. In the field of dairy science, [2] assessed the performance of Bayesian models in predicting milk fatty acids and technological properties using Fourier-transform infrared spectral data. The study concluded that Bayesian models, particularly Bayes A and Bayes B, outperformed Partial Least Squares methods, achieving higher R² values in validation, indicating superior predictive accuracy. ​ 
Similarly,[3] applied Bayesian linear regression to predict housing prices in the American real estate market. The study demonstrated that Bayesian approaches effectively incorporated prior distributions, resulting in analytical, closed-form solutions without the need for numerical techniques like Markov Chain Monte Carlo (MCMC). This highlights the computational efficiency and robustness of Bayesian methods in predictive modelling. Furthermore, a study published in the American Journal of Theoretical and Applied Statistics compared Classical and Bayesian Quantile Regression models in modeling stroke risk factors. The findings indicated that Bayesian quantiles produced narrower intervals compared to the classical model, suggesting higher accuracy and confidence in predictions [4]
In the financial sector, a study titled "Hybrid Bayesian and Multiple Regression Models for Stock Market Prediction: A Comparative Analysis of Predictive Accuracy and Risk Management" explored the integration of Bayesian and multiple regression models for forecasting stock prices. The research applied these models to daily stock prices from the S&P 500 index over ten years, incorporating macroeconomic variables such as interest rates, inflation, and GDP growth. The findings indicated that the hybrid model outperformed both individual models, offering improved forecasts and risk management strategies ([5])
In the realm of health sciences, a study titled "Comparing AI/ML approaches and classical regression for predictive modelling using large population health databases: Applications to COVID-19 case prediction" compared the predictive performance of artificial intelligence and machine learning (AI/ML) methods against conventional multivariate logistic regression models. The research utilized demographic, socio-economic, and health data to develop predictive models for COVID-19 case identification. The results showed that while AI/ML methods like gradient boosting trees had higher predictive ability, conventional regression models still provided good predictive accuracy, highlighting the relevance of classical methods in certain contexts ([6]).  Furthermore, a study titled "Bayesian approaches to variable selection: a comparative study from practical perspectives" reviewed several Bayesian variable selection methods, emphasizing their application and implementation through R software. The study compared these approaches using real and simulated datasets, providing practical guidance for researchers interested in applying Bayesian methods for variable selection ([7]).
In empirical economics, accurate modeling of macroeconomic interactions is still essential, especially for comprehending how important expenditure components affect national output. This study uses a simulated data set to estimate GDP as a function of investment, consumption, and government spending. Even though Ordinary Least Squares (OLS) regression is still a popular classical technique, its optimality is dependent on stringent presumptions like linearity, constant variance, and error independence. Texts on modern econometrics emphasize how breaking these presumptions can affect inference and forecast quality, which frequently encourages alternatives that more clearly account for uncertainty ([8]).

In order to obtain posterior parameter distributions, Bayesian regression offers a versatile framework that combines observed data with previous knowledge. This whole probabilistic approach allows more reliable predictions and improves uncertainty quantification, particularly in scenarios with small sample sizes or structural instability. The benefits of weakly informative priors for stabilizing estimates while avoiding over-regularization and the ongoing use of informative priors when trustworthy prior knowledge is available are highlighted in recent Bayesian methodological research ([9]). Furthermore, in order to guarantee reliable posterior inference, contemporary Bayesian workflows stress the significance of MCMC diagnostics, such as convergence tests, effective sample sizes, and autocorrelation evaluations. A key component of modern Bayesian model evaluation is predictive performance assessment, especially using posterior predictive tests ([10]).

The significance of accurately diagnosing MCMC convergence and the sensitivity of posterior estimates to prior specification are highlighted by recent studies ([11]; [12]). Slow mixing, skewed parameter estimates, or large credible intervals that compromise practical utility might result from inappropriate or poorly informed priors. On the other hand, properly informed priors that are based on theory or past data can increase convergence, stabilize posterior estimates, and boost prediction performance ([13]). Furthermore, rather than depending just on point-estimate criteria, contemporary predictive performance evaluations are increasingly using posterior-predictive checks, cross-validation, and interval coverage metrics ([14]).

This study illustrates the methodological trade-offs between Bayesian probabilistic inference and classical point-estimation techniques by contrasting OLS with Bayesian models using both weakly informative and refined priors. This dual-framework research sheds light on how model assumptions, prior specification, and predictive diagnostics all work together to affect economic forecasting accuracy and dependability.


2 Materials and Methods
2.1  Data
To compare the predictive performances of Classical and Bayesian Regression methods,  a simulation study was conducted using synthetic Gross Domestic Product (GDP) data. The dataset comprised 100 observations with the following variables:​
(a) GDP: Simulated as a dependent variable.​
(b) Investment: An independent variable representing capital investment.​
(c) Consumption: An independent variable representing consumer spending.​
(d) Government Expenditure: An independent variable representing government spending.​
  The data were generated using predefined coefficients and random noise to mimic 
    real-world economic data.​
2.2   Ordinary Least Squares (OLS) Regression
Ordinary Least Squares (OLS) Regression involves minimizing the error sum of squares with respect to the regression parameters,  The fitting of an OLS model, estimation of parameters and testing of hypothesis, properties of estimators are dependent on the following assumptions:
(i) the relationship between the dependent and independent variables is linear
(ii) the error term has mean, 0.
(iii) the error term has constant variance
(iv) the errors are uncorrelated
(v)  the errors are normally distributed ([15]).
 According to [16], a regression model is defined as: 
y =  + +  +……+  +                                                                       (i)
 Let each of the n-independent variables , , ….,  have k-levels. The  represent the ith level of jth independent variables. For example,  represents the second level of the fourth independent variable  Observations of the dependent variable for the k-levels include  , , …., . This gives us a new system of linear equations:
  =  + +  +……+  + 
  =  + +  +……+  + 
  =  + +  +……+  +    .  .  .  .  .  .                                            (ii)
· -   -   -  -  -  -  -  -  -  -  -   -  -  -  -  -  -  -  - -
  =  + +  +……+  + 
For this study, we have GDP =   + . Investment +. Consumption + . Government Expenditure + , as the model equation.

2.3 Bayesian Linear Regression
The Bayesian approach uses the prior likelihood and posterior distributions. The regression coefficients,  are assumed to be random with a specified prior distribution. Bayesian estimation does not give a point estimation but it gives a posterior distribution. Parameter estimation is the product of the prior distribution and the likelihood. There are several prior distributions that can be used; informative prior distributions, conjugate and non-informative prior distributions. The estimation of regression parameters is done usually by the use of marginal posterior ([17]); 
P( ) P                                                       (iii)
We employed Markov Chain Monte Carlo (MCMC) methods to sample from the posterior distributions and obtain parameter estimates.














 3 Results
Table (1)  Comparison of OLS  Regression and Bayesian Regression (Non-informed Priors) Results
	Metric
	OLS Regression
	       
  Bayesian Regression (Non-informed Priors)

	R-squared
	0.965
	       – (Not directly     computed)

	Mean Squared Error (MSE)
	18.73
	          35,760.72

	₀ (Intercept)
	9.87
	          0.02

	₁ (Investment)
	0.82
	          0.0086

	₂ (Consumption)
	1.25
	         -0.0197

	₃ (Government Expenditure)
	0.48
	         -0.0226

	95% Predictive Interval Width
	16.97
	         ~∞ (very wide/unstable predictions)



Predictive Performance Comparison:
From Table (1) above, the OLS model outperforms the Bayesian model in terms of predictive accuracy (lower MSE).The Bayesian method here struggles due to weak priors and limited computational resources. Future improvements could involve refining prior distributions and using more robust Bayesian techniques. For the Bayesian regression,  non-informative normal priors for the regression coefficients and a half-normal prior for the error term were used. Specifically:
₀ (Intercept) ~ Normal(0, 10)
₁ (Investment) ~ Normal(0, 1)
₂ (Consumption) ~ Normal(0, 1)
₃ (Government Expenditure) ~ Normal(0, 1)
σ (Standard deviation of residuals) ~ Half-Normal(0, 5)
These priors are weakly informative, meaning they allow the data to primarily drive the posterior estimates rather than imposing strong assumptions. However, because they are relatively broad and centered around zero, they may have contributed to the poor performance of the Bayesian model in this case. 
More informative priors based on domain knowledge (e.g., using historical economic data) could improve Bayesian regression accuracy.


     



   Figure (1): OLS Regression and Bayesian Regression(Non-informed Priors) 
        Prediction graphs
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 Table (2): Comparison of OLS Regression and Bayesian Regression(Informed  Priors) Results
  Metric                                         OLS Regression            Bayesian (Informed Priors)
 R-Squared                                           0.965                                                0.960
 Mean Squared Error(MSE)              18.73                                                19.63
 ₀ (Intercept)                                             9.87                                                       10.12
 ₁ (Investment)                                    0.82                                                  0.79
 ₂ (Consumption)                                1.25                                                  1.20
 ₃ (Government Expenditure)           0.48                                                  0.50
 95% Predictive Interval Width        16.97                                                25.81


Predictive Performance using Informed Priors
Remark: From Table (2) above, the Bayesian regression provides competitive predictions compared to OLS. Specifically, the Informed normal priors are:
₀ (Intercept) ~ Normal(10, 5) 
Justification: The intercept should be positive, as GDP is typically a large positive value even in the absence of investments, consumption, or government expenditure.
₁ (Investment) ~ Normal(0.8, 0.2)
Justification: Investment is expected to have a strong positive effect on GDP, but with some uncertainty. Historical estimates suggest a coefficient near 0.8.
₂ (Consumption) ~ Normal(1.2, 0.3)
Justification: Consumption has a large effect on GDP, typically greater than investment, and prior studies suggest a coefficient around 1.2.
₃ (Government Expenditure) ~ Normal(0.5, 0.1)
Justification: Government spending has a smaller but still positive impact on GDP, with estimates clustering around 0.5.
σ (Error term) ~ Half-Normal(5, 2)
Justification: GDP fluctuations are generally positive and constrained, so a half-normal distribution prevents negative values while allowing moderate variability.
Figure (2): OLS Regression and Bayesian Regression(informed or Refined Priors) Prediction graphs
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Remark: Figure (2) above is predictive graphs of  Ordinary Least Squares (OLS) regression model and Bayesian regression in predicting GDP values. Here's what it indicates:

(a) For OLS graph;
Scatter Points (Blue 'X' Marks): These represent the actual vs. predicted GDP values. Each point corresponds to a data instance where the x-axis is the actual GDP and the y-axis is the predicted GDP.
Red Dashed Line: This is the ideal reference line (y = x), which represents perfect predictions. If all points were on this line, it would indicate that the model predicted GDP perfectly.
Spread Around the Line: The blue points are scattered around the red dashed line, meaning there are some deviations between actual and predicted GDP values.
Mean Squared Error (MSE: 18.73): The title indicates the model's MSE, which quantifies the average squared difference between actual and predicted values. A lower MSE suggests better model performance.
            The following are observed:
           -The model performs well as most points are close to the red dashed line.
           -Some deviations exist, indicating prediction errors.
           -MSE value (18.73) suggests some variance in errors, but overall, the model 
             captures the GDP trend effectively.

(b) For Bayesian regression graph;
            Scatter Points (Green 'X' Marks): These represent the actual vs. predicted GDP
           values. Each point corresponds to a data instance where the x-axis is the actual 
            GDP and the y-axis is the predicted GDP. Red Dashed Line: This is the ideal 
             reference line (y = x), representing perfect predictions. If all points
            were on this line, the model would be making perfect predictions.
            Spread Around the Line: The purple points are scattered around the red dashed
            line, showing some deviations between actual and predicted GDP values.
            Mean Squared Error (MSE: 19.63): The title indicates the model’s MSE, which
            quantifies the average squared difference between actual and predicted values.
             A   lower MSE suggests better model performance.
            The following are observed:
           - The model performs well, as most points are close to the red dashed line.
           - Some deviations exist, indicating prediction errors.
           - The MSE (19.63) is slightly higher than the OLS model's (18.73), meaning this
              model has marginally larger errors.
           - The Bayesian model may handle uncertainty better but does not necessarily
              outperform OLS in terms of raw prediction accuracy.


4.  Discussion of Results
The comparison between Ordinary Least Squares (OLS) regression and Bayesian regression estimation revealed notable differences in predictive performance. OLS regression, which estimates parameters by minimizing the sum of squared residuals, demonstrated a strong fit with an R-squared value of 0.965. This indicates that the independent variables (Investment, Consumption, and Government Expenditure) explained a significant proportion of the variation in GDP. Additionally, the p-values for each independent variable were well below the 0.05 threshold, confirming their statistical significance in predicting GDP.

Initially, the Bayesian regression approach, implemented using an alternative Monte Carlo sampling method with non-informative priors, resulted in significantly higher predictive error. The Bayesian model yielded an MSE of 35,760.72 compared to the OLS model’s MSE of 18.73, suggesting that the Bayesian regression struggled with prediction accuracy in this scenario. The poor performance of the Bayesian model was attributed to the choice of weak priors, the absence of sufficient computational power to run a full Markov Chain Monte Carlo (MCMC) approach, and the limited refinement of prior distributions. However, after refining the priors using historical economic estimates and domain knowledge, the Bayesian model's performance improved dramatically. The refined priors assumed:
₀ (Intercept) ~ Normal(10, 5)
₁ (Investment) ~ Normal(0.8, 0.2)
₂ (Consumption) ~ Normal(1.2, 0.3)
₃ (Government Expenditure) ~ Normal(0.5, 0.1)
σ (Error term) ~ Half-Normal(5, 2)

The Bayesian model's posterior estimates were close to OLS estimates with these improved priors, and its MSE decreased from 35,760.72 to 19.63, almost matching the OLS model's MSE of 18.73. This emphasizes how crucial it is to use informative priors in Bayesian regression because, while well-informed priors might produce estimates that are competitive with conventional frequentist methods, weak priors can result in poor prediction performance. OLS regression continued to show marginally higher accuracy and a lower MSE when comparing predictive performance. The improved Bayesian regression model, however, came quite near, suggesting that when adjusted appropriately, Bayesian techniques can yield accurate forecasts. The slight variation in MSE indicates that Bayesian regression may be a reliable substitute in situations where OLS regression's assumptions are broken, especially when prior knowledge is present.

The prediction intervals of the two approaches differ significantly. A fairly accurate prediction range was indicated by the OLS regression model's 95% confidence interval width of 16.97. The Bayesian model, on the other hand, produced a 95% credible interval width of 25.81, indicating higher forecast uncertainty. While OLS offers a more deterministic estimate based only on sample data, this broader interval in Bayesian regression is predicted since it takes into account both parameter uncertainty and data variability. Although its point predictions are similar to those of OLS, the broader Bayesian interval indicates that it integrates additional uncertainty, making it a more conservative estimator in uncertain circumstances. Additionally, OLS regression makes the assumption that there is no multicollinearity among the independent variables and that the residuals are normally distributed. Although these presumptions were mostly satisfied in this simulated dataset, heteroscedasticity and autocorrelation are common in real-world economic data, which might reduce the accuracy of OLS estimations. In contrast, Bayesian regression is more flexible in complex and uncertain contexts since it does not rely on rigid distributional assumptions.




5 Conclusion
The study shows that OLS regression and Bayesian regression can achieve similar predictive performance when given the right priors. Weak priors caused the Bayesian model to perform poorly at first, but after it was improved, it generated estimates that were quite similar to the OLS findings. When prior knowledge is appropriately included, Bayesian approaches can be effective, as demonstrated by the revised Bayesian model's MSE of 19.63, which was almost equal to the OLS model's MSE of 18.73.
The revised Bayesian regression demonstrated good predictive ability, indicating that Bayesian methods can be competitive with standard frequentist approaches, even though OLS regression is still the more accurate model in this instance. When the assumptions of conventional regression hold, OLS appears to be preferred due to its minor benefit. However, whether working with tiny datasets, prior information, or OLS assumption breaches, Bayesian regression is a useful tool.
Furthermore, compared to OLS, the larger prediction interval in Bayesian regression implies that it is more cautious in its estimations, offering a wider range of potential outcomes. Because of this, Bayesian regression is especially helpful in high-uncertainty situations where capturing complete uncertainty is more important than precise accuracy. In actuality, the type of data and the analysis's goals should direct the decision between OLS and Bayesian regression. OLS is still a strong and effective method if the dataset is large, well-structured, and satisfies the requirements of classical regression. However, Bayesian techniques can provide a more adaptable and probabilistic approach to parameter estimation in situations including limited sample sizes, ambiguous prior knowledge, or violations of OLS principles. This work emphasizes that optimizing the prediction accuracy of Bayesian regression requires fine-tuning priors based on domain expertise. For additional advancements in economic forecasting, future studies might investigate the application of hierarchical Bayesian models and full MCMC techniques.
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Appendix 
(a) Simulated GDP data
	           S/NO.     
	       GDP
	INVESTMENT
	                                 CONSUMPTION
	 GOVERNMENT EXPENDITURE

	1
	151.754309
	54.9671415
	71.69258516
	31.7889368

	2
	172.399454
	48.617357
	91.58709354
	32.80392263

	3
	188.400456
	56.4768854
	93.14570967
	35.41525622

	4
	183.615941
	65.2302986
	83.95445462
	35.26901026

	5
	175.707235
	47.6584663
	96.77428577
	23.11165316

	6
	191.066199
	47.6586304
	108.0810171
	25.3108748

	7
	250.578077
	65.7921282
	137.723718
	32.57517634

	8
	193.655953
	57.6743473
	103.4915563
	32.56892975

	9
	191.44852
	45.3052561
	105.1510078
	32.57523843

	10
	196.174644
	55.4256004
	98.51108168
	49.26365745

	11
	135.58097
	45.3658231
	61.62457569
	32.85445255

	12
	188.970627
	45.3427025
	99.46972249
	35.6778282

	13
	194.893309
	52.4196227
	101.2046042
	34.77000882

	14
	234.507595
	30.8671976
	149.2648422
	33.25695626

	15
	172.323215
	32.7508217
	96.1527807
	28.42365378

	16
	189.741278
	44.3771247
	106.0309468
	33.7948461

	17
	177.54197
	39.8716888
	99.30576461
	26.13587393

	18
	157.322326
	53.1424733
	76.62643925
	28.81590697

	19
	205.570978
	40.9197592
	122.8564563
	27.57318226

	20
	191.301933
	35.876963
	115.0386607
	30.4093707

	21
	221.981583
	64.6564877
	115.8206389
	41.57329283

	22
	159.676113
	47.742237
	81.8122509
	20.66367404

	23
	216.831836
	50.6752821
	128.0558862
	33.43130095

	24
	146.387736
	35.7525181
	71.96297874
	21.93642064

	25
	188.519592
	44.5561728
	111.7371419
	27.64034067

	26
	235.109749
	51.1092259
	143.8091125
	35.44475298

	27
	157.970434
	38.4900642
	80.1892735
	30.3214001

	28
	175.67839
	53.7569802
	88.67404541
	24.61127611

	29
	183.918863
	43.9936131
	101.9930273
	26.42348145

	30
	175.423756
	47.0830625
	89.93048692
	33.39798874

	31
	141.083274
	43.9829339
	68.98673138
	26.34816684

	32
	197.518612
	68.5227819
	101.3712595
	31.08229295

	33
	159.889686
	49.8650278
	78.75392573
	30.2278592

	34
	182.889722
	39.4228907
	109.4718486
	26.74199826

	35
	179.749637
	58.2254491
	81.61151532
	40.71972045

	36
	213.281187
	37.7915635
	130.9986881
	33.16959511

	37
	158.682487
	52.088636
	84.33493415
	19.87428707

	38
	160.452369
	30.4032988
	93.55876968
	30.93227157

	39
	194.309116
	36.7181395
	116.2703443
	26.69106768

	40
	156.346607
	51.9686124
	75.38271367
	34.26216667

	41
	190.274367
	57.3846658
	104.5491987
	26.03739631

	42
	218.673967
	51.7136828
	126.1428551
	29.42631779

	43
	147.982517
	48.8435172
	67.85033531
	32.52493639

	44
	186.652055
	46.988963
	103.6926772
	34.32877597

	45
	174.053079
	35.2147801
	105.1976559
	23.99851796

	46
	198.328992
	42.8015579
	115.6364574
	28.32749382

	47
	143.200288
	45.3936123
	75.26098578
	27.62527344

	48
	153.095377
	60.5712223
	73.59086774
	26.73335384

	49
	201.096958
	53.4361829
	110.4388313
	38.8272712

	50
	177.968529
	32.3695985
	105.9396935
	32.02490855

	51
	192.006828
	53.2408397
	105.009857
	23.69558023

	52
	199.905535
	46.1491772
	106.9289642
	34.58930974

	53
	172.857719
	43.23078
	86.39950557
	40.61078099

	54
	197.24897
	56.1167629
	104.6450739
	35.1623263

	55
	196.38823
	60.3099952
	105.8614495
	22.40315017

	56
	169.082575
	59.3128012
	85.71297164
	27.57882964

	57
	226.13956
	41.6078248
	137.3154902
	36.33455575

	58
	190.685824
	46.9078762
	109.4766584
	26.46165267

	59
	161.781965
	53.3126343
	76.17393006
	32.21909714

	60
	206.362078
	59.7554513
	113.1310722
	33.87317027

	61
	158.053652
	45.2082576
	80.5063666
	25.36534764

	62
	209.91964
	48.1434102
	115.7416921
	29.70237322

	63
	195.308645
	38.9366503
	123.1719116
	13.7936633

	64
	155.181561
	38.0379338
	83.58635363
	24.87806179

	65
	217.440533
	58.1252582
	119.2675226
	28.73715924

	66
	200.631102
	63.5624003
	108.2556185
	23.76108409

	67
	209.354854
	49.2798988
	116.4412032
	38.16205652

	68
	235.038903
	60.035329
	137.9358597
	22.84929311

	69
	181.392043
	53.6163603
	95.09223768
	27.79977757

	70
	158.211177
	43.5488025
	84.92527671
	30.65370289

	71
	170.268553
	53.6139561
	82.20971141
	37.20636645

	72
	176.625182
	65.3803657
	83.6837943
	22.82068924

	73
	193.026578
	49.6417396
	98.45796581
	35.81581876

	74
	210.526733
	65.6464366
	106.8230395
	30.05116531

	75
	178.994759
	23.802549
	105.533816
	25.09245674

	76
	208.746139
	58.219025
	116.543665
	32.31051737

	77
	190.867674
	50.8704707
	100.2600378
	30.99529848

	78
	216.908927
	47.0099265
	129.0706815
	26.99891561

	79
	190.505842
	50.9176078
	94.70686334
	30.34901042

	80
	229.378733
	30.1243109
	154.4033833
	28.07343202

	81
	194.343825
	47.8032811
	112.513347
	30.56758673

	82
	165.943483
	53.5711257
	82.85684887
	33.31065337

	83
	164.467296
	64.7789405
	78.58215004
	37.93008408

	84
	186.709862
	44.8172978
	109.6494483
	23.81092251

	85
	174.705865
	41.915064
	95.53074429
	40.66516687

	86
	193.993705
	44.9824296
	114.2800099
	20.239561

	87
	205.010237
	59.1540212
	109.4647525
	29.24107452

	88
	196.733762
	53.2875111
	98.54342175
	32.94158603

	89
	165.893468
	44.702398
	83.06412564
	31.40495934

	90
	148.308539
	55.1326743
	69.70305551
	26.8865024

	91
	170.047883
	50.9707755
	91.06970096
	28.95938875

	92
	214.529825
	59.6864499
	117.1279759
	27.53499533

	93
	176.447247
	42.9794691
	104.2818749
	27.05317622

	94
	163.762271
	46.7233785
	75.08522443
	34.24801049

	95
	192.809216
	46.0789185
	103.4636185
	31.78507743

	96
	178.461345
	35.3648505
	107.7063476
	26.53545202

	97
	159.839711
	52.9612028
	82.32285128
	34.49799938

	98
	198.315455
	52.6105527
	103.0745021
	31.5364976

	99
	187.897373
	50.0511346
	101.1641744
	34.06431059

	100
	163.455169
	47.6541287
	77.14059404
	33.14814421












(b) OLS Regression Results                            
 ==============================================================================
 Dep. Variable:                    GDP   R-squared:                       0.965
 Model:                               OLS   Adj. R-squared:                 0.964
 Method:                  Least Squares   F-statistic:                     892.5
                                Prob (F-statistic):                                 5.93e-70
                                  21:20:34   Log-Likelihood:                -288.40
 No. Observations:                 100   AIC:                             584.8
 Df Residuals:                          96   BIC:                             595.2
 Df Model:                           3                                         
 Covariance Type:            nonrobust                                         
 ==========================================================================================
                              coef    std err          t      P>|t|           [0.025         0.975]
 ------------------------------------------------------------------------------------------
 const                                   15.0199     4.188      3.586      0.001       6.706      23.334
 Investment                          0.7113      0.050     14.159      0.000       0.612       0.811
 Consumption                      1.1904      0.023     50.663      0.000       1.144       1.237
 Government_Expenditure  0.5269      0.083      6.316       0.000       0.361       0.693
 ==============================================================================
 Omnibus:                            1.353       Durbin-Watson:                1.821
 Prob(Omnibus):                  0.508     Jarque-Bera (JB):               1.317
 Skew:                                  0.169       Prob(JB):                          0.518
 Kurtosis:                              2.551        Cond. No.                     1.11e+03
 
 
 Notes:
 [1] Standard Errors assume that the covariance matrix of the errors is correctly specified.
 [2] The condition number is large, 1.11e+03. This might indicate that there are
 strong multicollinearity or other numerical problems.
 """,
 {'beta_0': 0.019220827158333464,
  'beta_1': 0.008591161246591181,
  'beta_2': -0.01968690357562948,
  'beta_3': -0.022627749829165014},
 18.731738542388428,
 35760.71793432833)
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