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	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript contributes to the scientific community by addressing the analytical treatment of nonlinear and inverted nonlinear isotropic harmonic oscillators under magnetic field influence, a problem with significant implications in quantum mechanics and thermodynamics. The study bridges theoretical quantum models with practical applications by extending results to polyatomic molecules such as water and carbon dioxide, which are relevant in both physics and chemistry. The work highlights how nonlinear terms and magnetic fields alter energy eigenvalues, radial wave functions, and thermodynamic properties, thereby enriching our understanding of molecular interactions in external fields. Its findings may inspire further research into instability models, condensed matter systems, and quantum thermodynamics.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The title is too long and complex, which may reduce clarity and impact.

Suggested alternative: Thermal and Quantum Properties of Nonlinear and Inverted Harmonic Oscillators in Magnetic Fields: Applications to Polyatomic Molecules This version is concise, highlights the core focus, and aligns better with journal standards.


	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	Suggested improvements:

Streamline technical descriptions (e.g., equations and methods) to focus on objectives, methods, key findings, and implications.

Explicitly mention novelty (e.g.,This study provides the first comparative analysis of nonlinear vs. inverted nonlinear oscillators applied to polyatomic molecules).

Remove excessive detail about Laplace transforms and boundary conditions, which belong in the methodology section.

Add a clear concluding sentence on the broader significance for quantum systems and thermodynamic modelling.


	

	Is the manuscript scientifically, correct? Please write here.
	The manuscript is scientifically sound in its methodology, with derivations of eigenvalues and radial wave functions supported by analytical and computational techniques.

However, some claims (e.g., the contradiction with Yuce et al. (2006) regarding complex eigenvalues) need stronger justification or numerical evidence.

Figures and tables are extensive and it is not recommended to keep 59 plots, the captions should be more explanatory for clarity.   “+” and “−” variants:
Combine: Figures 13 & 14; 15 & 16; 17 & 18 (mean energy, inverted).

Combine: Figures 37 & 38; 39 & 40; 41 & 42 (mean energy, nonlinear).

Combine: Figures 19 & 20; 21 & 22; 23 & 24 (entropy, inverted).

Combine: Figures 43 & 44; 45 & 46; 47 & 48 (entropy, nonlinear).

Combine: Figures 25 & 26; 27 & 28; 29 & 30 (pressure, inverted).

Combine: Figures 49 & 50; 51 & 52; 53 & 54 (pressure, nonlinear).

Combine: Figures 31 & 32 (mean energy, inverted, virial).

Combine: Figures 55 & 56 (mean energy, nonlinear, virial).

Combine: Figures 33 & 34 (entropy, inverted, virial).

Combine: Figures 57 & 58 (entropy, nonlinear, virial).

Combine: Figures 35 & 36 (pressure, inverted, virial).

Combine: Figures 59 & 60 (pressure, nonlinear, virial).

Parameter sweeps shown separately:
Group by output: For each output (mean energy, entropy, pressure), use subpanels for ω, α, B rather than separate figures.

Group by oscillator type: Two figures per output (inverted vs nonlinear), not six.

Radial wavefunctions:
Overlay parameter sweeps in subpanels (ω, α, B) rather than separate figures per parameter and equation number. Add one comparative panel showing inverted vs nonlinear for a single parameter sweep to highlight qualitative differences.  Label: “Real” vs “Imaginary” or “Physical” vs “Discarded” if imaginary parts are shown for completeness; alternatively, omit imaginary parts and note in caption.

Adopt multi-panel layouts (2×3 or 3×2): Keeps trends compact and editorially acceptable. Overlaying variants (“+”/“−”), oscillator types, and molecular cases clarifies qualitative differences and magnitude changes without multiplying figures.
Major issues requiring correction

Missing explicit equations: Many numbered equations ((1)–(7), (10)–(12), (21)–(31), (33)–(37)) are referenced but not written out. Without explicit forms for the potentials [image: image2.png]V(r)



, the radial Schrödinger equation, and intermediate steps, the derivations cannot be verified.

Please provide the full forms of [image: image4.png]Viso ()



, [image: image6.png]Vag (1)



, [image: image8.png]Voo (1)



, and the magnetic-field coupling terms in the Hamiltonian.

Magnetic field treatment and symmetry:
Major Issue: A uniform magnetic field breaks spherical symmetry; a pure “radial Schrödinger equation” is generally not valid unless a specific gauge and symmetry reduction is justified.

Action: State the chosen gauge (e.g., symmetric gauge [image: image10.png]


), show how angular momentum and magnetic quantum number [image: image12.png]


enter, and derive the effective radial equation. Clarify whether the diamagnetic term [image: image14.png]o« B*r?



appears and how it modifies the effective frequency.  

Regarding Ansatz and series solution consistency:
The  major issue transition from the modified ansatz (9) to the series equations (12)–(18) and the quadratic (21) lacks shown algebra. Action: Provide full recurrence relations, termination conditions, and the quantization mechanism (why/how the series truncates or yields eigenvalue conditions).

The science is correct but requires major refinements in interpretation and presentation.


	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	References include both classical and recent works (e.g., Orukari et al. 2024, Ikot et al. 2019, Khordad et al. 2022).

Some references are dated (1980s–1990s) and could be supplemented with more recent Q1/Q2 journal articles (2021–2025) on nonlinear oscillators, quantum thermodynamics, and polyatomic molecular modelling.

Add Recent works on quantum thermodynamics in polyatomic systems (Nature Physics, Physical Review A. Studies on nonlinear oscillators in condensed matter and quantum optics (Journal of Chemical Physics, Chaos, Solitons & Fractals).


	

	Is the language/English quality of the article suitable for scholarly communications?


	long sentences, redundancy, inconsistent tense, and occasional grammatical errors. Recommendation: professional language editing to improve readability and flow.


	

	Optional/General comments


	The manuscript addresses an important and technically challenging problem by extending nonlinear and inverted nonlinear harmonic oscillator models to polyatomic molecules under magnetic fields. This is a novel and potentially impactful contribution.

However, the presentation suffers from excessive figures (59 plots), many of which repeat similar trends. Consolidating them into multi-panel figures or overlayed curves would improve readability and align with journal expectations.

 Several equations are referenced but not explicitly written out, which makes it difficult to verify the derivations. All mathematical steps should be shown clearly, with consistent notation and dimensional analysis.

The treatment of the inverted oscillator requires stronger justification. Bound states in inverted potentials are not standard; discarding complex parts of eigenvalues or wavefunctions is not mathematically rigorous. A clearer explanation of boundary conditions and physical interpretation is needed.

The abstract and title are overly long and should be streamlined to emphasize novelty, methods, and key findings.

The English language is understandable but requires extensive  polishing for scholarly communication. Shorter sentences, consistent tense, and removal of redundancies will enhance clarity.

References are adequate but could be strengthened with more recent Q1/Q2 journal articles (2021–2025) on nonlinear oscillators, quantum thermodynamics, and polyatomic molecular modeling.
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	Are there ethical issues in this manuscript? 
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