3D- Responses for Measure of Second Order Rotatability Using a Pair of Dissimilar Incomplete Block Designs


Abstract: 
This paper presents a comprehensive methodology for assessing the measure of rotatability for response surface design in second-order through the use of suitably chosen pairs of dissimilar incomplete block designs. The proposed framework incorporates multiple combinations of block structures, including symmetrically unequal block arrangements (SUBA) with two unequal block sizes combined with balanced incomplete block designs (BIBD), pairwise balanced designs (PBD) combined with BIBD, and PBD combined with SUBA with two unequal block sizes. By integrating these complementary block designs, the study aims to generate second-order designs that achieve improved precision and enhanced rotatability properties. To demonstrate the applicability of the method, several worked examples are constructed, highlighting the steps involved in deriving the design points and computing the corresponding measures of rotatability. Furthermore, three-dimensional response surface plots are provided to visually examine the geometric and variance characteristics of the resulting designs. These graphical representations support the interpretation of the theoretical results and illustrate the advantages of the proposed approach in constructing efficient rotatable second-order designs.
Keywords: Response Surface Methodology (RSM), Block Designs, Second Order, rotatability
 INTRODUCTION


Response Surface Methodology (RSM) serves as a comprehensive statistical approach for planning experiments, modelling responses, and analysing the influence of several quantitative factors on a system. In many experimental settings, the objective is to study how a response variable behaves as a function of multiple controllable inputs while incorporating an inherent random error component. When the factors  are quantitative and continuously adjustable, the relationship between the response   and these inputs can generally be expressed as where  represents the true underlying functional form and  denotes the random error.
RSM is particularly effective in situations where several independent variables simultaneously affect the response of interest. The factors are assumed to be under the control of the experimenter, whereas the response is considered stochastic (Chepkemoi et al., 2019). This methodology facilitates the investigation of the nature of the response surface, enables the identification of important factors and their interactions, and supports the optimization of processes by determining factor settings that yield desirable outcomes.





 For example, to optimize the fermentation conditions for maximizing the production of a desired metabolite (e.g., Ethanol) by a microbial culture. Temperature (), pH (), Agitation Speed () and substrate concentration (). The yield of the desired metabolite () such as ethanol concentration.
rotatability
The concept of rotatability, which plays a central role in response surface experimental designs, was first introduced by Box and Hunter (1957). Building on this foundation, Das and Narasimham (1962) developed methods for constructing rotatable designs using balanced incomplete block designs (BIBD). Subsequently, Raghavarao (1963) extended this work by formulating second-order rotatable designs based on incomplete block arrangements. Narasimham et al. (1983) developed second-order rotatable designs by utilizing a pair of balanced incomplete block designs (BIBD).  Khuri (1988) proposed a quantitative measure for assessing the rotatability of response surface designs. Later, Draper and Pukelsheim (1990) offered an alternative perspective on the concept, further enriching its theoretical foundation. Subsequently, Park et al. (1993) introduced a new measure specifically tailored for second-order response surface designs and examined the degree of rotatability for designs based on factorial experiments and central composite designs. 
 Further Victorbabu and Surekha (2013, 2014, 2015) extensively examined measures of rotatability for second-order response surface designs constructed from various classes of incomplete block designs with unequal block sizes, including pairwise balanced designs (PBD), symmetrically unequal block arrangements (SUBA) with two unequal block sizes, partially balanced incomplete block designs (PBIBD), and balanced incomplete block designs (BIBD). Agdaga (2024) evaluated the rotatability properties of Box-Behnken and circumscribed central composite designs for four – and five factor second-order response surface models. The study found that the circumscribed central composite design (CCD) satisfied the classical rotatability conditions, while the Box- Behnken design shoed either perfect or near rotatability conditions while the Box-Behnken design showed either perfect or near rotatability depending on dimensionality. These results highlight structural differences in prediction- variance behaviour across commonly used second-order designs. Building on these contributions, the present work introduces a new methodology for evaluating the 3-dimensional response surface graphs for measure of rotatability in second-order response surface designs generated from pairs of dissimilar incomplete block structures. Specifically, the study considers combinations such as SUBA with two unequal block sizes with BIBD, PBD combined with BIBD, and PBD and SUBA with two unequal block sizes illustrated the behaviour and performance of the resulting designs.
Conditions for Second Order Rotatable Designs:

Suppose we want to use the second order response surface design to fit the surface, 






where denotes the level of the factor  in the  Consider a response surface experiment where  denotes the response at the th run and  represents independent random errors with mean zero and constant variance . A design is said to be a Second-Order Rotatable Design (SORD) if the variance of the estimated response , with respect to the independent variables , depends solely on the distance    of the design point from the origin (centre) of the design. In other words, the variance function should be spherical, remaining constant for all points equidistant from the centre. For estimating responses in a second-order model is obtained when the design points satisfy specific conditions, as discussed by Box and Hunter (1957) and Das and Narasimham (1962).




where are constants.

The expressions for the variances and covariances of the estimated parameters are given in Das and Giri (1986).
Since all other covariance terms vanish, the variance of the predicted response corresponding to a design point is formulated as





The coefficients corresponding to  in equation (8) simplifies to. A second order response surface design  attains the property of a Second-Order Rotatable Design (SORD) when the value of =3 and the remaining conditions (2) to (7) are satisfied. 
Conditions of Measure of Rotatability for Second Order Response Surface Designs:
Following Box and Hunter (1957), Das and Narasimham (1962), Park et. al (1993) conditions (2) to (7) give the necessary and sufficient conditions for a measure of rotatability for any general second order response surface designs. Further we have,



Park et al (1993) suggested that if the conditions in (2) to (6) together with (7) and (8) are met then the following measure given below can be used to assess the degree of rotatability for any general second order response surface design (cf., Park et. al (1993)).





and  is the scaling factor, on simplification of becomes . 

Thus,  becomes 





The procedure for determining the measure of rotatability in second-order response surface designs generated from a pair of BIBD is presented below	
In this section, the measure of rotatability for second-order response surface designs developed using a pair of balanced incomplete block designs (BIBD) is derived, following the approach outlined by Victorbabu et al. (2017).




Result: If exists to be a v-dimensional measure of rotatability to be provided for a response surface design of second-order derived from a pair of BIBD  based on the stated design points , without any additional set of points with   prefixed values  and the rotatable constant . The rotatability measure for a response surface design of second-order was established using a pair with Balanced Incomplete Block Designs (BIBD) was determined as follows:




and  is the “scaling factor”. 

A new method for evaluating the rotatability measure of response surface of second-order designs is proposed, based on the use of a pair with dissimilar designs of incomplete blocks:
[bookmark: _Hlk180783978]Section-1: The rotatability measure of response surface designs in second-order constructed by combining a SUBA with two unequal block sizes with a balanced incomplete block design (BIBD).
A new measure for rotatability of response surface designs in second-order was proposed by combining pair of two dissimilar incomplete block designs, namely a SUBA with two unequal block sizes and a BIBD. This combination provides greater flexibility in constructing rotatable second-order designs and facilitates the assessment of their statistical properties.
Theorem 1:

If  are two suitably chosen dissimilar incomplete block designs. Then the set of design point 

 generates a response surface design in second-order - dimensional measure using a pair of SUBA with two unequal block sizes together with a BIBD. The resulting number of design points is



 with - prefixed, and 






Proof:  For the considered pair of dissimilar incomplete block designs the design points developed from the combination of a SUBA with two unequal block sizes and a BIBD, we have   and denotes fractional replicates for  also denotes fractional replicates for in   levels respectively, if there is less than five factors then no interaction is confounded. Then for (2) the conditions of simple symmetric are true. Then conditions (3) along with (4) are true was discussed as follows.



From (14) and (15) we get .
The rotatability measure of response surface in second order of a pair of dissimilar combinations of incomplete blocks such as a SUBA with two unequal block sizes and a BIBD, can be calculated as detailed below: 



and  gives the “scaling factor”. 


Example: We illustrate Theorem 1 using the rotatability measure of response surface designs in second order using a dissimilar combination of SUBA with two unequal block sizes and BIBD by taking the parameter values 

 

for the above dissimilar pair of SUBA with two unequal block sizes and BIBD, we obtain design points  will give a measure of rotatability for second order response surface design in N=337 design points for 9 factors. From (13), (14) and (15) we have, 









From (17) and (18) rotatability for the chosen dissimilar pair will get by taking. Therefore, we get a SORD at  and then  and .,


=0.0464169 and =0.95564 
Table-1 : The rotatability measure values of dissimilar pair of incomplete block designs using a SUBA design with two unequal block sizes and a BIBD 
	

	

	

	

	

	


	0.8
	2.43984
	2.64575
	1.250000
	0.00118127
	0.998820127

	1
	2.57143
	2.64575
	1.000000
	0.00290105
	0.997107338

	1.2
	2.76140
	2.64575
	0.833333
	0.00231342
	0.997691916

	1.41421*
	3.00000
	2.64575
	0.707109
	0
	1

	1.8
	3.39385
	2.64575
	0.555556
	0.0209461
	0.979483633

	2.0
	3.54545
	2.64575
	0.500000
	0.0464169
	0.955642099


[bookmark: _Hlk180707141]‘*’ indicates “values of SORD using a SUBA design with two unequal block sizes and a BIBD”.


For different values of “ ” Response Surface (RS) and Curve Tracing (CT) of SUBA with two unequal block sizes and BIBD.
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Fig. 1. Comparison of Measured Value (RS) and Theoretical Value (CT) across various input parameters.










As the   value increases, the curvature in the response surface and the contour pattern gradually change, influencing the rotatability of the design. At low  values ( = 0.8 and 1.0), the response surface is relatively flat with elongated elliptical contours, indicating poor to only slightly improved rotatability. The design achieves maximum rotatability at  = 1.4142, where the surface shows symmetric and balanced curvature with circular contours. Beyond this optimal value, increasing  (1.8 and 2.0) results in steeper curvature, edge effects, and contour distortion, causing a decline in rotatability. 3D response surfaces and curve tracing for the them is represented in the above diagrams for dissimilar pair of incomplete block designs a SUBA design with two unequal block sizes and a BIBD. When  is lower the density curve will be flat and for higher values of , the density curve will attain a peaked shape. However, at  = 1.41421 with =3 the density will possess symmetric pattern. Use RS plots to observe response behaviour, and CT plots to assess rotatability through shape and spacing of contours.

Section -2: The rotatability measure of response surface designs in second-order constructed through by combining a pairwise balanced design (PBD) with a balanced incomplete block design (BIBD) 
A new measure for rotatability of response surface designs in second-order was proposed by combining pair of two dissimilar incomplete block designs, namely a PBD and a BIBD. This combination provides greater flexibility in constructing rotatable second-order designs and facilitates the assessment of their statistical properties






Theorem 2: If    is two suitably chosen dissimilar pair of incomplete block designs. The design points   generates a response surface design in second-order with - dimensional measure using pair of a PBD and a BIBD in  design points with  prefixed and .






Proof: For the considered pair of dissimilar incomplete block designs the design points developed from the combination of a PBD and a BIBD, we have   and denotes fractional replicates for  also denotes fractional replicates for in   levels respectively, if there is less than five factors then no interaction is confounded. Then for (2) the conditions of simple symmetric are true. Then conditions (3) along with (4) are true was discussed as follows.
 



From the above ( 20) and (21) equations we get .
The rotatability measure of response surface in second order of a pair of dissimilar combinations of incomplete blocks such as a PBD and a BIBD, can be calculated as detailed below: 




and  gives the “scaling factor”.
Example:  We illustrate Theorem 2 using the rotatability measure of response surface designs in second order using a dissimilar combination of PBD and BIBD by taking the parameter values 


Let for the above dissimilar pair of PBD and BIBD, we obtain the design Points   will give a measure of rotatability for second order response surface design in N=336 design points for 9 factors. From (19), (20) and (21) we have 











From (23) and (24) rotatability for the chosen dissimilar pair will get by taking . Therefore, we get a SORD at and then . Instead of taking if we take then we get , and 
Table 2: The rotatability measure values of dissimilar pair of incomplete block designs using a PBD and a BIBD.
	

	

	

	

	

	


	1.1
	2.39230
	2.73861
	0.909091
	0.0140083
	0.98618524

	1.3
	2.64500
	2.73861
	0.769231
	0.0092571
	0.990827783

	1.56508*
	3.00000
	2.73861
	0.638943
	0
	1

	1.9
	3.36949
	2.73861
	0.526316
	0.0217891
	0.978675588

	2
	3.45455
	2.73861
	0.50000
	0.0346658
	0.966495616

	2.5
	3.73370
	2.73861
	0.400000
	0.103448
	0.906250193


	‘*’ indicates “values of SORD using a PBD and BIBD”.

For different values of “ ” Response Surface (RS) and Curve Tracing (CT) of PBD and BIBD
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Fig. 2. Comparison of computed values for RS and CT across a range of input parameters










As the value of  increases, the curvature of the response surface and the shape of the contour plots change noticeably, influencing the degree of rotatability of the design. At lower  values ( = 1.1 and 1.3), the design shows mild to moderate curvature with curved and elliptical contours, showing slight to good rotatability. The best rotatability is achieved at  = 1.5651, where the response surface is balanced and symmetric with nearly circular contours. Beyond this point, increasing  ( = 2.0 and 2.5) leads to distorted and stretched contours, steeper curvature, and reduced rotatability of the design. 3D response surfaces and curve tracing for the them is represented in the above diagrams using pair of dissimilar incomplete design PBD and BIBD. In this the curvature of the response surface is peaked for different values of . If the value of  higher than  =1.5651 the nature of the curve is peaked otherwise the curve is moderate. 

Section -3: The rotatability measure of response surface design in second-order constructed by combining a pairwise balanced design (PBD) with a symmetrical unequal block arrangement (SUBA) with two unequal block sizes.
A new measure of rotatability of response surface designs in second-order was proposed by combining pair of two dissimilar incomplete block designs, namely a PBD and a SUBA with two unequal block sizes. This combination provides greater flexibility in constructing rotatable second-order designs and facilitates the assessment of their statistical properties.”

Theorem 3: If    are two suitably chosen dissimilar pair of incomplete designs. Then the set of design points 




 generates response surface design in second-order with - dimensional measure using a pair of PBD together with SUBA with two unequal block sizes. The resulting number of design points is  with   prefixed and .







Proof: For the considered pair of dissimilar incomplete block designs the design points developed from the combination of a PBD and a SUBA with two unequal block sizes, we have   and , denotes fractional replicates for  also denotes fractional replicates for in   levels respectively, if there is less than five factors then no interaction is confounded. Then for (2) the conditions of simple symmetric are true. Then conditions (3) along with (4) are true was discussed as follows.



From the above equations we get 
The measure of rotatability for second order response surface design using a pair of dissimilar incomplete block designs PBD and SUBA with two unequal block sizes can be obtained as follows:

 


 andgives the “scaling factor” 
Example: We illustrate Theorem 3 using the rotatability measure of response surface designs in second order using a dissimilar combination of PBD and SUBA with two unequal block sizes, by taking the parameter values.



for the above dissimilar pair of PBD and SUBA with two unequal block sizes, we obtain design points will give a measure of rotatability for second order response surface design in N=577 design points for 10 factors. From (25), (26) and (27) we have 









From (29) and (30) rotatability for the chosen dissimilar pair will get by taking . Therefore, we get a SORD at and  . Then . Instead of taking if we takewe get 

  
Table 3: The rotatability measure values of dissimilar pair of incomplete block designs using a PBD and a SUBA with Unequal Block Sizes.
	

	

	

	

	

	


	0.5
	2.58824
	2.061552813
	2
	0.0000825166
	0.99991749

	0.7
	2.79042
	2.061552813
	1.428571429
	0.000182235
	0.999817799

	0.840896*
	3.00000
	2.061552813
	1.189207702
	0
	1

	1.1
	3.39126
	2.061552813
	0.909090909
	0.003353282
	0.996657925

	1.3
	3.61101
	2.061552813
	0.769230769
	0.010658503
	0.989453903

	1.5
	3.75258
	2.061552813
	0.666666667
	0.018493563
	0.981842239


‘*’ indicates “values of SORD using a PBD and SUBA with two unequal block sizes”.









For different values of “ ” Response Surface (RS) and Curve Tracing (CT) of PBD and SUBA with two unequal block sizes. 
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RS ( = 0.7)							CT ( = 0.7)


[image: ][image: ]
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RS ( = 1.3)							CT ( = 1.3)



	[image: ]
	[image: ]


	
RS ( = 1.5)				
	
CT (=1.5)


	
	


Fig. 3. Comparison of RS and CT outputs across multiple parameter values
Changes in the value of  lead to noticeable variations in both the response surface and its contour patterns, directly influencing the degree of rotatability of the design. For and , the response surfaces exhibit mild to smooth curvature, and the contour plots gradually become more symmetric, indicating a slight to moderate improvement in rotatability. The design attains its maximum rotatability at , where the response surface is well-balanced and the contour plots are nearly circular.
However, for larger values such as and , the curvature becomes excessively steep, the contours appear elongated and lose symmetry, and the overall rotatability deteriorates due to distortion and edge effects. The 3D response surfaces and curve-tracing patterns corresponding to these values are illustrated in the figures above, constructed using a pair of dissimilar incomplete block designs, PBD and SUBA with two unequal block sizes. In this case, the response surface becomes sharply peaked for values of greater than 0.840869, whereas for values below this threshold, the surface exhibits moderate curvature.
Conclusion 
This study develops and evaluates second-order response surface designs constructed from three types of dissimilar incomplete block design pairs: SUBA with two unequal block sizes paired with BIBD, PBD paired with BIBD, and PBD paired with SUBA with two unequal block sizes. For each of these pairings, the corresponding theorems were established to ensure the feasibility and correctness of generating valid second-order models. For every value of the parameter , the associated response surface design was generated and its geometric properties were examined using curve-tracing techniques. The comparative investigation indicates that all three combinations produce stable prediction structures, with the PBD - SUBA (two unequal block sizes) configuration exhibiting comparatively smoother curvature behavior. Overall, the findings demonstrate that dissimilar incomplete block pairs offer a systematic and effective framework for constructing second-order response surface designs that satisfy the requirements of rotatability.
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