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	PART  1: Comments



	
	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript provides a valuable heuristic and computational investigation into the length of the 2-class field tower for a specific family of imaginary quadratic number fields. The identification of the "half property" and the distinction between fields with tower length 2 and ≥3 for Type 1F are significant contributions. The paper successfully uses a combination of class field theory, PARI/GP computations, and the p-group generation algorithm to generate concrete examples and formulate precise questions. These findings will be of interest to number theorists working on class field towers and the structure of Galois groups.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The title is accurate but can be made more concise and informative. It currently omits the key concept investigated: the "half property" and the distinction in tower length.
Suggested alternative title: "On the 2-Class Field Tower of Imaginary Quadratic Number Fields: Heuristics for the Half Property and Tower Length"
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract is acceptable but could be strengthened. It mentions "examples" but does not highlight the core discovery—the "half property" and its connection to the tower length. I suggest revising it to include: 1) A brief mention of the methodological approach (using unramified quadratic extensions and comparing class numbers). 2) A clear statement of the main finding: that for Type 1F, both behaviors (t=2 and t≥3) occur, and this is linked to whether the field is a "half property field". 3) A note on the use of the p-group generation algorithm to prove t=2 in certain cases.
	

	Is the manuscript scientifically, correct? Please write here.
	The mathematical content appears scientifically sound and rigorous. The arguments based on class field theory (Lemma 2) are correct. The computational data in the tables is presented clearly. The reliance on results from collaborators (Bush, Page) is appropriately acknowledged, though the proof of Lemma 3 would benefit from more detail or a proper citation if available.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The references are appropriate and cover the necessary foundational and recent works. The inclusion of preprints from arXiv (e.g., [2], [3]) is standard in fast-moving fields. One might consider adding a reference to a more general survey on class field towers for broader context, but this is not essential.
	

	Is the language/English quality of the article suitable for scholarly communications?


	The language is understandable but requires thorough proofreading to improve fluency and clarity. There are instances of awkward phrasing, long sentences, and minor grammatical errors. I recommend a careful revision to enhance readability. Examples: "Author of this manuscript politely requested..." should be "The author has requested..."; "We demonstrate a number of examples inclusive of each of their 12 possible types" could be "We provide examples for each of the 12 possible types". 
	

	Optional/General comments


	Major Suggestions: 
1. Conclusion: The manuscript would greatly benefit from a dedicated conclusion section. This section should summarize the key findings (e.g., the existence of both t=2 and t≥3 for Type 1F, the role of the half property), explicitly answer Question 1 (yes, as shown by Bush's work), and discuss the implications of the open Questions (2-4).
2. Proof of Lemma 3: The sketch is very brief. If a full paper by Bush is not yet available, please state clearly: "M. Bush, using O'Brien's p-group generation algorithm, has verified that t=2 for these six fields [private communication]." This adds credibility.

Minor Suggestions:  

- The formatting of the references in the text (e.g., "cf. [1]") is fine, but ensure the final reference list is consistently formatted. 
- Consider adding a brief sentence in the introduction to motivate why the length of the class field tower is an important invariant to study.
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	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in details)
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