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A Study on Dual Generalized Pierre Numbers

Abstract. In this paper, we introduce the generalized dual Pierre numbers defined over the bidimen-
sional Clifford algebra of hyperbolic numbers. As special cases, we examine the dual Pierre and dual Pierre
Lucas numbers. We derive Binet formulas, construct generating functions, and establish summation iden-
tities for these sequences. Furthermore, we present matrix representations associated with the proposed
number sequences.
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1. Introduction

Dual numbers, first introduced by W.K. Clifford in 1873, represent a fascinating mathematical construct
with a wide range of applications. They play a pivotal role in screw theory, the modeling of planar joints,
and iterative techniques for displacement analysis in spatial mechanisms. Additionally, dual numbers are in-
strumental in the inertial force analysis of spatial systems and continue to find relevance in various branches

of kinematics and robotics.Here are some general information about the applications of dual numbers.

e Engineering and Physics:
Used in electrical engineering and control systems.
Applied in wave analysis and signal processing.
Utilized in mechanical engineering for vibration analysis, among other applications.
e Mathematics and Geometry:
Alongside complex numbers, dual numbers contribute to the extension of mathematical struc-
tures.

Employed in geometry to represent various transformations.
1



UNDER PEER REVI EW

Computer Science:

Found in graphics and image processing.

Used in robotics and control systems for modeling and analysis.
e Finance and Economics:
Applied in risk analysis and financial engineering.

Utilized in option pricing and portfolio management.

Optimization Problems:
Used for finding solutions in optimization problems.

Acts as a tool in linear programming and decision-making models.

Quantum Mechanics:

Employed in quantum computers and quantum mechanics for mathematical representation.

Next, we give some information raleted to hypercomplex number system and then we give some proper-
ities about dual number. As discussed in [10], the hypercomplex numbers systems are extensions of real
numbers. Some examples of hypercomplex number systems ,which is commutative , are complex numbers,

hyperbolic numbers and dual numbers.

e Complex numbers are formed by extending the real number system with the imaginary unit, denoted

” 59 2 _

as , which satisfies the equation 14 —1. Complex numbers is defined as follows,

C={z:a+ib:a,beR,f52:71},

e As discussed in [18], hyperbolic numbers extend the real number system with the hyperbolic unit

j, where j2 = 1. Hyperbolic numbers is defined as follows,
H={h=a+jb:a,beR,j>=1,j#+1}.

e As discussed in[8], dual numbers extend the real number system by introducing a new element &,

where €2 = 0. Dual numbers is defined as follows,
D={d=a+¢cb:a,beR,e?>=0,¢e#0}.

Let D={d=a+¢b:abe Re*>=0,e#0} CRxRisa set called dual numbers and we define
following process on D for every dy = x + x%¢,des =y +y*c € D as
+  DxD—-D di+da=(z+z"e)+y+y'e)=(x+y) + (@ +y ),
DxD—D,di-dy=(z+a"e) (y+y'e)=ay+ (zy” +a7y)e,

di = (x+4+z2"e)=(y+y'e)=dyifounlyif x =2z y=y".
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Using above expressions we have following definations,
e — (D,+) is an abelian grup,
— (D, +,-) is commitative ring (where for every d € D we have d-1 = d so that 1 is unit eleman
on - process),
— (D, +,) is not field because for every d € D such that there is no element d-d' =d’'-d =1,
— the D is a vector space on R,
D= {a + 0¢ : a € R},which is subspace of D, is isomorph R,
(1,¢) is basis of D,
for every d = (z+2*¢) € Dsuch thatd = (v—z*c) € D, 2 = (L +2¢)e D,d-d= 22,(d) =d
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— for every di = x + a*e, do = y + y*c € D,(y # 0), g—;
(di + dg) = (dy + do) and (d; - d2) = (d; - d3). For more detail see [14]
e Dual hyperbolic number is a type of hypercomplex number, specifically a member of the hyperbolic

number system. A dual hyperbolic number is defined by
qg=(ao+jar) +e(az + jaz) = ag + jai + eas + €jas

where ag, a1, a2,a3 € R are real numbers.

The set of all dual hyperbolic numbers are defined as
Hp = {ag + jai + €as + €jas : ag,ay,a0,a3 €ER, j2 =1,7# £1,e2 =0, # 0}.

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and &j denotes
the dual hyperbolic unit ((je)? = 0).

The {1,7,¢,£j} is linear independent and Hyp = sp{1,7j,¢,ej} so that {1,j,e,£5} is a basis of Hp.For more
detail see [1]. The next properties are holds for the base elements {1, j,&,j} of dual hyperbolic numbers
(commutative multiplications):1.e = €,1.j = j, €2 = c.e = (je)2 = 0, j%2 = j.j = 1l,6.j = je, e.(¢f) =
(e7).e =0, j(ej) = (ef)j =&

Let us now revisit the definition of generalized Pierre numbers.

A generalized Pierre sequence {W,,}n>0 = {W,(Wo, W1, Wa, W3)} >0 is defined by the fourth-order
recurrence relations

Wy = 2Wp_1 — Wi_y, (1.1)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
W_,= 2W—(n—3) - W—(n—4)7

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The initial values of the generalized Pierre numbers for both positive and negative subscripts are pre-

sented in Table 1.
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Table 1. A few generalized Pierre numbers

n W W_n

0 Wo Wo

1 Wi 2Wy — W3y

2 Wo 2y — Wa

3 Wa 2Wo — Wy

4 2W3 — W AWy — Wy — 2Ws

5 AWs — Wy — 2Wy AW, — AWy + W3

6 8Ws — 2W1 — Wy — AW AWy — AW, + Wy

7 15W3 — 4W; — 2W5 — 8W) Wi — AWy + 8Ws — AWy
8 28Ws3 — 8Wy — 4Ws — 15W) Wo 4+ 8W7 — 12Wy + 4Ws
9 52W3 — 15Wy — 8Wy — 28W, 8Wo — 12W1 + 6Wo — W3

10 96Ws5 — 28W; — 15W, — 52W) 6W1 — 12Wy + 16Wy — 8W3

11 177TW3 = 52W1 — 28Woy — 96W,  6Wo + 15W; — 32W5 4 125
12 326W5 — 96W, — 52Wy — 177Wo  15Wy — 32W5 4 24W5 — 63
13 600W3 — 177W; — 96Wy — 326W,  24W; — 32Wy + 24W, — 15Ws

If we set Wy = 0,W; = 1, Wy = 2, W3 = 4 then {W,,} is the well-known Pierre sequence and if we set
Wo = 4, Wy = 2, Wy = 4,W3 = 8 then {W,} is the well-known Pierre -Lucas sequence. In other words,
Pierre sequence {P, },>0 and Pierre -Lucas sequence {C),},>0 are defined by the second-order recurrence

relations

P,=2P, 1 — P,_4, Ph=0,PL=1,P,=2 P;=4, n>4, (1.2)
and

C,=2C1—Ch_y, Cy=4,C1=2,C,=4,C3=8, n>4 (1.3)

The sequences {P, },>0 and {C}, },>0 can be extended to negative subscripts by defining
P_,, =2P (,_3)— P_(n_4),

and
c_, = 20—(n—3) - C—(n—4)7
for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
We can list some important properties of generalized Pierre numbers that are needed.

e Binet formula of generalized Pierre sequence can be calculated using its characteristic equation

which is given as

A28 p1=(B -2 —z2-1)(z-1)=0.
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The roots of characteristic equation are

1+ /19 +3v33 + /19 - 3v33

3
g = Ltw V19 + 3v/33 + w? /19 — 3v/33
— ; ,
1+ w219 + 333 + wv/19 — 3v/33
'7 - 3 9
5 = 1,
where
—1 )
w= %\/3 = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

_ pia” p2B" p3y" pad”
T Py P oy N c S B Al vy vy ooy R P T TP B
pra” p23" 3y Pa

@—Ble-—Na-1 B-aB-nB-1 G-a0-A0-1  (d-a)l-Al-7)
= Aloz" + AQ,B” + Ag’yn + A4

where p1, p2, p3 and py are given below

p1 = Ws—(B+v+06)Wa+ (By+ B+ ~0)Wi — BydWo, (1.5)
p2 = Wiz—(a+7v+8)Wa+ (ay+ad+y5)Wi — ayéW,

ps = Wis—(a+B8+0)Wsy+ (af + ad + B6)W; — afdWy,

pa = Wy—=Wo—-W1-Wp

and

4 - W3 — (B4 +8)Ws + (By + 86 + v6) Wy — BydWy (1.6)
b (a—B)(a—)(a—20) ’ '

Wi — (a+v+ )Wy + (ay + ad + v5) Wy — aydWy

A = G ’
Ay = Wi — (a+ B+ )Wa + (aB + ad + B6)W1 — afdWy
(v —a)(y—B)(y—0) ’

Wy — Wy — Wy — W

A, = .

-2
Binet formula of Pierre and Pierre Lucas sequences are

n+2 5n+2 n+2

= + + 7 1
(a=B)a=(a—=08) B-a)B-7)B—-06 @O—-a)y—=0F)(—0) 2

and

Cn=0a"+p"+79"+1,
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respectively.

The generating function for generalized Pierre numbers is

1.
1— 22+ 24 (1.7)

i Woan = Wot (Wi = 2Wo)a + (Wa — 2Wh)a? + (W — 2Wa)a®
n=0
In the following section, we introduce the dual generalized Pierre numbers and investigate several of
their fundamental properties.

o0
Next, we give the exponential generating function of > Wn% of the sequence W,.

n=0
LEMMA 1. [13, Lemma 1.4]. Suppose that fow, () = > W,L% is the exponential generating function
n=0
of the generalized Pierre sequence {Wy }. Then
= " (aW3 —a(2—a)Wa + (= +a+ 1)W1 = Wo) .
S ,
n! 202 + 2a0 — 2
n=0
L (BWs = B2 = B)Wa + (=" + B+ W1 = Wh) g,
282 + 28 — 2
n (’YWg — ")/(2 — ’)/)WQ + (*’}/2 + v+ 1)W1 - WO)E’YI n (Wg - W+ W; — WO)BI
292 + 2y —2 -2 ’

The previous Lemma gives the following results as particular examples.

COROLLARY 2. [13, Corollary 1.2]. Exponential generating function of Pierre and Pierre-Lucas numbers

are

LR e R @ tat et (4B (P y+1)yt 1an

(@+a+l) o B+B+1) 5 GPHy+1" 0 1,

n!

= — -e”.
2(a2 +a—1) 2082 +8-1) 2(v +v-1) 2
o0 xTL o0 :L.Tl
b): X Ch=5 = X (@ + 8"+ + 1) = e + e+ e
n=0 n. n=0 n.:

Next, we provide an overview of selected publications in the literature that pertain to dual numbers.

e Gocen et al [12] presented the dual generalized Fibonacci matrices as

DWW Whi1 + eWphio Wy +eWoig Woi1 +e(Wn+ 1+ Wn) W, + eWpi
n = =
Wp+eWpir  Who1+eW, Wy + eWia Wipi1 — Wn + eW,
e . Wi +e(Wo + W) Wo + €Wy
with initial conditions DWy =
Wy + eWy Wi — Wy + Wy
Wo 4+ Wi+ e(Wo +2W1) Wi+ e(Wo+ W
DW, = 0 1 (Wo 1) 1 (Wo 1) as ¢ — 0
Wi + E(WO + Wl) Wy + eWy

e Halici [16] studied Dual Fibonacci Octonions as

7
b= Z Fn+ses
s=0
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where Fibonacci given by F,, = F,,_1 + F,_o, Fy =0, F; = 1.

o Aydmn [9] studied Dual Jacobsthal Quaternions as

QJk;n = Jk;n + ile;n-‘rl + iQJk;n+2 + iBJk;n-H’)
where Jn =Jp_1+ 2Jn,2, JO = 0, Jl = 1.

e Nurkan ,Guven,[7] studied Dual Fibonacci Quaternions as

Qn = (Fn + Fuy1) +i(Foy1 4 Fuyo) + §(Fora + Fuys) + k(Fuis + Foya)
where Fibonacci given by F,, = F,,_1 + F},_2, Fy =0, F; = 1.

e Giirses, Sentiirk, Yiice[15] studied dual-generalized complex Fibonacci and Lucas numbers, respec-

tively, as
ﬁn = Fn + an+1 + EFn+2 +jEFn+3,
Zn - Ln + jL7l+1 + 6Ln+2 + j8L7L+37
where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,_2, Fy =0, I}, =1, L, =

Ly 1+ Ly o, Log=2,L =1

e Yilmaz and Soykan , [17] studied dual generalized Guglielmo numbers given by

Wn =Wy, + €Wn+1

where generalized Guglielmo numbers are W,, = 3W,,_1 — 3W,,_o + W,,_3 with the initial conditation
Wo,Wl,WQ (7’L22)

e Ayrilma and Soykan,[6] introduced On Dual Edouard Numbers are
DE, =7DE,,_1 —TDE,_>+ DE,,_3

where generalized Edouard numbers are FE, = TFE,_1 — TE,_s + E,_3 with the initial conditation
Ey=0,E1=1,F, =7
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Demirci and Soykan,[2] studied hyperbolic generalized Adrien numbers given by

HA,=3HA,_ 1 —HA, o —HA,_4

where generalized Adrien numbers are A,, = 34,1 — A,,_2 + A, _4 with the initial conditation
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AOZO,Alzl,AQZ?),Ag:& TLZ4

e Kalca and Soykan,[11] studied dual hyperbolic generalized Pandita numbers given by

P,=2P, 1 —P, o+ P, 35— P, 4
where generalized Pandita numbers are P,, = 2P,,_1 — P,,_2 + P,,_3 — P,,_4 with the initial conditation
Ph=0,P=1,P,=2,P3=3, n>4.
In this paper, we define the dual generalized Pierre numbers in the next section and give some properties

of them.

e Soykan et al [4] presented dual hyperbolic generalized Pell numbers given by

Vi = Vi + jViir + Viio + jeViis

where generalized Pell numbers, with the initial values Vi, V1 not all being zero, are given by V,, =
2Vo1+Vuo, Vo=a, Vi =0 (n2>2).

e Dikmen and Altinsoy,[3] studied On Third Order Hyperbolic Jacobsthal Numbers given by

£ 3

B = g,
i = 0P gl

where Jacobsthal numbers, respectively, given by I = JT(LB_)1 + J,(L?’_)Q + 2J7(L3_)3, Jé?’) =0, Jl(?’) =1,

3 (3 -(3 -(3 (3 (3 (3 (3

e Dogan and Soykan,[5] studied hyperbolic generalized Pierre numbers given by

HP, =2HP, , — HP,_,

where generalized Pierre numbers are P,, = 2P, _1 — P,_4 with the initial conditation

POZO,P1:17P2:2,P3=4, 7124
2. Dual Generalized Pierre Numbers and their Generating Functions and Binet’s Formulas

In this section, we introduce the dual generalized Pierre numbers and derive their corresponding gen-
erating functions and Binet formulas. We now define the dual generalized Pierre numbers over the algebra

Hpof dual dual numbers.The n th dual generalized Pierre number is
DW, =W, +eW, 4. (2.1)
The sequence {DW,,},>0 can be extended to negative subscripts by defining
DW_, =W_, +eW_, 11,

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
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Note that
DWy = Wy+eWhq,
DWy, = Wi+ Wy,
DWy, = Wy + eWs,
DW3; = W;+ eWy=Ws+e(2DW5 — DWy).

It can be easily shown that
DW,, =2DW,_1 — DW,,_4 (2.2)
and
DW_,, =2DW_(,_3y — DW_(,,_4).

The initial values of the dual generalized Pierre numbers for both positive and negative subscripts are
listed in Table 2.

A few dual generalized Pierre numbers

n DW, DW_,

0 DWW, DWy

1 DW; 2DW, — DWs

2 DW,y 2DW1 — DW3

3 DWj5 2DWy — DWW,

4 2DWs3 — DWW, 4DWy — DWy — 2DW3y

5 4DW3 — DWy — 2DW, ADW; —4DWy + DW3y

6 8DWs — DWy —2DWy — 4DW), 4DWy — 4DW; + DWW,

7 15DWs — 2DWsy — 4ADW7 — 8DW) DW, —4DWy 4+ 8DWy — 4DW3
8 28DWs3 — 4DWy — 8DW; — 15DW) DWy +8DW; — 12DW5 +4DWs
9 52DW3 — 8DWy — 15DWy — 28DW)y 8DWy — 12DW1 + 6DWy — DW3

10 96DWs3 — 15DWy — 28DW; — 52DW, 6DW, — 12DWy + 156 DWWy — 8DW;5

11 177DW3 — 15DWy — 28DW; — 96DW,y  6DWy + 15DW; — 32DWs 4+ 12DWs
12 326DWs3 — 52DW, — 96DW, — 177TDWy  15DWy — 32DW; + 24DWo — 6DW3
13 600DW3 — 96DWy — 177TDW; — 326DWy  24DW, — 32DWy 4 24DWy — 15DW3

As special cases, the nth dual dual Pierre numbers and the nth dual dual Pierre Lucas numbers are
given as

DP, =P, +¢Py i1 (2.3)

and

DC, = Cp + €Cpi1 (2.4)
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respectively. The sequences {DP,},>o and {DC),},>0 can be extended to negative subscripts by defining
DP_,=P_, +6P7n+1a

and

DC_py = C_p + €Cpi,

for n =1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n.

For dual Pierre numbers (taking W,, = P,, Po=0,P, =1,P, =2, P; =4,) we get

DPO = €
DP1 = 26+17
DP, = 4de+2,

and for dual Pierre Lucas numbers (taking W,, = C,,, Cy =4,C; =2,C5 = 4,C5 = 8,) we get

DCO = 2 + 47
DCl = 462,
DCy = 8e+4.

Selected values of the dual Pierre numbers and dual Pierre Lucas numbers for both positive and negative
subscripts are presented in Table 3 and Table 4, respectively.

Table 3.dual Pierre numbers

n DP, DP_,
0 € €
1 2+1 0
2 4e+2 0
3 8e+4 -1
4 15e+8 —€
5 28e+15 0
Table 4. dual Pierre- Lucas numbers
n DC, DC_,,
0 2e+4 2¢e +4
1 4e+2 de
2 8e+4 0
3 12¢+8 6
4 22e+12 —446e
5 40e 4 22 —4e
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We now present the Binet formula for the dual generalized Pierre numbers, and for the remainder of the

paper, we adopt the following notational conventions.

a = l4ea (2.5)
B = 1+eB, (2.6)
7 = l+ey, (2.7)
0 = T=1+e (2.8)
Note that we have the following identities:

&% = 1+ 2ae,

Fo= 1426,

af = 1+ (a+p)e

72 = 1492+ 2y,

5 = T2=242,

5 = 14+e(l+7).

THEOREM 3. (Binet’s Formula) For any integer n, the n th dual generalized Pierre number is
DW, = QA" + BAsSB™ + FA37™ + 0 A4 (2.9)
where @, B, 7,6 are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pierre numbers given below
Wi = Aja" + A" + Asy" + Ay
where A1, Ag, Az, Ay are given (1.6),we get

DWW,

Wn + EWnJrlv

Aloz" + Agﬁn —I— A3’}/n —|— A4 —|— (Ala"+1 —|— AQﬁTH_l + Ag’}/n+1 + A4)€

QA" + BAB" +FAzy" + 5 A,

This proves (2.9).00

As special cases, for any integer n, the Binet’s Formula of nth dual Pierre number is

2 Da"a (B2 BB (1 1yy 1
Dpn:(a +2a+ Ja"a (B +2ﬂ+ BB (v 427+ w1 (2.10)
22 4+a—1) 28% + 8 —1) 2 +v-1) 2
and the Binet’s Formula of nth dual Pierre Lucas number is
DC,, = aa™ + BA" + 3y + 1. (2.11)

Next, we present generating function.
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THEOREM 4. The generating function for the dual generalized Pierre numbers is

DWO + (DWl — QDWO)QZ' + (DWQ — 2DW1)’132 + (DWg — 2DW2)ZL‘3
1—2x+ 24 ’

fDWn (l’) = ZDWnl’n =

n=0
Proof. We assume that fpw, («) is the generating function of the dual generalized Pierre numbers and

then we can write

fDWn (LE) = Z DWnLEn

n=0

Then, using the definition of the dual generalized Pierre numbers, and substracting = f(z) and 2 f(z)

from f(z), we obtain (note the shift in the index n in the third line)

o0 o0 o0
(1—2x+ a:4)fDWn (z) = Z DW,z" — 2z Z DW,z" + z* Z DW,z"

n=0 n=0 n=0

- i DW,,z" — 2 i DW,z" ! + i DW,,z"t4

n=0 n=0 n=0
= i DW,z" —2 i DW(n,l)JSn + i DW(n,4)Z‘n
n=0 n=1 n=4

= (DWy + DWyiz + DWaa? + DWsa®) — 2(DWox + DWya? + DWaz®)

+Y (DW, — 2DW,,_y + DW,_4)z"

n=4

= DWy + (DW; — 2DWy)x + (DWy — 2DW,)z? + (DWs3 — 2DWs)z3.

As special cases, the generating functions for the dual Pierre and dual Pierre Lucas numbers are

o0

€E+x
DPz" = ——M—
— v 1— 2z + 24
and
iDCnx" _ 2e+4— 6z — dea®
1—2x+ x4
n=0
respectively.

[e.e]
Next, we give the exponential generating function of )  DW, % of the sequence DW/,.

n=0

o0
LeEMMA 5. Suppose that fpw, (x) = Y DW, %y is the exponential dual generating function of the
n=0

generalized Pierre sequence {DW, }.

[e.e]
Then Y. DW,%; is given by

o
n=0
e e} ™ =R
Z DW,— == A1e™a + AP 4 Ase’F + Aue®l.
n.
n=0

where @, 3, 9,0 are given as (2.5)-(2.8)

Proof. Using Binet’s formula

Wn = Al()[n + Agﬁn + Ag’}/n + A4.
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where Ay, As, A3, Ay are given as in (1.6) we get

o 2" o) 2" %) 2"
ZWT’H = anﬁ+ezwn+lﬁ
n=0 n=0 n=0
o0 2" o) 2"
= Z(Alan+A2ﬁTL+A3’Yn+A4)H+€Z(A1an+1+A2Bn+1+A37n+1+A4)F
n=0 : n=0 :

= (A + AgePT 4 Age® + Age”) + e(A1ae™ + AsBeP” + Azve™™ + Age®)
= A1 (14 eq) + AP (1 + €f) + Az (1 + ey) + Age®(1 +€)
= Ae*a+ Ageﬁwﬁ + Aze’*qy + Aye®.

This proves (5). O

The previous Lemma gives the following results as particular examples.

COROLLARY 6. FEzponential generating function of hiperbolic Pierre and hiperbolic Pierre-Lucas numbers

are
a):
- " (@@ta+l) o BB+ g, P+l . 1,
,;ODP"*' = Gera-n Ta@as-n¢ Tarra-n° 2%
a(@+a+l) o BB +B+1) 5, P+ +D . 1,
+6(2(042+04—1)e 2(52+5_1)e 2(72_'_7_1)@7 —5¢ ).
b):

e n
Z DCR% = e 4 P L 7 1 e 4 e(ae™ 4 Bl 4 4l 4 ).

n=0

3. Obtaining Binet Formula From Generating Function

Next, we derive the Binet formula for the generalized dual Pierre numbers {DW,,} by utilizing their

corresponding generating function.

THEOREM 7. Binet’s formula of generalized dual Pierre numbers:

O P T TR Y e B YRl e o ) R B T o
where

@ = DWya® + (DW, — 2DWy) o® + (DWy — 2DW1) a + DW3 — 2DWs,

¢ = DWyB*+ (DW, — 2DW,) 5% + (DWy — 2DW1) B+ DWs — 2DWs,

g3 = DWyy*+ (DW; —2DWy)+? + (DWo — 2DW1) y + DW3 — 2DWs,

@ = DWy® 4 (DWy — 2DWy) 62 + (DWy — 2DW1) 6 + DW3 — 2DW,.
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Proof. Let

h(z) = 2* — 2z + 1.
Then for some «, 3,7 and ¢ we write
h(z) = (1 — ax)(1 — Bz)(1 —yz)(1 — ix).
ie.,
2t =20 +1=(1-az)(1—-Bx)(1—~z)(1 - dx). (3.2)
Hence é, %, % and % are the roots of h(x). This gives «, 3, and ¢ as the roots of

1 2 1
h(Z)=1—2+— =0.
(a:) x+x4

This implies 2 — 2z + 1 = 0. Now, by it follows that

i DWW 4™ — (DW5 — 2DW3) 2® + (DWo — 2DW1) 22 + (DW, — 2DW,y) = + DW)
" (1—-az)(1—Bz)(1 —~=z)(1 — dx) ’

Then we write

(DW?, - QDWQ) 1‘3 + (DWQ - 2DW1) .’1,‘2 + (DWl - 2DWO> T+ DWO - Bl BQ B3 B4

(1= aw)(1 = B2)(1 —72)(1 — 6a) T (—a2) (-B2) (—-na) (—b2)
So
(DW5 — 2DW3) 2® + (DWW, — 2DW1) 2 4+ (DW, — 2DW,y) x + DW)
= Bi(1-Bz)(1—~z)(1 - dz) + Ba(1 — az)(1 — yz)(1 — oz)

+B3(1 — az)(1l — Bz)(1 — dz) + B3(1 — az)(1l — fz)(1 — yz).

If we consider z = X, we get DWy + 1 (DW, — 2DW,) + 25 (DW, — 2DWy) + 25 (DW3 — 2DW,)
=-Bi(38-1) (Gv-1) (56 -1).
This gives

1 1 1
B, = o&*(DWy+ — (DWy — 2DW7) + = (DW3 — 2DWs) + -~ (DW, — 2DWy)

DW()Oés + (DW1 — QDWO) 012 + (DW2 — 2DW1) o+ DW3 — 2DW2
(a@—pB)(a—7)(a—19) '

Similarly, we obtain

DW, 32 + (DWy — 2DW,) 32 + (DWy — 2DW1) 8 + DWs — 2DW,

B = B-a)@-)B-0) |

B, — DWyry? + (DW; — 2DWy) 72 + (DWo — 2DW1) v + DW3 — 2DW,
(v =)y =B)(v—9) ’

B, — DWyé® + (DW;y — 2DWy) 8% + (DWo — 2DW,) § + DW3 — 2DW>

(0 —a)(6 =)0 —7)
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Thus (3.3) can be written as

> DWya™ = Bi(1—ax)™' + By(1 — Bz) ™" + Bs(1 —ya) "' + Ba(1 — dz) "

n=0
This gives
Z Dann =B Z O[TLLL'TL—l-BQ Z /BﬂxTL+BS Z,ynxn_’_Bél Z S = Z(Blan+B2Bn+33,er+B45n)er.
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
DW,, = B1a™ + Bo8"™ + B3y"™ + B4d".
THEOREM 8. For all integers m,n the following identity holds:
DWiin = P—oDWyi3 — Py s DWy 4o — Py yDWy 1 — Py _3DW,. (3.4)

Proof. First we assume that m,n > 0 Using Theorem (3.4) ,it can be proved by using induction on m.

If m =0 we get

DW, = P_yDW, , — P_sDW, , — P_4DW,, — P_sDW,.

which is true since P_o = 0,P_3 = —1,P_4 = 0, P_5 = 0. Suppose that the equality holds for m < k. For

m =k + 1, we obtain

DWk-‘rl-‘rn = 2DWn+k + _DWn+k—3a

2(Py—oDWyy3 — Po_5sDWyy90 — Pr_yDWy 1 — Py_3DW,,)

— (2Py—5DWy13 — Py_s DWy 0 — Py ¢ DWy 1 — Py DW,,)

by mathematical induction on m, this proves,Theorem 8.
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking DW,, = DP,, or DW,, = DC,, in above Theorem, respectively, we obtain:

COROLLARY 9.

DP7n,+71, = Pm—QDPn-i-B - Pm—5DPn+2 - Pm—4DPn+1 - Pm—BDPny

Dcm+n = Pm72DCn+3 - Pm75DCn+2 - Pm74DCn+l — Pr_3DC,.

4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the dual generalized Pierre numbers, which constitutes

a special case of [21,Theorem 4.1].

THEOREM 10. (Simpson’s formula for dual generalized Pierre numbers) For all integers n we have,
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DW,.s DWnis DWni1 DW, DWs; DW, DW, DW,
DW,ys DWyy DW, DW,., | |DW, DW, DW, DW.,
DW,y1 DW, DW,_. DW..o| |DW, DW, DW., DW_,
DW, DW,.1 DWn_s DW,_s DW, DW_, DW._, DW_s

= (DW3 — DWy — DW; — DWy)(DW3 — DW3 — DW3 — DW§ + (—=5DWsy + DW; + DW,) DW3

+(7DW3—3DWo—DW1)DW3E+(3DW3+DWo—DWo) DWE+(DW3+DWo+DW,) DWE+4(—DWoy DW3—
DWoDW5 + DWoDW5)DWh).

Proof. Using Theorem 10 ,it can be proved by using induction or use [21,Theorem 4.1]

From the Theorem 10 ,we get the following Corollary.

COROLLARY 11. For all integers n, the Simson’s formulas of dual dual Pierre numbers and dual dual
Pierre Lucas numbers are given as,
DP,.3 DP,.2 DP,.1 DP,
a): DP,.» DP,,1 DP, DP, Caoe
DP,.1. DP, DP, 1 DP, o
DpP, DP, ., DP, > DP, 3

DCny3 DCpis DCniy DG,
DCpys DC, DC, DC,_
b): 2 i " " = —176 — 352,
DCny1  DC, DCn .y DCy, s
DC, DC,., DC,_, DC, 3

respectively.

5. Linear Sums

In this section, we present the summation formulas for the dual generalized Pierre numbers corresponding
to both positive and negative subscripts.

We now present the summation formulas for the generalized Pierre numbers.
THEOREM 12. For the dual dual Pierre numbers, we have the following formulas:
(@): > Wi =2(=(n+3)Wais+n+4) Wi o+ (n+3) Wi i1+ (n+4) W, + 3Ws —4Wo — 3W; —2Wy).
k=0

(b): 3 Wap = 2(—(n+2)Wanto+(n+3)Wans1+(n+3)Way +(n+2) Way—1 +2W3 — 2Wo —3W1 — Wy).
k=0

(C): Z W2k+1 = %(—(n + 1)W2n+2 + (n + 3)W2n+1 + (’I’L + 2)W2n + (TL + 2)W2n_1 + 2W3 — 3Wy —
k=0
Wy — 2Wy).

Proof. For the proof, see Soykan [19, Theorem 3.10 ]. O

THEOREM 13. For the dual Pierre numbers, we have the following formulas:
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(a): i DW= 2(=(n+ 3))DWi3 + (n 4+ 4)DWyyo + (n + 3)DWyiq + (n + 4)DW,, + 3DW3 —
4Dkﬁ/02 — 3DW; — 2DWy).
(b): > DWay, = 1 (—(n+2)DWappa + (1 +3)DWasr + (n+3) DWap + (n+ 2) D Wy, +2DWs —
2DkI/T/(; — 3DW; — DWy).
(€): > DWapss = L(—(n+1)DWap sz + (n+3)DWap 41 + (n+2) DWay, + (n+2) DWoap_y +2DW; —
3DW, — DW; — 2DW).
Proof. Use Theorem 12 and the definition of DW,,. O

As a special case of Theorem 13, we state the following Corollary.
COROLLARY 14. For n > 0, dual dual Pierre numbers have the following properties:

(a): > DP, = 2(—(n+3))DPyy3+ (n+4)DPyio+ (n+3)DP,y1 + (n+4)DP, + 1).
k=0

(b): > DPy, = %(—(n +2))DPyyyo+ (n+3)DPsyyy1+ (n+3)DPsy + (n+2)DPyy,—1 + €+ 1).
k=0

n
(C): Z DP2k+1 = %(—(TL + ].)D.P2n+2 + (TL + 3)DP2n+1 + (’ﬂ + Z)D.Pgn + (TL + 2)DP2n,1 + 1)
k=0
As a second special case of the above theorem, we obtain the following summation formulas for the dual

Pierre Lucas numbers:
COROLLARY 15. For n > 0, the dual Pierre Lucas numbers satisfy the following properties.

(a): é}pck = 1(—(n+3)DCis + (0 +4)DCpz + (n+3)DCp iy + (n -+ 4)DC,, — 126 — 6).

(b): é@ DCoy, = 1(=(n+2)DCap i + (1. + 3)DClyiy + (1 + 3)DChy + (1 + 2)DChyy_y — e — 2).

(c): gij DCogir = L(—(n + 1)DCyin + (1 +3)DCapys + (n+2)DCay + (n+2)DCap_1 — 8¢ — 6).
Next, WI:E)resent the ordinary generating functions corresponding to selected special cases of the dual

generalized Pierre numbers.

THEOREM 16. The ordinary generating functions of the sequences DWa,,, DWa,, 11 are given as follows:

DW3(222)+DWs (2 —42°+a)—DW1 (22° )+ DWo (2> —42+1)

(a): Z;L.O:O DW2n$n = xd 4222 —4x+1 :
DWs(z®+2)—DWy (223)—DWy (2% —4z+1)—DWo(222)
(b): ZZO:O DW27L+1.73‘” — 3( ) 2(¢4+)2z2—4;;g-1 ) 0 )

Proof. Similarly, the proof can be constructed as in[4]

From the preceding theorem, we derive the following Corollary, which provides a summation formula for

the dual Pierre numbers. (Take DW,, = DP,, with DPy = ¢, DP; =2¢+ 1,DP, =4e¢+2,DP3; =8c+4)
COROLLARY 17. n > 0 the dual Pierre numbers exhibit the following properties.

. n _ _et2atex®
(a)' En:() DPZ”;E i 42x2—4x+1-

LS n —2e—1)+(84+16€)z+(—4e—1)x>
(b): Zn:O DP2n+1x = ( )a;4(+29:27)4w£1 ) .




UNDER PEER REVI EW

6. Matrices related with dual Generalized Pierre Numbers

We define the square matrix A of order 4 as

2 0 0 -1

100 O
A:

010 O

0 01 O

such that detA = 1. Note that

Prz+1 —4In-2 TIn-1 _Pn

Pn —4'n-3 —In-2 *Pn—l

A" =
Pnfl ~—4In—-4 —4In-3 —In-2
Pn—2 ~—4tn-5 —In-4 —In-3

for the proof see [20].

Then we give the following lemma.

LEMMA 18. For n > 0 the following identitiy is true:

DWis 20 0 -1 DW;
DWuyz | | 1 0 0 0 DW,
DWor | [0 1 0 o DW;
DW, 001 0 DWW,

Proof. The identitiy(18) can be proved by mathematical induction on n. If n = 0 we obtain

DW; 2 1 1 -1 DW,
pw, | |1 0 0 o0 DW,
pwi | o 1 0 o DW,
DW, 0 0 1 0 DW,

which is true. Assuming that the given identity holds for n = k, the following identity is consequently valid.

DWiss 2 0 0 -1 DW;
DWis | | 100 0 DW;
DWer | |01 0 o DW,
DW,, 001 0 DW,
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Forn=Fk+ 1, we get

k+1

2 0 0 -1 DW; 20 0 -1 2 0 0
100 0 pw, | | 100 o 10 0
010 0 pwi | |lo1o0 o 010
001 0 DW, 001 0 00 1
2. 0 0 -1 DWiys
ltoo0 o DWiss
o100 o DWii
001 0 DW,.

DWii4

B DWiys

| D

DWgia

Thus, the proof completed .00
We define

Dws DWW,  DW; DWW,
DWy  DWh DWy, DW_4
Npw = ;
DwW, DW, DW_; DW_,
DWy DW_y DW_5 DW_j
DW7L+3 DW7L+2 DWn+1 DWn
DWn+2 DWn+1 DWn DWn—l
Epw =
DW,.1 DW, DWn_i DW,_»

DW, DW,_i_ DW,_o DW,_3

Now, we have the following theorem with Npw and Epw,

THEOREM 19. Using Npw and Epw ,we get

DWs;
DW,
DWW,
DW,

19

(6.2)
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Proof. Note that we get

where

a1l =
ajg =
a3 =
alg =
a1 =
a2 =
a2z =
a4 =
azr =
azz =
asz =
asqy =
a41 =
A42 =
a43 =

Q44 =

Pusi —Pys —P,y -—P, DWs; DW, DW, DW,
P, —Pyy —Pyo —P,; DW, DW,; DW, DW_,
Pooy —Pyoy —Po3 —P,, DW, DW, DW_, DW._,
Pos —Pys —Py,4 —P, 3 DW, DW_, DW_, DW_g

a1 a2 a3 a4
az1 Aa22 a3 424
az1 asz G33 0a34

a41 Q42 (43 Q44

P, 1DWs3 — Py_oDW, — P,_DW; — P,DWy = DW, 3,

Py 1DWs — P,y oDW; — P, _1DWy — P,DW_1 = DW,y 42,

P, 1DW; — Py_yDWy — Py_yDW_; — P,DW_y = DW, |1,
P, 1 DWy — Py_oDW_y — Py_1DW_5 — P,DW_5 = DW,,,
P,DWs3 — Py_3DWs — Py_sDW; — P,_1DWo = DW4,
P,DWy — Py_3DW; — Py_yDWo — Py 1DW_1 = DW, 41,
P,DW, — P,_3DWy — Py_sDW_1 — P,_1DW_y = DW,,
P,DWy — Py_3DW_, — Py_osDW_y — Py_1DW_5 = DW,,_1,
P, 1DW3 — P,_4DW;5 — P_3sDW, — P_sDWy = DW, 1,
P,_1DWs — P,_yDW; — P,_3DWy — P,_sDW_; = DW,,,

P, 1DW; — P,_4DWy — P_sDW_; — Py_sDW_5 = DW,_1,
P, 1DWy — P 4yDW_1 — Py_3DW_5 — Py sDW_3 = DW,_,
P,_2DW3 — P,_sDW;y — Py_4DW; — Py_3DWy = DW,,,
P,_oDW, — P,_sDW,; — Py_4DWy — Py_3sDW_1 = DW,,_1,
P, oDW; — P,_sDWy — Py_sDW_; — Py_3DW_5 = DW,,_o,

P,_oDWy — Pp_sDW_; — Py_4DW_5 — Py_3DW_3 = DW,,_3.

Using the theorem (8) the proof is done. O

By taking DW,, =DP, with DPy, DP,, DP,, DP; in (6.1) and (6.2)
DW,, =C,, with DCy, DCy, DCs, DC5 in (6.1) and (6.2)
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respectively, we get:
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21

8e¢+4 4e+2 2+1 ¢
4de+2 2e+1 € 0
Npp )
2¢ + 1 € 0 0
€ 0 0 -1
DPn+3 DPn+2 DPn-i—l DPn
DP,.» DP,,,. DP, DP,,
Epp
DP,., DP, DP,., DP,
DP, DP,_1 DP,_o DP,_j3
12¢e +8 8e+4 4e+2 244
8¢+4 4e+2 2e+4 4e
Npc
de+2 2¢+4 4e 0
2¢ + 4 4e 0 6
DCy4+s DC,hio DC,y1 DC,
DCn-l—Q DC7L+1 DCn Dcn—l
Epc =
Dcn—i-l Cn DCn—l DCn—Q

DC, DC,_1 DC,_o DC,_3

From Theorem [19], we can write the following corollary.

COROLLARY 20. The following identities are hold:

a): AnNDp = EDP~
b): AnNDC = Epc.
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