


Imaginary Quadratic Number Fields k with Cl2(k) Isomorphic to (2, 2, 2): A Heuristic Follow-Up
                                                                                    
                                                                                                                            
Abstract
     In this article we continue to study the 2-class field tower length of imaginary quadratic number fields with 2-class group isomorphic to (2, 2, 2). We demonstrate that for fields k such that exactly three positive prime discriminants divide the discriminant of k, there are examples for which k has 
2-class field tower length ≥ 3, as well as for which k has 2-class field tower length = 2.    

Introduction
     In our previous work we characterized certain imaginary quadratic number fields k with its 2-class group Cl2(k) isomorphic to a group which is a direct sum of three cyclic groups of order 2, which we denote as (2, 2, 2) [1]. In particular, if we let k1 (resp. k2, k3) be the Hilbert (resp. 2nd Hilbert, 
3rd Hilbert) 2-class field of k, G = Gal(k2/k), Gꞌ = [G, G] the commutator subgroup of G, and 
G3 = [G, Gꞌ], then we proved the following result, where we use the symbol ~ to denote 
“isomorphic to” and refer to the numbering of groups of order 2n, n ≤ 6, as given in Hall & Senior [7]:

Lemma 1 (cf. [1]): Let k be an imaginary quadratic number field with Cl2(k) ~ (2, 2, 2) and assume that G/G3 has order 32. Then the following assertions are equivalent: (i) k2 ≠ k3; (ii) rank Cl2(k1) = 3; (iii) G/G3 ~ 32.033. If on the other hand k2 = k3, then rank Cl2(k1) = 2. 

Remark 1: Lemma 1 stipulates that for k as above with G/ G3 not isomorphic to group 32.033, the 
2-class field tower length of k, which we denote as t, is equal to 2. We also know that |G/G3| = 32 or 64, dk is the product of four prime discriminants, |G/G3| = 32 is equivalent to three negative prime 
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discriminants dividing dk, and |G/G3| = 64 is equivalent to three positive prime discriminants dividing
dk (cf. [1]).     

     Although in [1] we listed a complete table of discriminants for all types k for both possibilities
|G/G3| = 32 or 64, we did not obtain any results for those k with G/G3 order 64. In this article we embark upon a heuristic study of those latter k, and demonstrate a number of examples inclusive of 
each of their 12 possible types in [1], for which t ≥ 3. With the exception of one of these types, Type 1F in [1], we found for all of our examples that t ≥ 3. However, for Type 1F we found examples for which 
t ≥ 3 as well as for which t = 2. This led us to ask the following question:   

Question 1: Does there exist an imaginary quadratic number field k with Cl2(k) ~ (2, 2, 2) and 
|G/G3| = 64 and not of Type 1F in [1] such that t = 2?     

Examples of Fields k with G/G3 order 64 and t ≥ 3   
     In order to obtain examples of fields k as above with G/G3 order 64 and t ≥ 3, we make use of our previous work on the narrow 2-class field tower of some real quadratic number fields [2]. In particular, we utilize splittings of some of the prime discriminants di dividing the discriminant dk of k, to obtain a cyclic unramified (at least at all the finite primes) quartic extension of the field obtained from these prime discriminants and then adjoin this quartic extension to k1, thereby obtaining an unramified quadratic extension of k1 (cf. [2], [8]). As an example, if dk = -p1p2p3q where pi ≡ 1 mod 4, i = 1, 2, 3, and q ≡ 3 mod 4 and the Kronecker symbol (p1/p2) = 1, then we can adjoin the element √u, where 
u = a + b√p1, to Q√(p1p2) for (a, b, c) a particular rational solution of the equation x2 = y2d1 + z2d2 
(see [8] for details) to obtain K = k1(√u) as an unramified quadratic extension of k1. Denoting h2(k) as the 2-class number of a field k, we know by class field theory that h2(K) ≥ (½)h2(k1) and that if 
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h2(K) ≥ h2(k1) then we must have k3 ≠ k2 and consequently t ≥ 3, which for ease of reference we state as
the following generic lemma.

Lemma 2. Let k be a number field and K be an unramified quadratic extension of k1. Then 
h2(K) ≥ (½)h2(k1), and if h2(K) ≥ h2(k1) then k3 ≠ k2 and consequently t ≥ 3.
Proof. Since k1 is an unramified abelian extension of K, we know that K1 contains k1 and therefore  
 h2(K) ≥ (½)h2(k1). If h2(K) ≥ h2(k1) then k3 ≠ k2 and consequently t ≥ 3.    

     This is the method that we have utilized through PARI/GP (https://pari.math.u-bordeaux.fr/)
[bookmark: __DdeLink__76_2355975526](assuming GRH) to show that t ≥ 3 for 52 fields k with G/G3 order 64 as above, eight examples for Type 1F in [1] and four examples for each of the remaining 11 types, which we demonstrate in Table 1. We note that for each of our fields k with G/G3 order 64 we have at least three unramified quadratic extensions of k1 obtained from quartics with √u as above, and in our table we illustrate one of these quartics through designating u, along with the 2-class numbers of both k1 and the corresponding K that worked to show t ≥ 3. See the table in [1] for the diagrams representing the Kronecker symbols of the primes dividing the discriminant of k for the corresponding types; note that the groups with G/G3 order 64 are of Types 1 and 3, whereby there are three positive prime discriminants and one negative prime discriminant, and the negative prime discriminant is not equal to -4 in Type 1 and is equal to -4 in 
Type 3. We denote our fields as discriminants that are the product of prime discriminants with the order based upon the listing of the diagrams in [1], and our 2-class groups using the analogous cyclic group notation to what we utilized for (2, 2, 2) above. For example, for the fields k of Type 1F we have 
dk = -p1p2p3q where the pi are primes congruent to 1 mod 4 for i = 1, 2, 3 and q is a prime congruent to 3 mod 4, and the primes satisfy the Kronecker symbols (p1/p2) = (p1/p3) = (p1/q) = (p2/q) = -1, 
(p2/p3) = (p3/q) = 1.
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Table 1: Examples of Fields k with t ≥ 3
Type                    Field                        u                      Cl2(k1)                          Cl2(K)
1A                   -13.17.53.71           -9 + 2√17          (2, 2, 2, 4, 8)                (2, 2, 2, 2, 4, 16)
1A                   -13.29.53.19           15 + 2√53          (2, 2, 2, 4, 8)              (2, 4, 4, 8, 64, 128)
1A                    -17.13.101.7          -15 + 4√13         (2, 2, 2, 4, 8)                  (2, 4, 4, 4, 4, 16)
1A                    -13.29.53.19            -9 + 2√3          (2, 2, 2, 4, 8)                  (2, 2, 2, 4, 8, 16)
1B                    -13.17.29.7             -9 + 2√17          (2, 4, 4, 64)                   (2, 2, 2, 8, 64)
1B                     -17.89.13.3           -15 + 4√13          (2, 4, 8, 16)                  (2, 2, 4, 16, 16)
1B                     -13.61.17.59         -15 + 4√13          (2, 4, 8, 8)                      (4, 4, 4, 64, 64)   
1B                      -29.5.13.3                7 + 2√5             (2, 4, 4, 8)                    (2, 2, 4, 8, 8, 8)
1C                     -13.5.41.31            25 + 4√41         (2, 4, 4, 16)                    (2, 2, 4, 4, 4 ,8) 
1C                      -5.13.17.43            3 + 2√13          (4, 4, 4, 32)                    (2, 2, 4, 4, 4, 16)
1C                     -17.29.5.71             25 + 4√41        (4, 4, 4, 16)                    (2, 2, 4, 4, 4, 8)
1C                    -5.17.13.103            13 + 4√17         (2, 8, 16, 32)                  (2, 4, 8, 16, 16)
1D                     -13.5.17.19             7 + 2√17          (2, 4, 8, 16)                     (2, 2, 4,8,16)
1D                      -5.17.29.67           -1 + 2√17        (4, 4, 16, 16, 64)           (4, 4, 4, 4, 4, 4, 8, 32, 64)
1D                      -13.5.53.11           51 + 14√13      (2, 4, 4, 8, 16)               (2, 2, 4, 8, 16, 16, 64, 64)
1D                      -13.5.17.151           13 + 8√5         (2, 4, 8, 16)                   (2, 2, 2, 2, 8, 16)              
1E                      -13.5.61.7              -9 + 2√5            (2, 2, 4, 8)                         (2, 2, 4, 8, 16)
1E                       -5.17.89.3            -19 + 4√17        (2, 2, 4, 4)                             (2, 2, 2, 4, 4)
1E                       -5.13.29.47            -9 + 2√13         (2, 2, 4, 4)                             (2, 2, 2, 4, 4)
1E                      - 13.5.101.7             11 + 2√5        (2, 2, 2, 4, 8)                    (2, 2, 2, 2, 4, 8, 16) 
1F                       -17.5.29.7              11 + 2√29       (2, 2, 4, 4, 16)                      (2, 2, 4, 4, 8, 8, 32) 
1F                       -37.5.29.23            11 + 2√29       (2, 2, 4, 4, 64)                   (2, 2, 4, 4, 8, 8, 128) 
                                                                                                                                                                  5)
1F                      -13.89.5.19              13 +4√5         (2, 2, 2, 4, 16)                  (2, 2, 2, 4, 8, 32, 32)
1F                      -5.53.13.3                7 + 2√13       (2, 2, 2, 4, 8)                            (2, 2, 4, 4, 8, 16)    
1F                       -5.17.53.7             29 + 4√53       (2, 2, 4, 4,16)                          (2, 2, 2, 2, 4, 8, 8)
1F                  -41.101.13.3             123 + 34√13         (2, 2, 4, 4, 16)                      (2, 2, 4, 4, 8, 8, 32)
1F                  -29.17.101.23            -13 + 2√17           (2, 4, 4, 16)                             (4, 4, 4, 16)
1F                    -97.17.149.7            43 + 10√17          (2, 2, 2, 8, 32)                    (2, 2, 2, 2,4, 8 ,8, 64)
1G                   -5 13 37.3                  7 + 2√13           (2, 2, 4, 4, 16)                      (2, 2, 2, 2, 4, 16)
1G                   -5.13.73.3                  7 + 2√13           (2, 2, 4, 4, 32)                        (2, 2, 2, 4, 4)   
1G                   -5.17.37.47               -15 + 4√17          (2, 2, 4, 4, 32)                     (2, 2, 2, 2, 2, 4, 8, 16)
1G                    -13.5.37.11                3 + 2√5             (2, 2, 4, 4, 32)                    (2, 2, 2, 4, 4, 4, 32)
3A                  -17.73.29.4                  4 + √17             (2, 2, 4, 4, 32)                    (2, 2, 2, 2, 2, 2, 2, 4, 32) 
3A                   -17.41.29.4                 4 + √17             (2, 4, 4, 16)                         (2, 2, 2, 4, 4, 32)
3A                   -17.41.109.4               4 + √17            (2, 2, 4 ,4, 16)                     (2, 2, 2, 2, 2, 4, 4, 16) 
3A                   -17.73.197.4               4 + √17             (2, 4, 4, 32)                          (2, 2, 2, 4, 8, 32) 
3B                   -5.13.37.4                   8 + √65             (2, 4, 16, 16)                             (2, 4, 16, 16)
3B                  -29.37.61.4     -45368 + 1385√1073      (2, 4, 4, 64)                        (2, 2, 2, 4, 4,128)
3B             -29.61.101.4       124309532 + 2955565√1769    (2, 4, 16, 64)                 (2, 4, 32, 32)
3B                   -5.13.197.4                408 + 13√985         (2, 4, 4, 64)                    (2, 2, 2, 4, 4, 128)
3C                    -5.13.53.4                   51 + 14√13           (2, 4, 8, 8)                           (2, 2, 16, 16)
3C                    -5.37.53.4                   68 + 51√85          (2, 4, 16, 16)                    (2, 2, 8, 8, 8, 32)
3C                    -37.5.61.4                    68 + 5√185          (2, 4, 8, 16)                     (2, 2, 4, 4, 8, 16)
3C                   -13.5.109.4                     8 + √65             (2, 4, 16, 16)                     (2, 2, 4, 4, 16, 16) 
3D                   -17.41.5.4                       4 + √17               (4, 4, 4, 16)                      (2, 2, 4, 4, 4, 32)
3D                    -73.17.13.4                   4 + √17                (4, 4, 8, 32)                        (2, 2, 4, 8, 8, 32)
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3D                    -41.17.13.4                   4 + √17                 (4, 4, 8, 16)                       (2, 2, 4, 4, 8, 32)  
3D                     -17.41.37.4                  4 + √17                 (4, 4, 8, 16)                       (2, 2, 4, 4, 8, 32)                          
3E                     -13.41.73.4                27 + 1494√41          (2, 4, 8, 16)                       (2, 4, 4, 8, 8)
3E                      -5.17.137.4              1744 + √137            (2, 4, 16, 16)                    (2, 4, 4, 8, 16)
3E                      -13.73.41.4                32 + 5√41               (2, 4, 4, 16)                       (4, 4, 8, 8)  
3E                      -5.17.257.4                 16 + √257                (2, 4, 8, 32)                   (2, 4, 4, 8, 16) 

     We note that in some of our fields listed in Table 1, other than Type 1F, at least one of the other unramified quadratic extensions of k1 obtained from quartics as above satisfy the equality 
h2(K) = (½)h2(k1), which we will refer to as the “half property.” We illustrate 13 examples of these fields in Table 2, where K now satisfies the half property.

Table 2: Examples of Fields from Table 1 that Satisfy the Half Property
 Type                    Field                        u                      Cl2(k1)                          Cl2(K)
1C                 -17.29.5.71               -11 + 4√5               (4, 4, 4, 16)               (2, 4, 4, 16)
1C                  -5.13.17.43                 -9 +2√17              (4, 4, 4, 32)               (2, 4, 4, 32)    
1C                 -5.17.13.103               -15 + 4√13           (2, 8, 16, 32)              (2, 4, 16, 32)
1D                  -13.5.17.19               -15 + 4√13             (2, 4, 8, 16)                (2, 2, 8, 16)
1D                 -13.5.17.151              -15 + 4√13             (2, 4, 8, 16)                (2, 2, 8, 16)
3C                  -37.5.61.4                     9 + 2√5               (2, 4, 8, 16)                 (4, 8, 16)    
3C                  -13.5.109.4                  17 + 6√5              (2, 4, 16, 16)               (4, 16, 16)   
3D                -41.17.13.4                  15 + 4√13             (4, 4, 8, 16)              (2, 4, 8, 16)
3D                 -17.41.5.4                  -11 + 4√5               (4, 4, 4, 16)              (2, 4, 4, 16)
3D                 -17.41.37.4                141 + 22√41           (4, 4, 8, 16)              (4, 4, 4, 16)
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3E                 -5.17.137.4                -35 + 8√17             (2, 4, 16,16)              (2, 2, 16, 16)    
3E                -13.41.73.4                  27 + 4√41             (2, 4, 8, 16)                (2, 4, 4, 16)                                             
3E                -5.17.257.4                  23 + 4√17             (2, 4, 8, 32)                (2, 2, 8, 32)                                                   

     We note that in our 3E example with dk = -5.17.257.4, we have found two additional extensions K, which we will refer to as K1 and K2, that satisfy the half property with the following values for u and Cl2(Ki), i = 1, 2: u = 24 + 7√17, Cl2(K1) = (2, 4, 4, 32); u = (11/2) + (7/2)√257, Cl2(K2) = (2, 2, 8, 32).          
Furthermore, we have found six fields, all of which are of Type 1F, for which all three unramified quadratic extensions of k1 from the quartics satisfy the half property. We will refer to a field for 
which three unramified quadratic extensions of k1 from the quartics satisfy the half property as a  
“half property field.” For ease of reference we note that for Type 1F we have k = Q√(-p1p2p3q) where 
pi ≡ 1 mod 4, i =1, 2, 3, q ≡ 3 mod 4, and (p1/p2) = (p1/p3) = (p1/q) = (p2/q) = -1, (p2/p3) = (p3/q) = 1 
(cf. [1]). We list these fields in Table 3.               

Table 3: Examples of Half Property Fields of Type 1F
Type                    Field                        u                      Cl2(k1)                          Cl2(K)
1F                    -5.13.17.47           -15 + 4√13           (2, 2, 8, 32)                 (2, 2, 4, 32)
                                                     -33 + 10√17                                              (2, 2, 4, 32)
                                                      -15 + 4√17                                               (2, 2, 8, 16)
                          -17.5.61.3             -9 + 2√5              (2, 2, 4, 16)                 (2, 2, 2, 16)
                                                      -31 + 4√61                                              (2, 2, 2, 16)
                                                     5639 + 722√61                                        (2, 2, 4, 8)   

                                                                                                                                                                8)
                          -13.41.5.11           -11 +4√5               (2, 2, 4, 8)              (2, 2, 4, 4)
                                                        3 + 2√5                                                (2, 2, 2, 8)
                                                       23 + 14√5                                             (2, 2, 2, 8)  
                          -37.29.13.43         -9 + 2√13              (2, 2, 16, 64)           (2, 2, 8, 64)
                                                        3 + 2√13                                              (2, 2, 8, 64)
                                                       25 + 12√13                                            (2, 2, 16, 32)
                           -5.53.37.3          -5/2 + ½√37             (2, 2, 8, 16)              (2, 2, 8, 8)
                                                    -47 + 8√37                                                 (2, 2, 4, 16)
                                                    -17 + 2√-159                                              (2, 2, 4, 16)                                               
                           -29.17.89.11       19 + 4√17                 (2, 2, 4, 16)             (2, 2, 2, 16)
                                                     -13 + 2√89                                                 (2, 2, 4, 8)
                                                   -13/2 + ½√-187                                            (2, 2, 4, 8)

    We note for the six fields in Table 3 that rank(Cl2(k1)) = 4 and therefore there are 15 unramified quadratic extensions of k1. Aurel Page has found that the 2-class groups for all 15 of these extensions for the field Q(√(-5.13.17.47)) satisfy the half property; in particular they are either (2, 2, 4, 32),
(2, 2, 8, 16), or (2, 8, 32) (see Appendix I for the program that Aurel Page used to show this). We will refer to a field k as above with rank(Cl2(k1)) = 4 and all 15 unramified quadratic extensions of k1 satisfying the half property as a “complete half property field.” To show t = 2 for one of our fields k in Table 3, we note that it is necessary, but may not be sufficient, for k to be a complete half property field. Not being sufficient was demonstrated group theoretically by Franz Lemmermeyer, where the half property translates to [H : Hꞌ] = (½)[G : Gꞌ] for G = Gal(k2/k) for a number field k and H a subgroup of index 2 in G fixing the quadratic subextension K/k. The groups 32.049 and 32.050 in GAP (corresponding respectively to groups 32.042 and 32.043 in [7]) satisfy the group theoretical 
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half property for all 15 subgroups H of index 2 in G, but these groups are not abelian. If we take k1 for our number field, then this would say that for groups of this type, t ≥ 3.
     However, in our particular situation for fields in Table 3, it may be worthwhile to investigate further the relationship of being a half property field, a complete half property field, and t = 2. In this regard, Michael Bush has been able to show, utilizing O’Brien’s p-group generation algorithm [6], that t = 2 for all of our six fields in Table 3. We give a sketch of Bush’s proof utilizing the field Q(√-5.13.17.47) in 
Table 3, and we refer to [4], [5], and [6] for definitions of the terms in the p-group generation algorithm. Bush has conveyed to us that his method of using the p-group generation algorithm for showing t = 2 for the field Q(√-5.13.17.47) also worked for showing t = 2 for the other five fields in Table 3.  

Lemma 3 (Bush): Let k be any field in Table 3. Then t = 2.
Proof: (sketch). We illustrate the basics of Bush’s p-group generation algorithm proof for showing that t = 2 for the field k = Q(√-5.13.17.47) in Table 3, and leave it to the reader to verify that Bush’s method using the p-group generation algorithm shows that t = 2 for the remaining five fields in Table 3. For the above field k, Bush used the 2-class group data for all the subextensions in k1 to search through the tree of immediate descendants of [2, 2, 2], looking for all the groups at each level whose invariants were compatible with the 2-class group data. He found that there were no exact matches among the compatible groups of p-class at most 5. Based upon the stabilization of the index-2 abelianization data for the 24558 compatible groups of p-class 6 that have further descendants, this left only p-class 6 to consider, and Bush found 16 possible candidates and was able to verify that they all have derived length 2. Consequently he was able to conclude that t = 2 for this particular field k, and he asserted that using similar methods he was able to show that t = 2 for the other five fields in Table 3.   
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          An interesting pattern that we observe from our Type 1F fields in Table 1 (where t ≥ 3) is that for all three unramified quadratic Ki of k1 obtained from quartics as above, we have h2(Ki) ≥ h2(k1). And in all of our Type 1F half property fields (as listed in Table 3), for p2 and p3 the two positive prime 
discriminants dividing dk with (p2/p3) = 1, we have Cl(Q(√(p2p3)) = Cl2(Q(√(p2p3)) = (2). However, the converse of this statement does not hold, since Cl(Q(√(p2p3)) = Cl2(Q(√(p2p3)) = (2) for the field with 
discriminant -29.17.101.23, which is not a half property field. We list all of our examples that
demonstrate these findings in Table 4, where we denote HPF for our half property fields in Table 3.

Table 4: Examples of Type 1F Fields with Particular Properties
  Type         Field                       u                      Cl2(k1)                         Cl2(K)                  Cl2(Q(√(p2p3))      
    1F        -17.5.29.7               11 + 2√29         (2, 2, 4, 4, 16)       (2, 2, 4, 4, 8, 8, 32)                (4)
                                                -43 +8√29                                       (2, 2, 4, 8, 8, 16)
                                                  -9 + 2√29                                       (2, 2, 2, 2, 4, 8, 8)
                -37.5.29.23            11 + 2√29         (2, 2, 4, 4, 64)       (2, 2, 4, 4, 8, 8, 128)               (4)
                                                21 + 4√29                                      (2, 2, 2, 2, 4, 4, 64) 
                                                -1 + 2√29                                      (2, 2, 2, 2, 2, 4, 4, 32)
                 -13.89.5.19            13 +4√5            (2, 2, 2, 4, 16)         (2, 2, 2, 4, 8, 32, 32)             (4)
                                                -1 + 2√5                                           (2, 2, 2, 2, 2, 8, 8, 8)
                                               27 + 22√5                                           (2, 2, 2, 2, 4, 4, 16) 
                  -5.53.13.3              7 + 2√13          (2, 2, 2, 4, 8)           (2, 2, 4, 4, 8, 16)                   (4)
                                                -7+ 4√13                                          (2, 2, 4, 4, 4, 8)
                                               51 + 14√13                                     (2, 2, 2, 2, 2, 4, 16, 16)                                   
       
     
                                                                                                                                                                 11)                                                                                                                                                                                                                                                                                                                                           
               -5.17.53.7              29 + 4√53        (2, 2, 4, 4, 16)          (2, 2, 2, 2, 4, 8, 8)                (4)
                                                11 + 2√17                                         (2, 2, 4, 4, 8, 32, 32)
                                              -27 + 4√53                                           (2, 2, 4, 8, 8,16)
                -41.101.13.3          123 + 34√13       (2, 2, 4, 4, 16)      (2, 2, 4, 4, 8, 8, 32)                  (4)
                                                   7 + 2√13                                      (2, 2, 4, 4, 8, 8, 32)                                                                                                                                                  
                                        -23 + 8√13                                   (2, 2, 2, 2, 2, 2 ,8, 16, 16) 
                 -97.17.149.7          43 + 10√17        (2, 2, 2, 8, 32)      (2, 2, 2, 2, 4, 8, 8, 64)            (4)
                                            -1123 +92√149                               (2, 2, 2, 2, 4, 16, 16, 16)  
                                          -195 + 16√149                               (2, 2, 2, 2, 2, 2, 2, 4, 32)    
                 -29.17.101.23        -13 + 2√17          (2, 4, 4, 16)            (2, 4, 4, 16)                         (2)
                                             (3/2) + ½√101                                    (2, 2, 4, 4, 4, 8)
                                              -35 + 4√101                                           (4, 4, 4, 16)        
                  -5.13.17.47 (HPF)                                                                                                        (2)
                  -17.5.61.3 (HPF)                                                                                                           (2)             
                  -13.41.5.11 (HPF)                                                                                                         (2)  
                  -37.29.13.43 (HPF)                                                                                                       (2)         
                  -29.17.89.11 (HPF)                                                                                                        (2)
                   -5.53.37.3 (HPF)                                                                                                           (2)

     Finally, we entertain the following questions.

Question 2. Does there exist a field k of Type 1F that is a half property field but not a complete half property field?
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Remark 2. We note that an affirmative answer to Question 2 implies that t ≥ 3 for such a field. 
We also note that for Type 1F, we have eight fields for which t ≥ 3 (see Table 1) and six fields for which  t = 2 (see Table 3 and Lemma 3). And as we have remarked above, we have found an example of a field of Type 3E that is a half property field but not a complete half property field. 

Question 3. As described above and in Table 4, in all of our fields of Type 1F in Table 1 (where t ≥ 3), for all three unramified quadratic Ki of k1 obtained from quartics as above we have h2(Ki) ≥ h2(k1); 
and for all of our Type 1F half property fields (as listed in Table 3) we have Cl2(Q(√(p2p3)) = (2). 
Do these results hold for all such fields of Type 1F?    

Question 4. For all of our fields in Table 1, rank(Cl2(k1)) = 4 or 5, and for all of our fields of Type 1F,  
rank(Cl2(k1)) = 4. Do these equalities always hold for these fields of Type 1F? 

Remark 3. Bush has made use of O’Brien’s p-group generation algorithm [6] to determine t for four imaginary quadratic number fields k with rank(Cl2(k)) = 3 (cf. [5]). Boston and Wang has 
made use of this algorithm to give evidence that t may be finite for a particular field k with 
Cl2(k) ~ (2, 2, 2, 2) (k = Q(√-5460)), which would contradict the conjecture that the 2-class field tower of such fields k is infinite (cf. [4]). We note that we could make use of Lemma 2 to determine that t ≥ 3 for one of the fields k in [5] for which t = 3 (k = Q(√-445)). The following data illustrates this, using our notation from Table 1: Cl2(k) = (2, 4); Cl2(k1) = (2, 2, 4), u = 13 + 4√5, Cl2(K) = (2, 2, 4).  

Remark 4. We know that all of our fields in Table 1 have t ≥ 3. However, we do not know if the 2-class field towers of these fields are finite or infinite, or if finite what the length is. It would be interesting to apply the p-group generation algorithm, as described in our proof of Lemma 3, to all these fields. 
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In this regard, Bush has conveyed to us that for the field Q(√-5.13.29.47), which is of Type 1E in 
Table 1, he found that at p-class 6, all the potential matches have derived length 3, which confirms that t ≥ 3 for this field.

Remark 5. Although we know that there are examples of the fields studied in this paper for which t = 2 and t ≥ 3, we do not know of any criteria to distinguish these two possibilities. It would be worthwhile to determine criteria to distinguish between t = 2 and t ≥ 3.  

Appendix 1
     We list here the pari program conveyed to us by Aurel Page to find the class groups of all 15 unramified quadratic extensions of k1 for k = Q(√(-5.13.17.47)). However, to be workable the program needs to be accelerated, and techniques to do this are described in [3].
pol = y^2+5*13*17*47;
bnf = bnfinit(pol,1); \\initial field k
print(bnf.disc^(1/2)); \\root discriminant
bnr = bnrinit(bnf,1,,2); bnr.cyc
pol2 = bnrclassfield(bnr,,2); \\k^1 as one absolute polynomial
pol2 = polredbest(pol2)                                                                                                                                                                
pol2 = subst(pol2,x,y);
bnf2 = bnfinit(pol2,1); \\Hilbert 2-class field k^1
print(bnf2.disc^(1/16)); \\root discriminant, as a check
bnr2 = bnrinit(bnf2,1,,2); bnr2.cyc
 L = bnrclassfield(bnr2); \\2-class field of k^1 as a compositum of relative quadratic extensions
 L = apply(poldisc,L)*Mod(1,pol2);
 {forvec(v=vector(4,i,[0,1]), \\iterate over vectors with 0,1 components
  if(!v,next);
  pol3 = x^2 - factorback(L,v); \\relative polynomial for one of the quadratic extensions
  pol3 = rnfequation(pol2,pol3); \\absolute polynomial
  print(nfdisc(pol3)^(1/32)); \\root discriminant, as a check
  t = getabstime();
  print(bnfinit(pol3,1).cyc); \\structure of the class group 
  t = getabstime()-t;  
  print("t=",t," ~ ", strtime(t));
  )}; 
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