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Derivation of a Pricing Model for European Calls with Transaction Costs under the Heston Stochastic Volatility 

Abstract
This work deals with the derivation of the pricing PDEs for European calls with transaction costs under the Heston stochastic volatility. The Heston stochastic volatility is chosen because it follows a mean reverting process, which is more adaptable to the market. We derive our formulation by utilizing a known option whose price does not include transaction costs and using a dynamic hedging strategy. Our final pricing PDE does not involve the known option and it reduces to the original Heston PDE when transaction costs are eliminated.  
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1.0 Introduction
Options are vital form of financial instrument that involve two parties that agree to buy (call) or sell (put) an asset at a specified price on or before a future date. An option contract gives the holder right, but not obligation, to buy or sell an underlying asset at a predetermined price called the strike or exercise price on a specified date. Options can be classified in two ways depending on when an investor could exercise it. Hence, we have European-style options which can only be exercised on the expiry date and American-style options which can be exercised on any trading day before the expiry date. 
The Black-Scholes model [1] has been widely used since its introduction in 1973 for pricing options. However, market data have shown some limitations of the model. The assumption of constant volatility of the Black-Scholes model is not realistic in practice. Various pricing models with non-constant volatility have been developed to overcome this challenge. Pricing models like the local volatility model [2], regime-switching in volatility [3, 4, 5] and the stochastic volatility models [6, 7]. In the financial market, the Heston model [6] which assumes the stochastic volatility has been widely adopted. Another assumption of the Black-Scholes model which is not practical in real market is the absence of transaction cost. When considering the transaction costs, based on the market incompleteness, the option price for the holder and writer of the option is no longer unique. Leland [8] under the Black-Scholes framework considered transaction costs in pricing of options. He derived the Black-Scholes PDE with an adjusted volatility by the transaction cost rate and the hedging interval. Other variations of the Leland model can be seen in [9, 10, 11, 12, 13]. Mariani and SenGupta [14] derived a pricing model with transaction costs, where the stochastic volatility follows a modified Hull and White model [7]. 	Comment by User: Delete 
This work deals with the derivation of the pricing PDEs for European calls with transaction costs under the Heston stochastic volatility. The Heston stochastic volatility is chosen because it follows a mean reverting process, which is more adaptable to the market. We derive our formulation by utilizing a known option whose price does not include transaction costs and using a dynamic hedging strategy. Our final pricing PDE does not involve the known option and it reduces to the original Heston PDE when transaction costs is reduced to zero.       	Comment by User: Introduce a section 1.1  and 1.2 for Research Questions and Objective of the study respectively
2.0 Basic Tools and Preliminaries 
 Let  be a probability space where , the sample space, contains all possible outcomes, , the filtration that contains the information of the underlying price before time, , and , the probability measure. Under a risk-neutral measure, the stock price at time , denoted by  equals the discounted expectation of the stock price with risk-free interest rate . Stochastic processes are vital in pricing options as the stock price is always assumed to follow different types of stochastic process. Geometric Brownian motion is one of the most commonly used stochastic process. A stochastic process can be defined thus: Given a probability space , a stochastic process  is a collection of random variables , where  is the index set. 	Comment by User: 2.0 to 2.3 should form 3.0 the Research Method. The model should be a section under 3.0. 2.0 should be Literature Review with sub section as conceptual issues like options, call, pricing and cost. There should be theoretical reviews, empirical reviews,   and theoretical framework for the study.
2.1      Dynamic Hedging Strategy
In finance, hedging simply refers to the act of strategically trading financial instruments with the aim of offsetting as much as possible, the risks that go with an investor’s initial position in assets already owned. Dynamic hedging refers to the act when the hedging portfolio is rebalanced through time. It can be split into two main categories namely local and global hedging. Dynamic local hedging strategy targets the risk in each small time period independently while dynamic global hedging strategy considers the aggregate risk jointly from one period to another.   	Comment by User: Re-balanced
2.2        Ito’s Lemma
Ito’s lemma is a useful tool in financial mathematics. It is used in finding the differential of a deterministic function of a stochastic process. Ito’s lemma serves as the stochastic calculus counterpart of the chain rule. It is provided thus: Consider a stochastic differential equation 
                                             ,                                                         (1)
where  and  are constants representing the drift and volatility terms of the geometric Brownian motion respectively, and  is a Weiner process. If a stochastic process  follows equation (1), then for any twice differentiable function , the differential of  can be derived as 
                                                                       (2)
2.3    Heston Stochastic Probability Model
The Heston model, developed by Steven Heston in 1993 [6] is an option pricing model which can be used for options pricing on different securities. It uses statistical methods to calculate and forecast option pricing. This is achieved with the assumption that volatility is arbitrary. Some of the characteristics of the Heston model are listed below. Heston model factors in a possible correlation between a stock price and its volatility. It conveys volatility as reverting to the mean. Heston model gives a closed-form solution. It does not require that stock prices follow a lognormal probability distribution. 
Consider the following stochastic volatility model:
                                           
                                   ,                                            (3)
where the correlation between  and  is :
                                  .                                                                   (4)
The parameters of the model are
, the drift of the process for the stock; , the mean reversion speed for the variance; , the mean reversion level for the variance; , the volatility of the variance; and , the correlation between the two Brownian motions . The stochastic volatility in the Heston model [6] is mean reverting towards the long term mean  with a speed . The higher the value of , the quicker the model reaches the long term mean of the variance. Volatility of  is denoted by , a constant.  
3.0 The Model
Consider a portfolio  that contains one option  of the underlying asset, and  of a known option, . The value of this portfolio is 	Comment by User: The mathematical manipulations from beginning to the end look interesting only to a lined learned person, but will be more interesting if figures generated from the market are imputed. So, I encourage the author to introduce figures in the model.
                                ,                                                                     (5) 
where  is the price of the underlying asset. The variance  together with  satisfy the following stochastic differential equations
                                                                                                    (6a)                                      
                                  ,                                                     (6b)
where  is the drift, , the long-term mean of the variance, , the mean reversion rate, and , the volatility of the variance. The Wiener process  are correlated with a coefficient 
                                   .                                                                    (7)
, which is used to hedge the volatility risk in equation (5) is chosen to be a Heston-type European option without transaction costs. For the holder of the option, in a non-infinitesimal fixed time-step, the change in the value of the portfolio in equation (5) is 
                                 ,                                          (8)
where  is the transaction cost which is proportional to the asset price  and the absolute value of number of traded stocks,  together with the rate of transaction cost . Applying Ito’s lemma to  in equation (8) gives 
        
                       
                   .                         (9)
Due to volatility and asset price fluctuation, we hedge against the risk by choosing
                  and .
Hence, 
                             and  .                                             (10)
Equation (9) becomes 
             
                       .           (11)
Suppose the investor choses to put the monetary value of the portfolio in a risk-free bank with interest rate, . This means that the change in portfolio value is . Equation (5) becomes
                   ,                                                        (12)
where  are as defined in equation (10). Hence,
                
                                                .                        (13)
Substituting equation (13) into the expectation of equation (11) gives
    
     .
                                                                                                                                              (14)
Since  is a known Heston-type option, equation (14) becomes
   
     .                                                                                                           (15)
In order to calculate the transaction costs when hedging the portfolio from the time, , we determine the number of transactions . The number of stocks traded at the time  and  are given below. 
                   ,                                                       (16a)
and
               
                            .                    (16b)
The changes in assets and the volatility are small since we assumed , the time step to be small. Therefore, we can apply Taylor’s expansion for the components of . But  and , hence, the dominant term in  is , whereas the other terms are . We therefore have 
  
                                                                     (17)
From equations (16a) and (17), we have the number of traded stocks from  as 
                        
                             
                             .                                  (18)
Since the transaction cost term is independent of the additional option, , that is
                                         ,                                                                 (19a)
and  
                                        .                                                                  (19b)
Integrating the two PDEs in equations (19a) and (19b) will lead to 
                                 ,                                                                                      (20)
where  is a function of time only.  Equation (20) shows that during the hedging process, the number of  options to be traded, that is , is independent of the option price  and the number of traded underlying . Hence, equation (20) is justified because the transaction costs are paid only for stocks trading, the corresponding trading amount should be independent of any other options involved by the additional risk. Therefore, when calculating the transaction costs term,  should not be a function of . 
Using equation (19) on (18), we have total number of traded stocks during  to be 
                              .                                             (21)
Let 
                                   ,                                                              (22)
where 
                                            and         .                                             (23)
Since,  are Brownian motions with correlation, , we have 
               and    ,                                      (24)
where  are independent normal random variables. In order to calculate the expected value of the transaction costs in a time-step, we substitute equations (23) and (24) in equation (22) to have 
       .                    (25)   
But
                    
                              .                                                                          (26)
Hence, 
                      ,                                       (27)
Substituting equation (23) in equation (25) gives 
   .                      (28)
Putting the expectation of equation (28) in equation (15), we have
     
         .                         (29)
[bookmark: _GoBack]Equation (29) gives the option price for the holder and writer of the option, . That is, the PDE for the holding value of the option,  is 
        
         .                                  (30)
Similarly, the option price for the writer is given by 
         
         .                                  (31)
4.0 Conclusion 
Based on the incorporation of the transaction costs and the market incompleteness, the option price for the holder and writer of the option is no longer unique. Equations (30) and (31) give the option price for the holder and writer of the option,  respectively. Their solutions, together with appropriate conditions give the holding and writing price of an option with transaction costs. Equation (29) reduces to Heston PDE when the transaction cost rate is equal to zero. 	Comment by User: Despite the mathematical nature of the study, section 4.0 should be data presentation, analysis and discussion of findings. Discussion of findings should be done by comparing the findings of this study with past studies as reviewed in the empirical studies.
5.0    References 	Comment by User: Section 5.0 is conclusions and recommendations
[1]   Black, F. & Scholes M. (1973). The Pricing of Options and Corporate Liabilities. Journal of Political Economy, 81(3): 637-654. 
[2]   Derman, E. & Kani, I. (1994). Riding on a Smile. Risk, 7(2): 32-39.
[3]   Dimasi, G.B., Kabanov, Y.M., & Runggaldier, W.J. (1995). Mean-Variance Hedging of Options on Stocks with Markov Volatilities. Theory of Probability and its Applications, 39(1): 172-182. 
[4]    Lu, X. & Putri, E.R.M. (2020). A semi-Analytic Valuation of American Options under a Two-State Regime-Switching Economy. Physica A: Statistical Mechanics and its Applications, 538: 122968.
[5]   Zhu, S.P. Badran, A., & Lu, X. (2012). A New Exact Solution for Pricing European Options in a Two-state Regime-Switching Economy. Computers and Mathematics with Applications, 64(8): 2744-2755.
[6]   Heston, S.L. (1993). A Closed-Form Solution for Options with Stochastic Volatility with Applications to Bond and Currency Options. The Review of Financial Studies, 6(2): 327-343. 
[7]   Hull, J., & White, A. (1987). The Pricing of Options on Assets with Stochastic Volatilities. The Journal of Finance, 42(2): 281-300.
[8]    Leland, H.E. (1985). Option Pricing and Replication with Transactions Costs. The Journal of Finance, 40(5): 1283-1301. 
[9]   Amster, P., Averbuj, C.G., Mariani, M.C., & Rial, D. (2005). A Black-Scholes Option Pricing Model with Transaction Costs. Journal of Mathematical Analysis and Applications, 303(2): 688-695. 
[10]   Hodges, S., & Neuberger, A. (1989). Optimal Replication of Contingent Claims under Transaction Costs. Review Futures Market, 8: 222-239.  
[11]   Kwok, Y.K. (2008). Mathematical Models of Financial Derivatives. Springer.  
[12]   Sevcovic, D., & Zitnanska, M. (2016). Analysis of the Nonlinear Option Pricing Model under Variable Transaction Costs. Asian-Pacific Financial Markets, 23(2): 153-174. 
[13]   Wilmott, P., Hoggard, T., & Whalley, A. (1994). Hedging Option Portfolios in the Presence of Transaction Costs. Advances in Futures and Options Research, 7: 21-35.  
[14]   Mariani, M.C., & SenGupta, I. (2012). Nonlinear Problems Modeling Stochastic Volatility and Transaction Costs. Quantitative Finance, 12(4): 663-670.  
 




 
 

                                   

 


10

