
A Note On Dual Generalized Adrien Numbers

Abstract. In this study, we introduce the concept of Dual Adrien numbers, with particular emphasis

on two specific cases: the Dual Adrien numbers and the Dual Adrien—Lucas numbers. We proceed to

investigate a range of fundamental properties associated with these sequences, including algebraic identities,

matrix representations, recurrence relations, Binet-type formulas, generating functions, exponential forms,

Simson-type identities, and summation formulas.

Keywords. Adrien numbers, Adrien-Lucas numbers, Dual Adrien numbers, Dual Adrien-Lucas num-

bers.

1. Introduction

In mathematical and geometric contexts, a hypercomplex number system refers to an algebraic framework

that extends the foundational principles of complex numbers. These systems are characterized by their rich

structural properties and are widely studied for their broad applicability across various domains, particularly

in physics, engineering, and applied mathematics. Their ability to model multidimensional phenomena makes

them indispensable tools in both theoretical investigations and practical computations.

Unlike complex numbers, which operate within a two-dimensional plane, hypercomplex systems offer a

more versatile and sophisticated means of representing transformations, symmetries, and geometric structures

in higher-dimensional spaces. As emphasized by Kantor in [18], hypercomplex systems can be interpreted as

algebraic extensions of the real number line, designed to facilitate the analysis of multidimensional problems

through generalized arithmetic and algebraic operations.

The principal classes of hypercomplex numbers include complex numbers, hyperbolic numbers, and

dual numbers, each distinguished by the algebraic properties of their respective units. Complex numbers,

composed of real and imaginary components, serve as the foundational case. Hyperbolic numbers extend this

structure by introducing a unit whose square is +1, making them particularly useful in modeling Lorentz
1
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transformations and spacetime geometries. Dual numbers, on the other hand, incorporate a nilpotent unit

whose square is zero, and are especially valuable in contexts such as automatic differentiation, kinematic

analysis, and infinitesimal transformations.

This study focuses on dual numbers. Dual numbers form a significant subclass of hypercomplex number

systems, characterized by the presence of a dual unit whose square is zero. These structures play a crucial

role in various algebraic models, particularly in applications such as automatic differentiation and kinematic

analysis. Viewed as an extension of the real number line, dual numbers offer algebraic tools well-suited for

multidimensional analysis and provide practical solutions in both engineering and physics contexts.

The following sections offer more detailed insights into the mathematical properties and application

areas of these hypercomplex systems.

• Dual Numbers: Algebraic Representation of Infinitesimals

Dual numbers [16] extend the real number system by introducing a nilpotent element ε, defined by the

identity ε2 = 0. Unlike zero, this infinitesimal unit is nonzero yet squares to zero, a property that sets dual

numbers apart from other hypercomplex systems such as complex or quaternionic numbers. This unique

algebraic structure allows dual numbers to encode both a real quantity and its infinitesimal variation within

a single expression, making them particularly effective in modeling instantaneous rates of change.

Formally, a dual number is expressed as

D = {d = a+ εb : a, b ∈ R, ε2 = 0, ε 6= 0}.

Here, represents the real component, while captures the infinitesimal part. The nilpotent nature of

ensures that higher-order infinitesimals vanish, simplifying algebraic manipulations and enabling direct com-

putation of derivatives without resorting to limit processes.

This elegant framework has found widespread application in fields such as automatic differentiation,

kinematics, and perturbation analysis, where the ability to represent and manipulate infinitesimal quantities

is essential. By bridging the gap between discrete algebraic operations and continuous change, dual numbers

offer a powerful tool for both theoretical exploration and practical computation

Some authors have conducted studies about the dual, hyperbolic, dual hyperbolic and other special

numbers. Now we give some information published papers in litarature.

• Cockle [7] explored hyperbolic numbers with complex coeffi cients, contributing to the early devel-

opment of hypercomplex algebra.

• Eren and Soykan [14] studied the generalized Generalized Woodall Numbers.

• Cheng and Thompson [5] introduced dual numbers with complex coeffi cients, expanding the alge-

braic versatility of dual number systems for applications in polynomial equations and transformation

theory.
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• Akar at al [1] introduced the concept of dual hyperbolic numbers, combining characteristics of dual

and hyperbolic systems into a unified algebraic structure.

• Aydın [2] presented hyperbolic Fibonacci numbers given by

F̃n = Fn + hFn+1,

where Fibonacci numbers are given by Fn+2 = Fn+1 + Fn, with the initial conditation F0 = 0, F1 = 1.

• Taş [25] studied hyperbolic Jacobsthal-Lucas sequence written by

HJn = Jn + hJn+1,

where Jacobsthal-Lucas numbers given by Jn+2 = Jn+1 + 2Jn with the inintial conditation J0 = 2,

J1 = 1.

• Dikmen and Altınsoy, [11] studied On Third Order Hyperbolic Jacobsthal Numbers given by

Ĵ (3)n = J (3)n + hJ
(3)
n+1,

ĵ(3)n = j(3)n + hj
(3)
n+1,

where Jacobsthal numbers, respectively, given by J (3)n = J
(3)
n−1 + J

(3)
n−2 + 2J

(3)
n−3, J

(3)
0 = 0, J

(3)
1 = 1,

J
(3)
2 = 1, j

(3)
n = j

(3)
n−1 + j

(3)
n−2 + 2j

(3)
n−3, j

(3)
0 = 2, j

(3)
1 = 1, j

(3)
2 = 5.

Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

• Soykan et al [21] presented dual hyperbolic generalized Pell numbers given by

V̂n = Vn + jVn+1 + εVn+2 + jεVn+3,

where generalized Pell numbers, with the initial values V0, V1 not all being zero, are given by Vn =

2Vn−1 + Vn−2, V0 = a, V1 = b (n ≥ 2).

• Cihan et al [6] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHFn = Fn + jFn+1 + εFn+2 + jεFn+3,

DHLn = Ln + jLn+1 + εLn+2 + jεLn+3,

where Fibonacci and Lucas numbers, respectively, given by Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1,

Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1.

• Soykan et al [20] studied dual hyperbolic generalized Jacopsthal numbers given by

Ĵn = Jn + jJn+1 + εJn+2 + jεJn+3,

where Jn = Jn−1 + 2Jn−2, J0 = a, J1 = b.
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• Yılmaz and Soykan [26] introduced dual hyperbolic generalized Guglielmo numbers are

T̂0 = T0 + jT1 + εT2 + jεT3,

where Tn = 3Tn−1 − 3Tn−2 + Tn−3, T0 = 0, T1 = 1, T2 = 3.

• Ayrılma and Soykan [3] studied dual hyperbolic generalized Edouard number and Edouard-Lucas

number given by

Ê0 = E0 + jE1 + εE2 + jεE3,

K̂0 = K0 + jK1 + εK2 + jεK3,

where En = 7En−1 − 7En−2 + En−3, E0 = 0, E1 = 1, E2 = 7 and Kn = 7Kn−1 − 7Kn−2 +Kn−3,

K0 = 3,K1 = 7,K2 = 35.

• Bród et al [4] studied dual hyperbolic generalized balancing numbers as

DHBn = Bn + jBn+1 + εBn+2 + jεBn+3,

where Bn = 6Bn−1 −Bn−2, B0 = 0, B1 = 1.

• Dikmen [12] introduced dual hyperbolic generalised Leonardo numbers given by

l̂0 = l0 + jl1 + εl2 + jεl3,

ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3.

• Eren and Soykan [15] introduced dual hyperbolic generalized Woodall numbers given by

R̂0 = R0 + jR1 + εR2 + jεR3,

where Rn = 5Rn−1 − 8Rn−2 + 4Rn−3, R0 = −1, R1 = 1, R2 = 7.

• Yılmaz and Soykan [27] introduced dual generalized Guglielmo numbers given by

T̃n = Tn + εTn+1,

where T̃0 = T0 + εTn+1, T̃1 = T1 + εT2, T̃2 = T2 + εT3.

• Demirci and Soykan [9] introduced hyperbolic Adrien numbers given by

HAn = An + jAn+1,

where HA0 = A0 + jA1, HA1 = A1 + jA2, HA2 = A2 + jA3.

• Demirci and Soykan [8] introduced dual hyperbolic generalized Adrien numbers given by
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Â0 = A0 + jA1 + εA2 + jεA3,

where An = 3An−1 −An−2 −An−4 , A0 = 0, A1 = 1, A2 = 3, A3 = 8.

• Kalça and Soykan [17] introduced dual hyperbolic generalized Pandita numbers given by

P̂0 = P0 + jP1 + εP2 + jεP3,

where Pn = 2Pn−1 − Pn−2 + Pn−3 − Pn−4, P0 = 0P1 = 1, P2 = 2, P3 = 3.

• Doğan and Soykan [13] studied hyperbolic generalized Pierre numbers given by

HP0 = Pn + εPn+1,

where HP0 = P0 + jP1, HP1 = P1 + jP2, HP2 = P2 + jP3.

Before introducing the concept of dual Adrien numbers, it is essential to recall the fundamental properties

of the classical Adrien numbers.

2. Background on Generalized Adrien Sequence

A generalized Adrien sequence {Wn}n≥0 = {Wn(W0,W1,W2,W3)}n≥0 is defined by the fourth-order

recurrence relations

Wn = 3Wn−1 −Wn−2 −Wn−4, n ≥ 4, (2.1)

with the initial valuesW0,W1,W2,W3 not all being zero. The sequence {Wn}n≥0 can be extended to negative

subscripts by defining

W−n = −W−(n−2) + 3W−(n−3) −W−(n−4),

for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n. A recent study by Soykan explores the

properties of this numerical sequence in detail, for more details, see [19].

Characteristic equation of {Wn} is

z4 − 3z3 + z2 + 1 = (z3 − 2z2 − z − 1)(z − 1) = 0.

The roots of characteristic equation are

α =
2

3
+

(
61

54
+

√
29

36

)1/3
+

(
61

54
−
√
29

36

)1/3
,

β =
2

3
+ ω

(
61

54
+

√
29

36

)1/3
+ ω2

(
61

54
−
√
29

36

)1/3
,

γ =
2

3
+ ω2

(
61

54
+

√
29

36

)1/3
+ ω

(
61

54
−
√
29

36

)1/3
,

δ = 1.
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Where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that

α+ β + γ + δ = 3,

αβ + αγ + αδ + βγ + βδ + γδ = 1,

αβγ + αβδ + αγδ + βγδ = 0,

αβγδ = 1.

We get that

α+ β + γ = 2,

αβ + αγ + βγ = −1,

αβγ = 1.

The Binet formula for the generalized Adrien numbers {Wn} is derived using the roots of the associated

recurrence relation and holds for all integers n.

Wn =
p1α

n

4α2 + 3α− 1 +
p2β

n

4β2 + 3β − 1
+

p3γ
n

4γ2 + 3γ − 1 +
p4δ

n

3
(2.2)

= S1α
n + S2β

n + S3γ
n + S4δ

n.

Where p1, p2, p3 and p4 are given below

p1 = (αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 − 1W0),

p2 = (βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 − 1W0),

p3 = (γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 − 1W0),

p4 = −(W3 − 2W2 −W1 −W0).

And

S1 =
p1

4α2 + 3α− 1 , (2.3)

S2 =
p2

4β2 + 3β − 1
,

S3 =
p3

4γ2 + 3γ − 1 ,

S4 = − (W3 − 2W2 −W1 −W0)

3
.
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Binet’s formula of Adrien and Adrien-Lucas sequences are

An =
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
,

and

Bn = αn + βn + γn + 1.

Respectively.

If we set W0 = 0,W1 = 1,W2 = 3,W3 = 8, then the sequence {Wn} corresponds to the well-known

Adrien sequence. Similarly, if we take W0 = 4,W1 = 3,W2 = 7,W3 = 18, then {Wn} becomes the well-

known Adrien—Lucas sequence. In other words, the Adrien sequence{An}n≥0 and the Adrien—Lucas sequence

{Bn}n≥0 are both defined by the following fourth-order recurrence relation:

Wn = 3Wn−1 −Wn−2 −Wn−4, n ≥ 4, where the initial conditions determine the specific sequence:

An = 3An−1 −An−2 −An−4 , A0 = 0, A1 = 1, A2 = 3, A3 = 8, n ≥ 4, (2.4)

Bn = 3Bn−1 −Bn−2 −Bn−4 , B0 = 4, B1 = 3, B2 = 7, B3 = 18, n ≥ 4. (2.5)

The sequences {An}n≥0, {Bn}n≥0, can be extended to negative subscripts by defining,

A−n = −A−(n−2) + 3A−(n−3) −A−(n−4),

B−n = −B−(n−2) + 3B−(n−3) −B−(n−4),

for n = 1, 2, 3, ... respectively. As a result, recurrences (2.4),(2.5) hold for all integer n. Binet’s formulas as

follows.

Table 1 lists the initial terms of the generalized Adrien sequence, including both positive and negative

subscripts.

Table 1. A few generalized Adrien numbers

n Wn W−n

0 W0 W0

1 W1 3W2 −W1 −W3

2 W2 3W1 −W0 −W2

3 W3 3W0 − 3W2 +W3

4 3W3 −W2 −W0 10W2 − 6W1 − 3W3

5 8W3 −W1 − 3W2 − 3W0 10W1 − 6W0 − 3W2

6 21W3 − 3W1 − 9W2 − 8W0 10W0 + 3W1 − 18W2 + 6W3

7 54W3 − 8W1 − 24W2 − 21W0 3W0 − 28W1 + 36W2 − 10W3

8 138W3 − 21W1 − 62W2 − 54W0 33W1 − 28W0 −W2 − 3W3
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After then we can write the generating function of generalized Adrien numbers,
∞∑
n=0

Wnz
n =

W0 + (W1 − 3W0)x+ (W2 − 3W1 +W0)x
2 + (W3 − 3W2 +W1)x

3

1− 3x+ x2 + x4 .

Next, we give the exponential generating function of
∞∑
n=0

Wn
xn

n! of the sequence Wn.

For more details about generalized Adrien numbers, see [19].

Lemma 1. [10]Suppose that fWn
(x) =

∞∑
n=0

Wn
xn

n! is the exponential generating function of the generalized

Adrien sequence {Wn}.

Then
∞∑
n=0

Wn
xn

n! is given by:

∞∑
n=0

Wn
xn

n!
=

(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

(α− β)(α− γ)(α− δ) eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

(β − α)(β − γ)(β − δ) eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

(γ − α)(γ − β)(γ − δ) eγx

+(
W3 − 2W2 −W1 −W0

−3 )ex.

The previous Lemma 1 gives the following results as particular examples.

Corollary 2. Exponential generating function of Adrien and Adrien-Lucas numbers are given by:

a):
∞∑
n=0

An
xn

n!
=
∞∑
n=0

((
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
)
xn

n!

= (
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 eγx − 1
3
ex).

b):
∞∑
n=0

Bn
xn

n!
=
∞∑
n=0

(αn + βn + γn + 1)
xn

n!
= eαx + eβx + eγx + ex.

In this study, we introduce the dual generalized Adrien numbers and conduct a comprehensive analysis

of their algebraic structure in the subsequent sections.

3. Dual Generalized Adrien Numbers and their Generating Functions and Binet’s Formulas

In this section, we define the dual generalized Adrien numbers and subsequently derive their generating

functions and Binet type formulas. Within the framework of HD, we now proceed to investigate the dual

generalized Adrien numbers defined over the set D. The nth generalized dual Adrien numbers, with DW0,

DW1, DW2 , DW3 being the initial conditions, are defined as follows;

DWn =Wn + εWn+1. (3.1)

moreover (3.1) can be written to negative subscripts by defining,

DW−n =W−n + εW−n+1. (3.2)
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So identity (3.1) holds for all integers n.

Now we define some special cases of dual generalized Adrien numbers. The nth dual Adrien numbers,

the nth dual Adrien-Lucas numbers, respectively, are given as

the nth generalized dual Adrien numbers DAn = An + εAn+1, with DA0, DA1, DA2, DA3 being the

initial conditions, can be expressed as follows;

DAn = An + εAn+1,

where

DA0 = A0 + εA1,

DA1 = A1 + εA2,

DA2 = A2 + εA3,

DA3 = A3 + εA4,

for dual Adrien numbers, taking Wn = An, A0 = 0, A1 = 1, A2 = 3, A3 = 8, A4 = 21, we get

DA0 = ε,

DA1 = 1 + 3ε,

DA2 = 3 + 8ε,

DA3 = 8 + 21ε,

the nth generalized dual Adrien-Lucas numbers DBn = Bn+ εBn+1, with DB0, DB1, DB2, DB3 being the

initial conditions, can be expressed as follows;

DBn = Bn + εBn+1,

where

DB0 = B0 + εB1,

DB1 = B1 + εB2,

DB2 = B2 + εB3,

DB3 = B3 + εB4.
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For dual Adrien-Lucas numbers, taking Wn = Bn, B0 = 4, B1 = 3, B2 = 7, B3 = 18, B4 = 43, we get

DB0 = 4 + 3ε,

DB1 = 3 + 7ε,

DB2 = 7 + 18ε,

DB3 = 18 + 43ε.

So, using (3.1), the following identity holds for all non-negative integers n n,

DWn = 3DWn−1 −DWn−2 −DWn−4, (3.3)

and the sequence {HWn}n≥0 can be given as

DW−n = −DW−(n−2) + 3DW−(n−3) −DW−(n−4),

for n = 1, 2, 3, ... by using (3.2). As a result, recurrence (3.3) holds for all integer n.

Table 2 The initial values of the dual generalized Adrien numbers are presented for both positive and

negative indices.

Table 2. A few dual generalized Adrien numbers

n DWn DW−n

0 DW0 DW0

1 DW1 3DW2 −DW1 −DW3

2 DW2 3DW1 −DW0 −DW2

3 DW3 3DW0 − 3DW2 +DW3

4 3DW3 −DW2 −DW0 10DW2 − 6DW1 − 3DW3

5 8DW3 −DW1 − 3DW2 − 3DW0 10DW1 − 6DW0 − 3DW2

6 21DW3 − 3DW1 − 9DW2 − 8DW0 10DW0 + 3DW1 − 18DW2 + 6DW3

7 54DW3 − 8DW1 − 24DW2 − 21DW0 3DW0 − 28DW1 + 36DW2 − 10DW3

8 138DW3 − 21DW1 − 62DW2 − 54DW0 33DW1 − 28DW0 −DW2 − 3DW3

Note that

DW0 = W0 + εW1,

DW1 = W1 + εW2,

DW2 = W2 + εW3.

DW3 = W3 + εW4.

Tables 3 and 4 present selected values of the dual Adrien numbers and dual Adrien—Lucas numbers,

respectively, including entries with both positive and negative indices. These tables illustrate the symmetric

structure and recurrence behavior of the sequences across the extended integer domain, providing a concrete

foundation for the theoretical results discussed in the preceding sections.
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Table 3.Some dual Adrien numbers Table 4. Some dual Adrien-Lucas numbers
n DAn DA−n

0 ε ε

1 1 + 3ε 0

2 3 + 8ε 0

3 8 + 21ε −1

4 21 + 54ε −ε

5 54 + 138ε 1

6 138 + 352ε −3 + ε

7 352 + 897ε −3ε

8 897 + 2285ε 6

n DBn DB−n

0 4 + 3ε 4 + 3ε

1 3 + 7ε 4ε

2 7 + 18ε −2

3 18 + 43ε 9− 2ε

4 43 + 108ε −2 + 9ε

5 108 + 274ε −15− 2ε

6 274 + 696ε 31− 15ε

7 696 + 1771ε 31ε

8 1771 + 4509ε −74
We begin by introducing several expressions that will be utilized throughout the remainder of the paper.

Following this, we present the Binet-type formula for the dual generalized Adrien numbers. To that end, we

first define;

α̃ = 1 + εα, (3.4)

β̃ = 1 + εβ, (3.5)

γ̃ = 1 + εγ, (3.6)

λ̃ = 1 + ε, (3.7)

the equalities presented above lead to the following identities:

α̃2 = 1 + 2εα,

β̃
2
= 1 + 2εβ,

γ̃2 = 1 + 2εγ,

λ̃
2
= 2 + 2ε,

α̃β̃ = 1 + ε(α+ β),

α̃γ̃ = 1 + ε(α+ γ),

γ̃β̃ = 1 + ε(α+ β),

α̃γ̃ = 1 + ε(1 + α),

α̃β̃γ̃ = 1 + ε(α+ β + γ),

α̃β̃γ̃λ̃ = 1 + ε(1 + α+ β + γ).

Theorem 3. (Binet’s Formula) For any integer n, the nth dual generalized Adrien number is

DWn = α̃S1α
n + β̃S2β

n + γ̃S3γ
n + δ̃S4, (3.8)
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where α̃, β̃, γ̃, δ̃ are given as (3.4), (3.5), (3.6), (3.7).

Proof. Using Binet’s formula of the generalized Adrien numbers given below

Wn = S1α
n + S2β

n + S3γ
n + S4,

where S1, S2, S2, S4 are given (2.3) we get

DWn = Wn + εWn+1,

= S1α
n + S2β

n + S3γ
n + S4

+ε(S1α
n+1 + S2β

n+1 + S3γ
n+1 + S4)

= α̃S1α
n + β̃S2β

n + γ̃S3γ
n + δ̃S4,

This proves (3.8). �
As special cases, for any integer n, the Binet’s Formula of nth dual Adrien number is

DAn =
(2α2 + α+ 1)αnα̃

4α2 + 3α− 1 +
(2β2 + β + 1)βnβ̃

4β2 + 3β − 1
+
(2γ2 + γ + 1)γnγ̃

4γ2 + 3γ − 1 − 1̃
3
, (3.9)

and the Binet’s Formula of nth dual Adrien-Lucas number is

DBn = α̃αn + β̃βn + γ̃γn + 1. (3.10)

In the next section, we derive the generating function corresponding to the dual generalized Adrien numbers.

Theorem 4. The generating function for the dual generalized Adrien numbers is

∞∑
n=0

DWnx
n =

DW0 + (DW1 − 3DW0)x+ (DW2 − 3DW1 +DW0)x
2 + (DW3 − 3DW2 +DW1)x

3

1− 3x+ x2 + x4 .

(3.11)

Proof. Let

fDWn
(x) =

∞∑
n=0

DWnx
n

be the generating function of the dual generalized Adrien numbers. Using the definition of these numbers

and applying a suitable subtraction technique, we derive the following functional identity xfDWn(x) and
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x2fDWn(x) from fDWn(x), we obtain (1− 3x+ x2 + x4)fDWn(x)

(1− 3x+ x2 + x4)fDWn(x) =

∞∑
n=0

DWxn − 3x
∞∑
n=0

DWxn + x2
∞∑
n=0

DWxn + x4
∞∑
n=0

DWxn,

=

∞∑
n=0

DWxn − 3
∞∑
n=0

DWxn+1 +

∞∑
n=0

DWxn+2 +

∞∑
n=0

DWxn+4,

=

∞∑
n=0

DWxn − 3
∞∑
n=1

DW(n−1)x
n +

∞∑
n=2

DW(n−2)x
n +

∞∑
n=4

DW(n−4)x
n,

= (DW0 +DW1x+DW2x
2 +DW3x

3)− 3(DW0x+DW1x
2 +DW2x

3)

+(DW0x
2 +DW1x

3) +

∞∑
n=4

(DWn − 3DWn−1 +DWn−2 +DWn−4)x
n,

= DW0 + (DW1 − 3DW0)x+ (DW2 − 3DW1 +DW0)x
2

+(DW3 − 3DW2 +DW1)x
3.

Note that, using the recurrence relation DW = 3DWn−1−DWn−2−DWn−4 and rearranging above equation

the (3.11) has been found. �
We now express the generating functions of the dual Adrien and dual Adrien—Lucas numbers as follows;

(a): fDAn(x) =
∞∑
n=0

DAnx
n =

ε+ x

1− 3x+ x2 + x4 ,

(b): fDBn
(x) = DBnx

n =
−4εx3 + 2x2 − (2ε+ 9)x+ 3ε+ 4

1− 3x+ x2 + x4 .

Lemma 5. Suppose that fDWn
(x) =

∞∑
n=0

DWn
xn

n! is the exponential generating function of the dual

generalized Adrien sequence { DWn}.

Then
∞∑
n=0

DWn
xn

n! is given by

∞∑
n=0

DWn
xn

n!
= S1e

αxα̃+ S2e
βxβ̃ + S3e

γxγ̃ + S4e
x1̃.

where α̃,β̃, γ̃, δ̃ are given as (3.4), (3.5), (3.6), (3.7).

Proof. Using Binet’s formula

Wn = S1α
n + S2β

n + S3γ
n + S4,
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where S1, S2, S3, S4 are given in (2.3) we get

∞∑
n=0

DW
xn

n!
=

∞∑
n=0

DWn
xn

n!
+ ε

∞∑
n=0

DWn+1
xn

n!

=

∞∑
n=0

(S1α
n + S2β

n + S3γ
n + S4)

xn

n!
+ ε

∞∑
n=0

(S1α
n+1 + S2β

n+1 + S3γ
n+1 + S4)

xn

n!

= (S1e
αx + S2e

βx + S3e
γx + S4e

x) + ε(S1αe
αx + S2βe

βx + S3γe
γx + S4e

x)

= S1e
αx(1 + εα) + S2e

βx(1 + εβ) + S3e
γx(1 + εγ) + S4e

x(1 + ε)

= S1e
αxα̃+ S2e

βxβ̃ + S3e
γxγ̃ + S4e

x1̃. �

Proof: Note that we have
∞∑
n=0

DWn
xn

n!
=

∞∑
n=0

(DWn + εDWn+1)
xn

n!
.

The following results emerge as particular cases of the preceding lemma.

Corollary 6. We now present the exponential generating functions corresponding to the dual Adrien

and dual Adrien—Lucas sequences.

a):
∞∑
n=0

DAn
xn

n!
= (

(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex)

+ε(
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex)

=
(2α2 + α+ 1)α̃

4α2 + 3α− 1 eαx +
(2β2 + β + 1)β̃

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)γ̃

4γ2 + 3γ − 1 eγx − 1̃ex

b):
∞∑
n=0

DBn
xn

n!
= eαx + eβx + eγx + ex + ε(αeαx + βeβx + γeγx + ex)

= eαxα̃+ eβxβ̃ + eγxγ̃ + ex1̃

4. Obtaining Binet Formula From Generating Function

Next, by the using generating function for DWn find Binet formula of dual generalized Adrien number

{DWn}.

Theorem 7. (Binet formula of dual generalized Adrien numbers)

DWn =
p1α

n

(α− β)(α− γ)(α− δ) +
p2β

n

(β − α)(β − γ)(β − δ) +
p3γ

n

(γ − α)(γ − β)(γ − δ) +
p4δ

n

(δ − α)(δ − β)(δ − γ)
(4.1)

where

UNDER PEER REVIEW



A NOTE ON DUAL GENERALIZED ADRIEN NUMBERS 15

p1 = DW0α
3 + (DW1 − 3DW0)α

2 + (DW2 +DW1 +DW0)α+ (DW3 +DW2 +DW1),

p2 = DW0β
3 + (DW1 − 3DW0)β

2 + (DW2 +DW1 +DW0)β + (DW3 +DW2 +DW1),

p3 = DW0γ
3 + (DW1 − 3DW0)γ

2 + (DW2 +DW1 +DW0)γ + (DW3 +DW2 +DW1),

p4 = DW0δ
3 + (DW1 − 3DW0)δ

2 + (DW2 +DW1 +DW0)δ + (DW3 +DW2 +DW1).

Proof. Let

h(x) = 1− 3x+ x2 + x4.

Then for some α, β, γ and δ we write

h(x) = (1− αx)(1− βx)(1− γx)(1− δx),

i.e.,

1− 3x+ x2 = (1− αx)(1− βx)(1− γx)(1− δx), (4.2)

Hence 1
α ,

1
β ,

1
γ and

1
δ are the roots of h(x). This gives α, β, γ and δ as the roots of

h(
1

x
) = 1− 3

x
+
1

x2
+
1

x4
= 0.

This implies x4 − 3x3 + x2 + u = 0. Now, it follows that

∞∑
n=0

DWxn =
DW0 + (DW1 − 3DW0)x+ (DW2 − 3DW1 +DW0)x

2 + (DW3 − 3DW2 +DW1)x
3

(1− αx)(1− βx)(1− γx)(1− δx) .

Then we write

DW0 + (DW1 − 3DW0)x+ (DW2 − 3DW1 +DW0)x
2 + (DW3 − 3DW2 +DW1)x

3

(1− αx)(1− βx)(1− γx)(1− δx) , (4.3)

=
B1

(1− αx) +
B2

(1− βx) +
B3

(1− γx) +
B4

(1− δx) . (4.4)

So

DW0 + (DW1 − 3DW0)x+ (DW2 − 3DW1 +DW0)x
2 + (DW3 − 3DW2 +DW1)x

3

= B1(1− βx)(1− γx)(1− δx) +B2(1− αx)(1− γx)(1− δx)

+B3(1− αx)(1− βx)(1− δx) +B3(1− αx)(1− βx)(1− γx).

If we consider x = 1
α , we get DW0+(DW1−3DW0)

1
α+(DW2−3DW1+DW0)

1
α2 +(DW3−3DW2+DW1)

1
α3

= B1(1− β
α )(1−

γ
α )(1−

δ
α ).
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This gives

B1 =
α3(DW0 + (DW1 − 3DW0)

1
α + (DW2 − 3DW1 +DW0)

1
α2 + (DW3 − 6DW2 +DW1)

1
α3 )

(α− β)(α− γ)(α− δ)

=
DW0α

3 + (DW1 −DW0)α
2 + (DW2 − 3DW1 +DW0)α+ (DW3 − 3DW2 +DW1)

(α− β)(α− γ)(α− δ) .

Similarly, we obtain

B2 =
DW0β

3 + (DW1 − 3DW0)β
2 + (DW2 − 3DW1 +DW0)β + (DW3 − 3DW2 +DW1)

(β − α)(β − γ)(β − δ) ,

B3 =
DW0γ

3 + (DW1 − 3DW0)γ
2 + (DW2 − 3DW1 +DW0)γ + (DW3 − 3DW2 +DW1)

(γ − α)(γ − β)(γ − δ) ,

B4 =
DW0δ

3 + (DW1 − 3DW0)δ
2 + (DW2 − 3DW1 +DW0)δ + (DW3 − 3DW2 +DW1)

(δ − α)(δ − β)(δ − γ) .

Thus (4.3) can be written as

∞∑
n=0

DWxn = B1(1− αx)−1 +B2(1− βx)−1 +B3(1− γx)−1 +B4(1− δx)−1.

This gives

∞∑
n=0

DWxn = B1

∞∑
n=0

αnxn +B2

∞∑
n=0

βnxn +B3

∞∑
n=0

γnxn +B4

∞∑
n=0

δnxn

=

∞∑
n=0

(B1α
n +B2β

n +B3γ
n +B4δ

n)xn.

Consequently, matching coeffi cients from both sides leads to the following expression.

DW = B1α
n +B2β

n +B3γ
n +B4δ

n.

and then we get (4.2). �
An identity associated with the dual Adrien numbers is given as follows.

Theorem 8. For all integers m,n the following identities hold:

DWm+n = Am−2DWn+3 + (−Am−3 −Am−5)DWn+2 + (−Am−4)DWn+1 −Am−3DWn.

Proof. First we assume that m,n ≥ 0 then (8) can be proved by mathematical induction on m. If m = 0

we get

DWn = A−2DWn+3 + (−A−3 −A−5)DWn+2 + (−A−4)DWn+1 −A−3DWn.
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which is true since A−2 = 0, A−3 = −1, A−4 = 0, A−5 = 1. Assume that the equality holds for m ≤ k. For

m = k + 1, we get

DWk+1+n = 3DWn+k −DWn+k−1 −DWn+k−3,

3(Ak−2DWn+3 + (−Ak−3 −Ak−5)DWn+2 + (−Ak−4)DWn+1 −Ak−3DWn)

−(Ak−3DWn+3 + (−Ak−4 −Ak−6)DWn+2 + (−A−5)DWn+1 −Ak−4DWn)

−(Ak−5DWn+3 + (−Ak−6 −Ak−8)DWn+2 + (−Ak−6)DWn+1 −Ak−6DWn).

This completes the proof of the theorem via induction on m, this Theorem (8).

The other cases of m,n can be proved smilarly for all integers m,n. �
Taking DWn = DAn or DWn = DBn in above Theorem, respectively, we get:

Corollary 9.

DAm+n = Am−2DAn+3 + (−Am−3 −Am−5)DAn+2 + (−Am−4)DAn+1 −Am−3DAn,

DBm+n = Am−2DBn+3 + (−Am−3 −Am−5)DBn+2 + (−Am−4)DBn+1 −Am−3DBn.

5. Simson’s Formulas

Simson’s formula is established in this section for the dual generalized Adrien numbers, providing a key

analytical tool. This is a special case of [22,Theorem 4.1].

Theorem 10. For all integers n, we have∣∣∣∣∣∣∣∣∣∣∣∣

DWn+3 DWn+2 DWn+1 DWn

DWn+2 DWn+1 DWn DWn−1

DWn+1 DWn DWn−1 DWn−2

DWn DWn−1 DWn−2 DWn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= (DW0+DW1+2DW2−DW3)(−DW 3

3 +5DW
3
2 +DW

3
1 +

DW 3
0 − (DW0 + 3DW1 − 7DW2)DW

2
3

+(3DW0−4DW1−14DW3)DW
2
2+(2DW0+DW2−6DW3)DW

2
1−(DW1+2DW3)DW

2
0+13DW1DW2DW3+

DW0DW2DW3 + 5DW0DW1DW3 − 7DW0DW1DW2).

Proof. Take r = 3, s = −1, t = 0, u = −1. �
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Corollary 11. For every integer n, the dual generalized Adrien and Adrien—Lucas numbers satisfy the

following Simson-type relations.∣∣∣∣∣∣∣∣∣∣∣∣

DAn+3 DAn+2 DAn+1 DAn

DAn+2 DAn+1 DAn DAn−1

DAn+1 DAn DAn−1 DAn−2

DAn DAn−1 DAn−2 DAn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= 1 + 3ε,

∣∣∣∣∣∣∣∣∣∣∣∣

DBn+3 DBn+2 DBn+1 DBn

DBn+2 DBn+1 DBn DBn−1

DBn+1 DBn DBn−1 DBn−2

DBn DBn−1 DBn−2 DBn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= −2349ε− 783

respectively.

6. Linear Sums

This section establishes the summation formulas for the dual generalized Adrien numbers, covering both

positive and negative indices. Subsequently, we introduce the corresponding summation formulas for the

generalized Adrien numbers, extending the analysis to a broader class of sequences.

Theorem 12. The generalized Adrien numbers satisfy the following identities for all positive and negative

indices:

(a):
n∑
k=0

Wk =
1
3 (−(n+ 3)Wn+3 + (2n+ 7)Wn+2 + (n+ 2)Wn+1 + (n+ 4)Wn

+3W3 − 7W2 − 2W1 −W0).

(b):
n∑
k=0

W2k =
1
3 (−(n+ 2)W2n+2 + (2n+ 5)W2n+1 + (n+ 3)W2n + (n+ 2)W2n−1

+2W3 − 4W2 − 3W1).

(c):
n∑
k=0

W2k+1 =
1
3 (−(n+ 1)W2n+2 + (2n+ 5)W2n+1 + (n+ 2)W2n + (n+ 2)W2n−1

+2W3 − 5W2 − 2W0).

(d):
n∑
k=1

W−k =
1
3 (−(n+ 1)W−n+3 + (2n+ 1)W−n+2 + (n+ 2)W−n+1 + (n+ 3)W−n+

W3 −W2 − 2W1 − 3W0).

(e):
n∑
k=1

W−2k =
1
3 (−(n+ 2)W−2n+2 + (2n+ 3)W−2n+1 + (n+ 4)W−2n + (n+ 2)W−2n−1

+2W3 − 4W2 −W1 − 4W0).

(f):
n∑
k=1

W−2k+1 =
1
3 (−(n+ 3)W−2n+2 + 2(n+ 3)W−2n+1 + (n+ 2)W−2n + (n+ 2)W−2n−1

+2W3 − 3W2 − 4W1 − 2W0).

Proof. For the proof, see Soykan [24]. �
We now present the summation formulas for dual numbers as the first notable consequence of the above

theorem.
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Theorem 13. For the dual numbers, we have the following formulas:

(a):
n∑
k=0

DWk =
1
3 (−(n+ 3)DWn+3 + (2n+ 7)DWn+2 + (n+ 2)DWn+1 + (n+ 4)DWn

+3DW3 − 7DW2 − 2DW1 −DW0).

(b):
n∑
k=0

DW2k =
1
3 (−(n+ 2)DW2n+2 + (2n+ 5)DW2n+1 + (n+ 3)DW2n + (n+ 2)DW2n−1

+2DW3 − 4DW2 − 3DW1).

(c):
n∑
k=0

DW2k+1 =
1
3 (−(n+ 1)DW2n+2 + (2n+ 5)DW2n+1 + (n+ 2)DW2n + (n+ 2)DW2n−1

+2DW3 − 5DW2 − 2DW0).

(d):
n∑
k=1

DW−k =
1
3 (−(n+ 1)DW−n+3 + (2n+ 1)DW−n+2 + (n+ 2)DW−n+1 + (n+ 3)DW−n

+DW3 −DW2 − 2DW1 − 3DW0).

(e):
n∑
k=1

DW−2k =
1
3 (−(n+ 2)DW−2n+2 + (2n+ 3)DW−2n+1 + (n+ 4)DW−2n + (n+ 2)DW−2n−1

+2DW3 − 4DW2 −DW1 − 4DW0).

(f):
n∑
k=1

DW−2k+1 =
1
3 (−(n+ 3)DW−2n+2 + 2(n+ 3)DW−2n+1 + (n+ 2)DW−2n + (n+ 2)DW−2n−1

+2DW3 − 3DW2 − 4DW1 − 2DW0).

Proof. Use Theorem [12]. �
The theorem yields the following summation results as a first special case involving dual Adrien numbers.

Theorem 14. For n ≥ 0, dual generalized Adrien numbers have the following properties:

(a):
n∑
k=0

DAk =
1
3 (−(n+ 3)DAn+3 + (2n+ 7)DAn+2 + (n+ 2)DAn+1 + (n+ 4)DAn + 1).

(b):
n∑
k=0

DA2k =
1
3 (−(n+ 2)DA2n+2 + (2n+ 5)DA2n+1 + (n+ 3)DA2n + (n+ 2)DA2n−1 + ε+ 1).

(c):
n∑
k=0

DA2k+1 =
1
3 (−(n+ 1)DA2n+2 + (2n+ 5)DA2n+1 + (n+ 2)DA2n + (n+ 2)DA2n−1 + 1).

(d):
n∑
k=1

DA−k =
1
3 (−(n+1)DA−n+3+(2n+1)DA−n+2+(n+2)DA−n+1+(n+3)DA−n+4ε+3).

(e):
n∑
k=1

DA−2k =
1
3 (−(n+2)DA−2n+2+(2n+3)DA−2n+1+(n+4)DA−2n+(n+2)DA−2n−1+3ε+3).

(f):
n∑
k=1

DA−2k+1 =
1
3 (−(n + 3)DA−2n+2 + 2(n + 3)DA−2n+1 + (n + 2)DA−2n + (n + 2)DA−2n−1

+ 4ε+ 3).

The following derivations concern the ordinary generating functions for notable special cases within the

dual generalized Adrien number framework.

Theorem 15. The ordinary generating functions of the sequences DW2n, DW2n+1 are given as follows:

(a):
∑∞
n=0DW2nx

n =
3x2DW3 + (x

3 − 8x2 + x)DW2 − 3x3DW1 + (x
3 + 2x2 − 7x+ 1)DW0

x4 + 2x3 + 3x2 − 7x+ 1
(b):

∑∞
n=0DW2n+1x

n =
(x3 + x2 + x)DW3 − (3x3 + 3x2)DW2 + (x

3 + 2x2 − 7x+ 1)DW1 − 3x2DW0

x4 + 2x3 + 3x2 − 7x+ 1
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From the last Theorem, we have the following Corollary which gives sum formula of dual Adrien numbers

(Take DWn = DAn with

DA0 = ε, DA1 = 1 + 3ε, DA2 = 3 + 8ε, DA3 = 8 + 21ε )

Corollary 16. For n ≥ 0 dual Adrien numbers have the following properties.

(a):
∑∞
n=0DA2nx

n =
ε
(
x3 + 2x2 − 7x+ 1

)
− 3x3 (3ε+ 1) + 3x2 (21ε+ 8) + (8ε+ 3)

(
x3 − 8x2 + x

)
x4 + 2x3 + 3x2 − 7x+ 1 .

(b):
∑∞
n=0DA2n+1x

n = −
(8ε+ 3)

(
3x3 + 3x2

)
− (3ε+ 1)

(
x3 + 2x2 − 7x+ 1

)
− (21ε+ 8)

(
x3 + x2 + x

)
+ 3εx2

x4 + 2x3 + 3x2 − 7x+ 1 .

7. Matrix Formulations Arising from Hyperbolic Generalized Adrien Sequences

Matrix identities arising from the dual Adrien numbers are established in this section, offering further

insight into their recursive and structural behavior.

By using the {An} which is defined by the fourth-order recurrence relation as follows:

An = 3An−1 −An−2 −An−4 ,

with the initial conditions

A0 = 0, A1 = 1, A2 = 3, A3 = 8. (7.1)

We define the square matrix M of order 4 as

M =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0


such that detM = 1. Then, we give the following Lemma.

Lemma 17. For n ≥ 0 the following identity is true
DWn+3

DWn+2

DWn+1

DWn

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



n
DW3

DW2

DW1

DW0

 . (7.2)

Proof. As a starting point, we verify the assertion in the case of n ≥ 0. Lemma 17 can be given by

mathematical induction on n. If n = 0 we get


DW3

DW2

DW1

DW0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



0
DW3

DW2

DW1

DW0


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which is true. We assume that (7.2) is true for n = k. As a result, we obtain the following identity.


DWk+3

DWk+2

DWk+1

DWk

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
DW3

DW2

DW1

DW0

 .

For n = k + 1, we get


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k+1
DW3

DW2

DW1

DW0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
DW3

DW2

DW1

DW0



=


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




DWk+3

DWk+2

DWk+1

DWk



=


DWk+4

DWk+3

DWk+2

DWk+1

 .

This completes the proof by induction. �
Note that

An =


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3

 .

For the proof see [23].
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We define

NDW =


DW3 DW2 DW1 DW0

DW2 DW1 DW0 DW−1

DW1 DW0 DW−1 DW−2

DW0 DW−1 DW−2 DW−3

 , (7.3)

EDW =


DWn+3 DWn+2 DWn+1 DWn

DWn+2 DWn+1 DWn DWn−1

DWn+1 DWn DWn−1 DWn−2

DWn DWn−1 DWn−2 DWn−3

 . (7.4)

Now, we have the following theorem for NDW and EDW .

Theorem 18. Using NDW and EDW , we get

AnNDW = EDW .

Proof. Note that we get

AnNDW =


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3




DW3 DW2 DW1 DW0

DW2 DW1 DW0 DW−1

DW1 DW0 DW−1 DW−2

DW0 DW−1 DW−2 DW−3



=


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44


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where

a11 = An+1DW3 + (−An −An−2)DW2 + (−An−1)DW1 + (−An)DW0,

a12 = An+1DW2 + (−An −An−2)DW1 + (−An−1)DW0 + (−An)DW−1,

a13 = An+1DW1 + (−An −An−2)DW0 + (−An−1)DW−1 + (−An)DW−2,

a14 = An+1DW0 + (−An −An−2)DW−1 + (−An−1)DW−2 + (−An)DW−3,

a21 = AnDW3 + (−An−1 −An−3)DW2 + (−An−2)DW1 + (−An−1)DW0,

a22 = AnDW2 + (−An−1 −An−3)DW1 + (−An−2)DW0 + (−An−1)DW−1,

a23 = AnDW1 + (−An−1 −An−3)DW0 + (−An−2)DW−1 + (−An−1)DW−2,

a24 = AnDW0 + (−An−1 −An−3)DW−1 + (−An−2)DW−2 + (−An−1)DW−3,

a31 = An−1DW3 + (−An−2 −An−4)DW2 + (−An−3)DW1 + (−An−2)DW0,

a32 = An−1DW2 + (−An−2 −An−4)DW1 + (−An−3)DW0 + (−An−2)DW−1,

a33 = An−1DW1 + (−An−2 −An−4)DW0 + (−An−3)DW−1 + (−An−2)DW−2,

a34 = An−1DW0 + (−An−2 −An−4)DW−1 + (−An−3)DW−2 + (−An−2)DW−3,

a41 = An−2DW3 + (−An−3 −An−5)DW2 + (−An−4)DW1 + (−An−3)DW0,

a42 = An−2DW2 + (−An−3 −An−5)DW1 + (−An−4)DW0 + (−An−3)DW−1,

a43 = An−2DW1 + (−An−3 −An−5)DW0 + (−An−4)DW−1 + (−An−3)DW−2,

a44 = An−2DW0 + (−An−3 −An−5)DW−1 + (−An−4)DW−2 + (−An−3)DW−3.

Using the theorem (8) the proof is done. �
By taking DWn =DAn with A0, A1, A2, A3 in (7.3) and (7.4)

and DWn =DBn with DB0, DB1, DB2, DB3 in (7.3) and (7.4)

respectively, we get:
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EDA =


DAn+3 DAn+2 DAn+1 DAn

DAn+2 DAn+1 DAn DAn−1

DAn+1 DAn DAn−1 DAn−2

DAn DAn−1 DAn−2 DAn−3

 ,

NDA =


8 + 21ε 3 + 8ε 1 + 3ε ε

3 + 8ε 1 + 3ε ε 0

1 + 3ε ε 0 0

ε 0 0 −1

 ,

EDB =


DBn+3 DBn+2 DBn+1 DBn

DBn+2 DBn+1 DBn DBn−1

DBn+1 DBn DBn−1 DBn−2

DBn DBn−1 DBn−2 DBn−3

 ,

NDB =


18 + 43ε 7 + 18ε 3 + 7ε 4 + 3ε

7 + 18ε 3 + 7ε 4 + 3ε 4ε

3 + 7ε 4 + 3ε 4ε −2

4 + 3ε 4ε −2 9− 2ε

 .

From Theorem 18, we can write the following corollary.

Corollary 19. We establish the following identities:

a): AnNDA = EDA.

b): AnNDB = EDB .
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