


3D- Responses for Measure of Second Order Rotatability Using a Pair of Dissimilar Incomplete Block Designs


Abstract: In this paper, a new method of measure of second order rotatable designs using a pair of dissimilar incomplete block designs like symmetrically unequal block arrangements (SUBA) with two unequal block sizes and balanced incomplete block designs (BIBD), pairwise balanced designs (PBD) and BIBD also PBD and SUBA with two unequal block sizes is suggested. Some illustrated examples are proposed and 3D- response surface graphical representation was presented. 
 INTRODUCTION





[bookmark: _GoBack]Response surface methodology is a statistical technique which is very useful in design and analysis of scientific experiments. In many experimental situations, the experimenter is concerned with explaining certain aspects of a functional relationship , where  is the response, are the levels of quadratic variables (or) factors and is the random error. 





Response surface methods are useful where several independent variables influence a dependent variable. The independent variables are assumed to be continuous and controlled by the experimenter. The response is assumed to be a random variable. For example, to optimize the fermentation conditions for maximizing the production of a desired metabolite (e.g., Ethanol) by a microbial culture. Temperature (), pH (), Agitation Speed () and substrate concentration (). The yield of the desired metabolite () such as ethanol concentration.
rotatability
The concept of rotatability which is very important in response surface designs was proposed by Box and Hunter (1957). Das and Narasimham (1962) constructed rotatable designs through balanced incomplete block designs (BIBD). Raghavarao (1963) constructed second order rotatable designs using incomplete block designs.  Narasimham et. al (1983) constructed second order rotatable designs through a pair of BIBD. Khuri (1988) introduced a measure of rotatability for response surface designs. Draper and Pukelsheim (1990) studied another look at rotatability. Park et. al, (1993) introduced a new measure of rotatability for second order response surface designs and studied measure of rotatability for second order response surface designs using 3k factorial and central composite designs to assess the degree of rotatability.
Further Victorbabu and Surekha (2013, 2014, 2015) studied measure of rotatability for second order response surface designs using incomplete block designs with unequal block sizes like pairwise balanced designs (PBD) and Symmetrical unequal block arrangement with two unequal block sizes, partially balanced incomplete block designs (PBIBD) and BIBD respectively. In this paper, a new method of measure of rotatable second order response surface designs are proposed using a pair of dissimilar incomplete block designs suggested SUBA with two unequal block sizes and BIBD; PBD and BIBD and PBD and SUBA with two unequal block sizes suggested.
Conditions for Second Order Rotatable Designs:

Suppose we want to use the second order response surface design to fit the surface, 














where denotes the level of the factor  in the run  of the experiment and  are uncorrelated random errors with mean zero and variance. Then  is said to be second order rotatable design (SORD) if the variance of the estimate of  with respect to each of independent variables  is only a function of the distance   of the point  from the origin (Centre) of the design. Such a spherical variance function for estimation of responses in the second order response surface is achieved if the design points satisfy the following conditions (cf. Box and Hunter (1957), Das and Narasimham (1962))



where are constants.

The variance and covariance of the estimated parameters are (c. f. Das and Giri., (1986)) 
and other covariances vanish. 


The variance of the estimated response at the point is 



The coefficients of  in the above equation (8) is simplified to. A second order response surface design  is said to be a SORD if in this design and all the other conditions (2) to (7) hold.
Conditions of Measure of Rotatability for Second Order Response Surface Designs:
Following Box and Hunter (1957), Das and Narasimham (1962), Park et. al (1993) conditions (2) to (7) give the necessary and sufficient conditions for a measure of rotatability for any general second order response surface designs. Further we have,



Park et al (1993) suggested that if the conditions in (2) to (6) together with (7) and (8) are met then the following measure given below can be used to assess the degree of rotatability for any general second order response surface design (cf., Park et. al (1993)).




and  is the scaling factor, on simplification of becomes  .

Thus,  becomes 

	
Measure of rotatability for second order response surface designs using a pair of balanced incomplete block designs: 
Measure of rotatability for second order response surface designs using a pair of BIBD can be obtained as follows (cf., Victorbabu et. al, (2017)) 





Result: If    will give a dimensional measure of rotatability for second order response surface design using a pair of BIBD indesign points without any additional set of points with prefixed and . 
The measure of rotatability values for second order response surface design using a pair of BIBD can be obtained as follows: 




and  is the scaling factor 

New method of measure of rotatability for second order response surface designs using a pair of dissimilar incomplete block designs:
[bookmark: _Hlk180783978]Section-1: Measure of rotatability for second order response surface designs using SUBA with two unequal block sizes and BIBD.
In this section a new measure of rotatability for second order response surface designs using a pair of dissimilar incomplete block designs using SUBA with two unequal block sizes and BIBD is suggested.






Theorem 1: If    are two suitably chosen pair of dissimilar incomplete block designs. The design points  will give a  dimensional measure of second order response surface design using a pair of SUBA with two unequal block sizes and BIBD in design points with  prefixed and .



Proof: For the design points generated from a pair of dissimilar incomplete block designs SUBA with two unequal block sizes and BIBD, we have   and denote a fractional replicate of  levels respectively, in which no interaction with less than five factors is confounded. Then the simple symmetric conditions (2) are true. Further conditions (3) and (4) are true as follows.



From (14) and (15) we get .
The measure of rotatability for second order response surface design using a pair of dissimilar incomplete block designs like SUBA with two unequal block sizes and BIBD, can be obtained as follows: 




 andis the scaling factor 
Example: We illustrate Theorem 1 using the measure of rotatability for second order response surface design using a dissimilar pair of SUBA with two unequal block sizes and BIBD with parameter

 

for the above pair of SUBA with two unequal block sizes and BIBD the design points  will give a measure of rotatability for second order response surface design in N=337 design points for 9 factors. From (13), (14) and (15) we have, 



From (17) and (18) we can obtain the rotatability value by taking. Hence, we get a SORD 

  



Table-1. Measure of second order rotatable designs using a pair of dissimilar incomplete block designs like SUBA with two unequal block sizes and BIBD.
	

	

	

	

	

	


	0.8
	2.43984
	2.64575
	1.250000
	0.00118127
	0.998820127

	1
	2.57143
	2.64575
	1.000000
	0.00290105
	0.997107338

	1.2
	2.76140
	2.64575
	0.833333
	0.00231342
	0.997691916

	1.41421*
	3.00000
	2.64575
	0.707109
	0
	1

	1.8
	3.39385
	2.64575
	0.555556
	0.0209461
	0.979483633

	2.0
	3.54545
	2.64575
	0.500000
	0.0464169
	0.955642099


[bookmark: _Hlk180707141]‘*’ indicates values of SORD using SUBA with two unequal block sizes and BIBD.


For different values of “ ” Response Surface (RS) and Curve Tracing (CT) of SUBA with two unequal block sizes and BIBD.
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RS ( = 0.8)
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CT ( = 0.8)

	[image: ]

RS ( = 1)
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CT ( = 1)
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RS ( = 1.4142)
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CT ( = 1.4142)
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RS ( = 1.8)
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CT ( = 1.8)

	[image: ]

RS ( = 2)
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CT ( = 2)


Fig. 1. Comparison of Measured Value (RS) and Theoretical Value (CT) across various input parameters.










As the   value increases, the curvature of the response surface and the contour pattern gradually change, influencing the rotatability of the design. At low  values ( = 0.8 and 1.0), the response surface is relatively flat with elongated elliptical contours, indicating poor to only slightly improved rotatability. The design achieves maximum rotatability at  = 1.4142, where the surface shows symmetric and balanced curvature with circular contours. Beyond this optimal value, increasing  (1.8 and 2.0) results in steeper curvature, edge effects, and contour distortion, causing a decline in rotatability. 3D response surfaces and curve tracing for the them is represented in the above diagrams using pair of dissimilar incomplete design SUBA with two unequal block sizes and BIBD. When  is lower the density curve will be flat and for higher values of , the density curve will attain a peaked shape. However, at  = 1.41421 with =3 the density will possess symmetric pattern. Use RS plots to observe response behaviour, and CT plots to assess rotatability through shape and spacing of contours.

Section -2: Measure of rotatability for second order response surface designs using PBD and BIBD.
In this section a new measure of rotatability for second order response surface designs using a pair of dissimilar incomplete block designs using PBD and BIBD is suggested.






Theorem 2: If    is two suitably chosen dissimilar pair of incomplete block designs. The design points   will give a  dimensional measure of second order response surface design using a pair of PBD and BIBD in  design points with  prefixed and .



Proof: For the design points generated from a pair of dissimilar incomplete block designs PBD and BIBD , denote a fractional replicate of  levels respectively, in which no interaction with less than five factors is confounded. The simple symmetric conditions (2) are true. Further, conditions (3) and (4) are true as follows.



From the above equations we get .

The measure of rotatability for second order response surface design using a pair of dissimilar incomplete block designs PBD and BIBD, can be obtained as follows: 


 andis the scaling factor 



Example:  We illustrate Theorem 2 using the measure of rotatability for second order response surface design using a dissimilar pair of PBD and BIBD with parameter  for the above pair of PBD and BIBD the design Points   will give a measure of rotatability for second order response surface design in N=336 design points for 9 factors. From (19), (20) and (21) we have 



From (23) and (24) we can obtain the rotatability value by taking . Hence, we get a SORD 


Table 2. Measure of second order rotatable designs using pair of dissimilar incomplete block designs like PBD and BIBD
	

	

	

	

	

	


	1.1
	2.39230
	2.73861
	0.909091
	0.0140083
	0.98618524

	1.3
	2.64500
	2.73861
	0.769231
	0.0092571
	0.990827783

	1.56508*
	3.00000
	2.73861
	0.638943
	0
	1

	1.9
	3.36949
	2.73861
	0.526316
	0.0217891
	0.978675588

	2
	3.45455
	2.73861
	0.50000
	0.0346658
	0.966495616

	2.5
	3.73370
	2.73861
	0.400000
	0.103448
	0.906250193


	‘*’ indicates values of SORD using PBD and BIBD.

For different values of “ ” Response Surface (RS) and Curve Tracing (CT) of PBD BIBD
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RS (=1.1)
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CT (= 1.1)
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RS ( = 1.3)
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CT ( = 1.3)
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RS ( = 1.5651)
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CT ( = 1.5651)
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RS ( = 2)
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CT ( = 2)
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RS ( = 2.5)                                                             CT (= 2.5)
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Fig. 2. Comparison of computed values for RS and CT across a range of input parameters











As the value of  increases, the curvature of the response surface and the shape of the contour plots change noticeably, influencing the degree of rotatability of the design. At lower  values ( = 1.1 and 1.3), the design shows mild to moderate curvature with curved and elliptical contours, showing slight to good rotatability. The best rotatability is achieved at  = 1.5651, where the response surface is balanced and symmetric with nearly circular contours. Beyond this point, increasing  ( = 2.0 and 2.5) leads to distorted and stretched contours, steeper curvature, and reduced rotatability of the design. 3D response surfaces and curve tracing for the them is represented in the above diagrams using pair of dissimilar incomplete design PBD and BIBD. In this the curvature of the response surface is peaked for different values of . If the value of  higher than  =1.5651 the nature of the curve is peaked otherwise the curve is moderate. 



Section -3: Measure of rotatability for second order response surface designs using PBD and SUBA with two unequal block sizes.
In this section a new measure of rotatability for second order response surface designs using a pair of dissimilar incomplete block designs using PBD and SUBA with two unequal block sizes.

Theorem 3: If    are two suitably chosen dissimilar pair of incomplete designs. The design points 





  will give a - dimensional measure of second order response surface design using a pair of PBD and SUBA with two unequal block sizes in  design points with   prefixed and .




Proof: For the design points generated from a pair of dissimilar incomplete block designs  PBD and SUBA with two unequal block sizes,  and , denote a fractional replicate of  levels respectively, in which no interaction with less than five factors is confounded. Then the simple symmetric conditions (2) are true. Further conditions (3) and (4) are true as follows.



From the above equations we get 
The measure of rotatability for second order response surface design using a pair of dissimilar incomplete block designs PBD and SUBA with two unequal block sizes can be obtained as follows:

 


 andis the scaling factor 
Example: We illustrate Theorem 3 using the measure of rotatability for second order response surface design using a dissimilar pair of PBD and SUBA with two unequal block sizes with parameter 



for the above pair of PBD and SUBA with two unequal block sizes the design points will give a measure of rotatability for second order response surface design in N=577 design points for 10 factors. From (25), (26) and (27) we have 



From (29) and (30) we obtain the rotatability value by taking . Hence, we get a SORD 

 

Table 3. Measure of second order rotatable designs using pair of dissimilar incomplete block designs like PBD and SUBA with two unequal block sizes
	

	

	

	

	

	


	0.5
	2.58824
	2.061552813
	2
	0.0000825166
	0.99991749

	0.7
	2.79042
	2.061552813
	1.428571429
	0.000182235
	0.999817799

	0.840896*
	3.00000
	2.061552813
	1.189207702
	0
	1

	1.1
	3.39126
	2.061552813
	0.909090909
	0.003353282
	0.996657925

	1.3
	3.61101
	2.061552813
	0.769230769
	0.010658503
	0.989453903

	1.5
	3.75258
	2.061552813
	0.666666667
	0.018493563
	0.981842239


	‘*’ indicates values of SORD using PBDs and SUBA with two unequal block sizes.

For different '' values Response surface (RS) and curve tracing (CT) of PBD and SUBA with two unequal block sizes 
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RS ( = 0.5)							CT ( = 0.5)
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RS ( = 0.7)							CT ( = 0.7)
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RS ( = 0.840896)						CT (= 0.840896)
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RS ( = 1.1)							CT ( = 1.1)
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RS ( = 1.3)							CT ( = 1.3)
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RS ( = 1.5)				
	
CT (=1.5)


	Fig. 3. Comparison of RS and CT outputs across multiple parameter values


	









An increase in  value leads to a noticeable change in the response surface and contour patterns, which directly affects the rotatability of the design. At  = 1.1 and 1.3, the response surface shows mild to smooth curvature with gradually improving contour symmetry, resulting in slightly improved to good rotatability. The design demonstrates the highest rotatability at  = 1.5651, where the response surface is balanced and symmetric with nearly circular contour plots. However, for higher  values (2.0 and 2.5), the curvature becomes too steep, contours become stretched and lose symmetry, and the rotatability decreases, indicating distortion and edge effects.3D response surfaces and curve tracing for the them is represented in the above diagrams using pair of dissimilar incomplete designs PBD and SUBA with two unequal block sizes. In this the curvature of the response surface is peaked for different values of . If the value of  higher than  = 0.840869 the nature of the curve is peaked otherwise the curve is moderate. 
Conclusion: 

This research proposed and examined second-order response surface designs constructed using three dissimilar incomplete block pairs: SUBA with two unequal block sizes-BIBD, PBD-BIBD, and PBD-SUBA with two unequal block sizes. Theorems established for each pairing ensured the validity and feasibility of generating second-order models. For every value of the parameter , the corresponding response surface design was constructed and its geometric behavior analyzed through curve tracing. The comparative study showed that all three combinations yield stable prediction structures, with PBD-SUBA with two unequal block sizes offering comparatively smoother curvature. Overall, the results confirm that dissimilar incomplete block pairs provide a systematic and efficient framework for developing measure of rotatable second-order designs.
References:
G. E. P. Box and J. S. Hunter, (1957). Multifactor experimental designs for exploring response surfaces, Annals of Mathematical Statistics, 28, pp. 195-241.
M. N. Das and V. L. Narasimham, (1962). Construction of rotatable designs through balanced incomplete block designs, Annals of Mathematical Statistics, 33, pp. 1421-1439. 
D. Raghavarao, (1963). Construction of second order rotatable designs through incomplete block designs, Journal of Indian Statistical Association, 1, pp. 221-225.
B. N. Tyagi, (1964). On the construction of second order and third order rotatable designs through pairwise balanced designs and doubly balanced designs, Cal. Stat. Assn. Bull., 13, pp. 150-162. 
V. L. Narasimham, P. Ramachandrarao and Κ.Ν. Rao, (1983). Construction of second order rotatable designs through a pair of balanced incomplete block designs, J. Ind. Soc. Ag. Stat., 35, pp. 36-40.
B. Re. Victorbabu, (1985). Construction of second order rotatable designs through a pair of incomplete block designs, Unpublished M.Phil. dissertation, Nagarjuna University, Guntur, India.  
A. I Khuri, (1988). A Measure of Rotatability for Second order response surface designs, Technometrics, 30, pp. 95–104.
N. R. Draper, & F. Pukelsheim, (1990). Another Look at Rotatability. Technometrics, 32(2), pp. 195–202.
S. H. Park, J. H. Lim and Y. Baba, (1993). A measure of rotatability for second order response surface designs, Annals of the Institute of Statistical Mathematics, 45, pp. 655-664.
B. Re. Victorbabu and Ch. V. V. S. Surekha, (2013). A note on measure of rotatability for second order response surface designs using incomplete block designs, Journal of Statistics: Advances in Theory and Applications. 10, pp. 137-151.
B. Re. Victorbabu and Ch. V. V. S. Surekha, (2014). A note on measure of rotatability for second order response surface designs using a pair of partially balanced incomplete block designs, Thailand Statistician. 12, pp. 179-189. 
B. Re. Victorbabu and Ch. V. V. S. Surekha (2015). A note on measure of rotatability for second order response surface designs using balanced incomplete block designs. Thailand Statistician. 13, pp. 97-110.
B. Re. Victorbabu, P. Jyostna and Ch. V. V. S. Surekha, (2017) Measure of rotatability for second order response surface designs using a pair of balanced incomplete block designs. Thailand Statistician. 15(1), pp. 27-41.



image2.wmf
y


oleObject47.bin

image47.wmf
(

)

(

)

11111121112122222

,,,,,,,and ,,,,

DvbrkkbbDvbrk

ll

==


oleObject48.bin

image48.wmf
(

)

(

)

(

)

(

)

12

1111121112122220

1,,,,,,,2,,,,2

tktk

vbrkkbbavbrkn

ll

-È-È

éùéù

ëûëû


oleObject49.bin

image49.wmf
v

-


oleObject50.bin

image50.wmf
(

)

(

)

12

120

N22

tktk

bbn

=++


oleObject51.bin

image51.wmf
a

-


oleObject2.bin

oleObject52.bin

oleObject53.bin

image52.wmf
1111211112

 and sup(,)

bbbkkk

=+=


oleObject54.bin

image53.wmf
12

()()

2and 2

tktk


oleObject55.bin

image54.wmf
12

2 and 2 in 1

kk

±


oleObject56.bin

image55.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

22

122

44

124

224

124

2213

2214

2215

tktk

iu

tktk

iu

tktk

iuju

xrraN

xrracN

xxaN

l

l

lll

=+=

=+=

=+=

å

å

å


oleObject57.bin

image3.wmf
12

,,...,

v

xxx


oleObject58.bin

image56.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

28

4

1

1

361

where 

1

2468

v

v

v

PD

RD

cvv

RD

c

vvvvg

l

=

+

æö

æö

--

=

ç÷

ç÷

ç÷

ç÷

-

++++

èø

èø


oleObject59.bin

image57.wmf
g


oleObject60.bin

image58.wmf
(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

112

22

112

22

112

22

1

,if2

1

,if2

2

tktk

tktk

tktk

brb

a

arr

g

brb

a

rr

brb

rr

-

-

-

ì

ï

ï

æö

-

<+

ç÷

ï

èø

ï

ï

=

í

ï

æö

-

ï

³+

ç÷

ï

æö

èø

-

ï

+

ç÷

ï

èø

î


oleObject61.bin

image59.wmf
(

)

111111211121

22222

et (9,15,7,3,5,6,9,3)

and9,12,4,3,1

LDvbrkkbb

Dvbrk

l

l

=========

======


oleObject62.bin

image60.wmf
(

)

(

)

(

)

(

)

(

)

(

)

43

0

19,15,7,3,5,6,9,329,12,4,3,121

tt

an

éù

--=

éù

ëû

ëû

UU


oleObject3.bin

oleObject63.bin

image61.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

222

122

444

124

2244

124

221123216

221123217

2248818

tktk

iu

tktk

iu

tktk

iuju

xrraaN

xrraacN

xxaaN

l

l

lll

=+=+=

=+=+=

=+=+=

å

å

å


oleObject64.bin

image62.wmf
3

c

=


oleObject65.bin

image63.wmf
(

)

(

)

with 1.41421and 3then 0,()1.Insted of ta

king 1.41421,

if we take2then we get0.5,3.54545,0.0464

169and ()0.95564.

vv

vv

acRDPDa

agcRDPD

=====

=====


oleObject66.bin

image64.wmf
a


oleObject67.bin

image65.wmf
c


image4.wmf
v

-


oleObject68.bin

image66.wmf
12

112

22

2

tktk

brb

rr

-

æö

-

+

ç÷

èø

()()


oleObject69.bin

image67.wmf
g


oleObject70.bin

image68.wmf
(

)

v

RD


oleObject71.bin

image69.wmf
v

PD

()


oleObject72.bin

oleObject73.bin

oleObject4.bin

image70.png
3D Response Surface for Rv_D

0.10

0.05

0.00

—0.05

-0.10

0.75 -
100 100




image71.wmf
a


oleObject74.bin

image72.png




oleObject75.bin

image73.png
010

005

0.00

-0.05

-0.10

075 100




oleObject76.bin

image74.png
x: —0.03030303 jig=le=R}

y: 0.959596
z:0.2506677





oleObject77.bin

image75.png
015

010

005

000

-0.05

-0.10





image5.wmf
e


oleObject78.bin

image76.png
(sixe-Zz) @suodsay

x: 04141414
y: —0.1313131
z: 0.8699014





oleObject79.bin

image77.png
1.00

-1.00

03

02

01




oleObject80.bin

image78.png
\n
(=]
|





oleObject81.bin

image79.png
100

04
03
02
01
00
-1
-2
-03
04




oleObject82.bin

image80.png




oleObject5.bin

oleObject83.bin

oleObject84.bin

oleObject85.bin

oleObject86.bin

oleObject87.bin

oleObject88.bin

oleObject89.bin

oleObject90.bin

oleObject91.bin

oleObject92.bin

image6.wmf
1

x


image81.wmf
(

)

(

)

1111112131122222

,,,,,,...,,and ,,,,

p

DvbrkkkkDvbrk

ll

==


oleObject93.bin

image82.wmf
(

)

(

)

(

)

(

)

12

111112131122220

1,,,,,,...,,2,,,,2

tktk

p

vbrkkkkavbrkn

ll

éù

--

éù

ëû

ëû

UU


oleObject94.bin

image83.wmf
v

-


oleObject95.bin

oleObject96.bin

image84.wmf
a

-


oleObject97.bin

image85.wmf
(

)

(

)

(

)

(

)

12

12

4

12

4

12

22

22

tktk

tktk

rra

c

a

ll

+

=

+


oleObject6.bin

oleObject98.bin

image86.wmf
11112131

sup(,,,...,)

p

kkkkk

=


oleObject99.bin

oleObject100.bin

oleObject101.bin

image87.wmf
(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

22

122

44

124

224

124

22(19)

22(20)

22(21)

tktk

iu

tktk

iu

tktk

iuju

xrraN

xrracN

xxaN

l

l

lll

=+=

=+=

=+=

å

å

å


oleObject102.bin

image88.wmf
(

)

(

)

(

)

(

)

12

12

4

12

4

12

22

22

tktk

tktk

rra

c

a

ll

+

=

+


oleObject103.bin

oleObject104.bin

image7.wmf
2

x


oleObject105.bin

image89.wmf
(

)

(

)

(

)

(

)

(

)

(

)

12

1212

112

22

112112

2222

1

,if2

2,if2

tktk

tktktktk

brb

a

arr

g

brbbrb

a

rrrr

-

--

ì

æö

-

ï

<+

ç÷

ï

èø

=

í

ï

æöæö

--

+³+

ç÷ç÷

ï

èøèø

î


oleObject106.bin

image90.wmf

oleObject107.bin

image91.wmf
(

)

(

)

1111112122222

9,15,6,4,3,3and 9,12,4,3,1

DvbrkkDvbrk

ll

=============


oleObject108.bin

image92.wmf
(

)

(

)

(

)

(

)

(

)

43

0

19,15,6,4,3,329,12,4,3,121

tt

an

--=

éùéù

ëûëû

UU


oleObject109.bin

image93.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

222

122

444

124

2244

124

22963222

22963223

2248824

tktk

iu

tktk

iu

tktk

iuju

xrraaN

xrraacN

xxaaN

l

l

lll

=+=+=

=+=+=

=+=+=

å

å

å


oleObject7.bin

oleObject110.bin

oleObject111.bin

image94.wmf
(

)

(

)

with 1.56508and 3then 0,()1.Insted of ta

king 1.56508,if we take2

then we get 0.5,3.54545,0.00346658and()0

.966495616.

vv

vv

acRDPDaa

gcRDPD

======

====


oleObject112.bin

oleObject113.bin

image95.wmf
c


oleObject114.bin

image96.wmf
12

()()

112

22

2

tktk

brb

rr

-

æö

-

+

ç÷

èø


oleObject115.bin

image97.wmf
g


image8.wmf
3

x


oleObject116.bin

image98.wmf
(

)

v

RD


oleObject117.bin

image99.wmf
()

v

PD


oleObject118.bin

oleObject119.bin

image100.png
010

oos

000

ors_
Lo 100




oleObject120.bin

image101.png




oleObject121.bin

oleObject8.bin

image102.png
015

000

005

010

100




oleObject122.bin

image103.png




oleObject123.bin

image104.png
o075

100

100




oleObject124.bin

image105.png




oleObject125.bin

image106.png
100

04
03
02
o1
00
01
-0z
03




oleObject126.bin

image9.wmf
4

x


image107.png
onse Surface with Curve Tracing

st Care.




oleObject127.bin

image108.png
100

o8
06
04
02
00
02
06




oleObject128.bin

oleObject129.bin

image109.png




oleObject130.bin

oleObject131.bin

oleObject132.bin

oleObject133.bin

oleObject9.bin

oleObject134.bin

oleObject135.bin

oleObject136.bin

oleObject137.bin

oleObject138.bin

image110.wmf
(

)

(

)

1111112131222212221222

,,,,,,...,and ,,,,,,,

DvbrkkkDvbrkkbb

ll

==


oleObject139.bin

image111.wmf
(

)

(

)

(

)

(

)

12

1111121311222122212220

1,,,,,,...,,2,,,,,,,2

tktk

p

vbrkkkkavbrkkbbn

ll

éù

--

éù

ëû

ëû

UU


oleObject140.bin

image112.wmf
v


oleObject10.bin

oleObject141.bin

oleObject142.bin

image113.wmf
a

-


oleObject143.bin

image114.wmf
(

)

(

)

(

)

(

)

12

12

4

12

4

12

22

22

tktk

tktk

rra

c

a

ll

+

=

+


oleObject144.bin

image115.wmf
11112131

sup(,,,...,)

p

kkkkk

=


oleObject145.bin

image116.wmf
2212222122

andsup(,)

bbbkkk

=+=


oleObject146.bin

image10.wmf
(

)

(

)

iu

Dx

=


oleObject147.bin

oleObject148.bin

image117.wmf
(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

22

122

44

124

224

124

22(25)

22(26)

22(27)

tktk

iu

tktk

iu

tktk

iuju

xrraN

xrracN

xxaN

l

l

lll

=+=

=+=

=+=

å

å

å


oleObject149.bin

oleObject150.bin

oleObject151.bin

oleObject152.bin

image118.wmf
(

)

(

)

(

)

(

)

(

)

(

)

12

1212

112

22

112112

2222

1

,if2

2,if2

tktk

tktktktk

brb

a

arr

g

brbbrb

a

rrrr

-

--

ì

æö

-

ï

<+

ç÷

ï

èø

ï

=

í

ï

æöæö

--

ï

+³+

ç÷ç÷

ï

èøèø

î


oleObject153.bin

image119.wmf
(

)

(

)

11111121

222212221222

10,11,5,5,4,2and 

D10,25,8,4,3,5,20,2

Dvbrkk

vbrkkbb

l

l

=======

=========


oleObject11.bin

oleObject154.bin

image120.wmf
(

)

(

)

(

)

(

)

(

)

44

0

110,11,5,5,4,2210,25,8,4,3,5,20,221

tt

an

--=

éùéù

ëûëû

UU


oleObject155.bin

image121.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

222

122

444

124

2244

124

228012828

228012829

22323230

tktk

iu

tktk

iu

tktk

iuju

xrraaN

xrraacN

xxaaN

l

l

lll

=+=+=

=+=+=

=+=+=

å

å

å


oleObject156.bin

image122.wmf
3

c

=


oleObject157.bin

image123.wmf
(

)

(

)

with 0.840496and 3then 0,()1.

Insted of taking 0.840496,if we t

.

1.428571429,0.0001822350.9998179

ake0.7

7

7

we get

2.9042,and()

9

vv

vv

acRDPD

aa

cgRDPD

====

==

====


oleObject158.bin

oleObject159.bin

image11.wmf
(

)

2

0

11

1

vvv

uiiuijiujuiiiuu

iiji

yxxxx

bbbbe

=<=

=++++

åååå


oleObject160.bin

oleObject161.bin

oleObject162.bin

oleObject163.bin

oleObject164.bin

oleObject165.bin

image124.png
0.04

0.02

0.00

-0.02

-0.04




image125.png
0.4

x:0
y:0.01010101
z: 0.500464





oleObject166.bin

oleObject167.bin

oleObject12.bin

image126.png
o

e

000

002

004

ors_
Lo 100




image127.png
07
0.6

0.5
04
03
0.2
0.1
o
0.1

Traced Curve.





oleObject168.bin

oleObject169.bin

image128.png
0.15

0.10

0.05

0.00

-0.05

-0.10

-0.15

075 -1.00




image129.png
£
3
)]
£





oleObject170.bin

oleObject171.bin

image130.png
o010

aos

000

005





image131.png
0.4
o
o





image12.wmf
iu

x


oleObject172.bin

oleObject173.bin

image132.png
010

s

000

005

010

015

ors_
Lo L0




image133.png
12

o5

0.4

0.2

0.2

0.4





oleObject174.bin

oleObject175.bin

image134.png
100

100

02

00




image135.png




oleObject176.bin

oleObject177.bin

oleObject13.bin

oleObject178.bin

oleObject179.bin

oleObject180.bin

oleObject181.bin

oleObject182.bin

oleObject183.bin

oleObject184.bin

oleObject185.bin

image13.wmf
th

i


oleObject14.bin

image14.wmf
(1,2,3,...,)

iv

=


oleObject15.bin

image15.wmf
th

u


oleObject16.bin

image16.wmf
(1,2,3,...,)

uN

=


oleObject17.bin

image17.wmf
'

u

s

e


oleObject18.bin

image18.wmf
2

s


oleObject19.bin

image19.wmf
D


oleObject20.bin

image20.wmf
12

(,,...,)

uv

yxxx


oleObject21.bin

image21.wmf
(

)

i

x


oleObject22.bin

image22.wmf
22

1

v

i

i

dx

=

æö

=

ç÷

èø

å


oleObject23.bin

image23.wmf
(

)

123

,,,...,

v

xxxx


oleObject24.bin

image24.wmf
(

)

(

)

(

)

(

)

(

)

(

)

23

32

2

2

4

4

22

4

4

2

2

0,0,0,0,0,

0,0,02

constant =3

constant =,for all 3

constant =,for all 4

iuiujuiujuiujukuiu

iujuiujukuiujukulu

iu

iu

iuju

xxxxxxxxx

xxxxxxxxxforallijkl

xNi

xcNiii

xxNij

v

l

l

l

l

l

=====

===¹¹¹

=

=

=¹

>

ååååå

ååå

å

å

å

(

)

(

)

(

)

(

)

422

Non-Singularity condition5

1

Rotatability condition6

iuiuju

cv

xcxx

+-

=

åå


oleObject25.bin

image25.wmf
24

, and 

c

ll


oleObject26.bin

image26.wmf
µ

µ

µ

µ

(

)

(

)

µ

µ

(

)

µ

µ

(

)

(

)

4

2

4

0

2

42

2

4

2

2

2

2

442

2

2

0

22

24

2

2

2

42

2

442

(1)

Var()

(1)

Var()

Var()

(2)(1)

Var(

1

)

11

Cov

1

(1

(,)

Cov(,)

)

i

ij

ii

ii

iijj

Ncvv

cNcv

cv

b

Ncvv

b

N

b

N

cvv

b

cNcvv

bb

b

v

b

l

ll

l

l

ll

lll

s

s

s

s

l

l

ls

lls

l

ll

ü

+-

=

ï

éù

+--

ëû

=

=

ý

éù

+---

=

êú

-+--

-

éù

+--

-

ëû

-

ëû

éù

+-

=

-

û

=

ë

(

)

7

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

þ


oleObject27.bin

image27.wmf
(

)

123

,,,...,

v

xxxx


oleObject28.bin

image28.wmf
µ

(

)

µ

(

)

µ

(

)

¶

µ

(

)

µ

(

)

µ

(

)

µ

µ

(

)

µ

(

)

(

)

24

000

22

VarVarVar2Cov,Var

Var2Cov,2Var8

iiiii

iujuijiijjii

ybbbbdbd

xxbbbb

éù

=+++

ëû

éù

++-

ëû

åå


oleObject29.bin

image29.wmf
22

iuju

xx

å


oleObject30.bin

image30.wmf
(

)

2

4

3

(1)

c

cN

s

l

-

-


oleObject31.bin

image31.wmf
3

c

=


oleObject32.bin

image32.wmf
µ

(

)

µ

(

)

µ

(

)

Var are equal for all ,

Var are equal for all ,

Var are equal for all ,where ().

i

ii

ij

bi

bi

bijij

¹


oleObject33.bin

image33.wmf
(

)

v

PD

éù

ëû


oleObject34.bin

image34.wmf
(

)

(

)

(

)

(

)

µ

(

)

µ

µ

(

)

µ

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

2

2

28

4

1

9

1

6Var2 Cov,2 Var1

where 10

2468

v

v

ijiijjii

v

PD

RD

vbbbbv

N

RD

vvvvg

s

l

=

+

æö

éù

+--

ç÷

æö

ëû

=

ç÷

ç÷

èø

++++

ç÷

èø


oleObject35.bin

image35.wmf
g


oleObject36.bin

image36.wmf
µ

(

)

µ

µ

(

)

µ

(

)

Var2Cov,2Var

ijiijjii

bbbb

+-


image1.wmf
12

(,,...,)

v

yfxxx

e

=+


oleObject37.bin

image37.wmf
()

v

RD


oleObject38.bin

image38.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

28

4

3

6(1)

11

1

2468

v

c

vv

RD

c

vvvvg

l

æö

-

-

=

ç÷

ç÷

-

++++

èø


oleObject39.bin

image39.wmf
(

)

(

)

1111122222

,,,,and ,,,,

DvbrkDvbrk

ll

==


oleObject40.bin

image40.wmf
v

-


oleObject41.bin

image41.wmf
(

)

(

)

12

12

N22

tktk

bb

=+


oleObject1.bin

oleObject42.bin

image42.wmf
a

-


oleObject43.bin

image43.wmf
(

)

(

)

(

)

(

)

12

12

4

12

4

12

22

22

tktk

tktk

rra

c

a

ll

+

=

+


oleObject44.bin

image44.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

2

2

28

4

1

1

6var2cov,2var1

where 

2468

v

v

ijiijjii

v

PD

RD

vbbbbv

N

RD

vvvvg

s

l

=

+

æö

éù

+--

æö

ëû

ç÷

=

ç÷

ç÷

èø

++++

ç÷

èø


oleObject45.bin

image45.wmf
g


oleObject46.bin

image46.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

12

12

12

112

22

112

22

112

22

1

,if2

where 12

1

,if2

2

tktk

tktk

tktk

brb

a

arr

g

brb

a

rr

brb

rr

-

-

-

ì

ï

ï

æö

-

<+

ç÷

ï

èø

ï

ï

=

í

ï

æö

-

ï

³+

ç÷

ï

æö

èø

-

ï

+

ç÷

ï

èø

î


