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A Note On Dual Generalized Adrien Numbers

Abstract. In this study, we introduce the concept of Dual Adrien numbers, with particular emphasis
on two specific cases: the Dual Adrien numbers and the Dual Adrien-Lucas numbers. We proceed to
investigate a range of fundamental properties associated with these sequences, including algebraic identities,
matrix representations, recurrence relations, Binet-type formulas, generating functions, exponential forms,
Simson-type identities, and summation formulas.

Keywords. Adrien numbers, Adrien-Lucas numbers, Dual Adrien numbers, Dual Adrien-Lucas num-

bers.

1. Introduction

In mathematical and geometric contexts, a hypercomplex number system refers to an algebraic framework
that extends the foundational principles of complex numbers. These systems are characterized by their rich
structural properties and are widely studied for their broad applicability across various domains, particularly
in physics, engineering, and applied mathematics. Their ability to model multidimensional phenomena makes
them indispensable tools in both theoretical investigations and practical computations.

Unlike complex numbers, which operate within a two-dimensional plane, hypercomplex systems offer a
more versatile and sophisticated means of representing transformations, symmetries, and geometric structures
in higher-dimensional spaces. As emphasized by Kantor in [18], hypercomplex systems can be interpreted as
algebraic extensions of the real number line, designed to facilitate the analysis of multidimensional problems
through generalized arithmetic and algebraic operations.

The principal classes of hypercomplex numbers include complex numbers, hyperbolic numbers, and
dual numbers, each distinguished by the algebraic properties of their respective units. Complex numbers,
composed of real and imaginary components, serve as the foundational case. Hyperbolic numbers extend this

structure by introducing a unit whose square is +1, making them particularly useful in modeling Lorentz
1
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transformations and spacetime geometries. Dual numbers, on the other hand, incorporate a nilpotent unit
whose square is zero, and are especially valuable in contexts such as automatic differentiation, kinematic
analysis, and infinitesimal transformations.

This study focuses on dual numbers. Dual numbers form a significant subclass of hypercomplex number
systems, characterized by the presence of a dual unit whose square is zero. These structures play a crucial
role in various algebraic models, particularly in applications such as automatic differentiation and kinematic
analysis. Viewed as an extension of the real number line, dual numbers offer algebraic tools well-suited for
multidimensional analysis and provide practical solutions in both engineering and physics contexts.

The following sections offer more detailed insights into the mathematical properties and application

areas of these hypercomplex systems.
e Dual Numbers: Algebraic Representation of Infinitesimals

Dual numbers [16] extend the real number system by introducing a nilpotent element &, defined by the
identity €2 = 0. Unlike zero, this infinitesimal unit is nonzero yet squares to zero, a property that sets dual
numbers apart from other hypercomplex systems such as complex or quaternionic numbers. This unique
algebraic structure allows dual numbers to encode both a real quantity and its infinitesimal variation within
a single expression, making them particularly effective in modeling instantaneous rates of change.

Formally, a dual number is expressed as

D={d=a+¢cb:a,bcR,e?>=0,¢e#0}.

Here, represents the real component, while captures the infinitesimal part. The nilpotent nature of
ensures that higher-order infinitesimals vanish, simplifying algebraic manipulations and enabling direct com-
putation of derivatives without resorting to limit processes.

This elegant framework has found widespread application in fields such as automatic differentiation,
kinematics, and perturbation analysis, where the ability to represent and manipulate infinitesimal quantities
is essential. By bridging the gap between discrete algebraic operations and continuous change, dual numbers
offer a powerful tool for both theoretical exploration and practical computation

Some authors have conducted studies about the dual, hyperbolic, dual hyperbolic and other special

numbers. Now we give some information published papers in litarature.

e Cockle [7] explored hyperbolic numbers with complex coefficients, contributing to the early devel-
opment of hypercomplex algebra.

e Eren and Soykan [14] studied the generalized Generalized Woodall Numbers.

e Cheng and Thompson [5] introduced dual numbers with complex coefficients, expanding the alge-
braic versatility of dual number systems for applications in polynomial equations and transformation

theory.
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e Akar at al [1] introduced the concept of dual hyperbolic numbers, combining characteristics of dual
and hyperbolic systems into a unified algebraic structure.

e Aydin [2] presented hyperbolic Fibonacci numbers given by

F, :Fn+th+17
where Fibonacci numbers are given by Fj, 42 = Fj, 11 + F,, with the initial conditation Fy =0, F; = 1.

o Tag [25] studied hyperbolic Jacobsthal-Lucas sequence written by

HJn = Jn + hJ‘rL+17

where Jacobsthal-Lucas numbers given by J,1o = J,41 + 2J, with the inintial conditation Jy = 2,
J=1.

e Dikmen and Altinsoy, [11] studied On Third Order Hyperbolic Jacobsthal Numbers given by

= 3
B = J® g,
i® = §® 4 n®,

where Jacobsthal numbers, respectively, given by J,(L?’) = Jr(i)l + Jr(i)z + 2J,(l37)3, JéS) =0, Jl(g) =1,
I =159 =50 4580, + 259, 5P =2, =1, 5P =5.
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Soykan et al [21] presented dual hyperbolic generalized Pell numbers given by

‘7” - Vn + jVnJrl + 5Vn+2 + jEVnJr?n

where generalized Pell numbers, with the initial values V;, Vi not all being zero, are given by V,, =
2Vp1+ Vo, Vo =a, V1 =0 (n > 2)

e Cihan et al [6] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHF, = Fn+]Fn+1 +5Fn+2 +j€Fn+37
DHLn - Ln +jLn+1 + 5Ln+2 +j5Ln+37
where Fibonacci and Lucas numbers, respectively, given by F, = F,_1 + F,_2, Fy = 0, F = 1,

Ln = Ln—l + Ln—27 LO = 23 Ll =1

e Soykan et al [20] studied dual hyperbolic generalized Jacopsthal numbers given by

~

Jn = Jn +j<]n+1 + SJn+2 +j€Jn+3,

where J, = Jp—1 + 2Jp—2, Jo =a, J1 =b.
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e Yilmaz and Soykan [26] introduced dual hyperbolic generalized Guglielmo numbers are

Ty = To + §T1 + €Ty + j<T5,

where Tn = 3Tn,1 - 317774,2 + Tnfg,T() = 07T1 = ].,TQ = 3.
o Ayrilma and Soykan [3] studied dual hyperbolic generalized Edouard number and Edouard-Lucas

number given by

Ey = FEo+jBi+ecEs+ jeEs,
[?0 = KO +]K1 +€K2 +j8K3,

where F,, = TE, | —TE, 2 + E, s, Ey=0,E,=1,E=17 and K, = TK,,_1 — TK,,_2 + K3,

Koy=3,K;=17,Ky=35.
e Bréd et al [4] studied dual hyperbolic generalized balancing numbers as

DHB, = B, +jBn+1 + EBn+2 +j€Bn+37

where B,, =6B,,_1 — B,,_2, Bp =0, B; = 1.
e Dikmen [12] introduced dual hyperbolic generalised Leonardo numbers given by

E) =1y + jly +ely + jels,

ln = 2ln—1 - l7L—3alO = 1711 = 1712 =3.
e Eren and Soykan [15] introduced dual hyperbolic generalized Woodall numbers given by

Ro= Ro+ jRi + eRs + jeRs,

where R,, =5R,,_ 1 —8R, 2+ 4R, 3, Ro=—-1,Ri =1,Ry =T.
e Yilmaz and Soykan [27] introduced dual generalized Guglielmo numbers given by

T, =T, +elhy1,

where TQ = TO + ETn+1,T1 = T1 + €T2,T2 = T2 + ET3.

e Demirci and Soykan [9] introduced hyperbolic Adrien numbers given by

HAn = An +jAn+1,

where HAg = Ao+ jA1, HA1 = Ay + jAs, HAs = Ay + jA3.
e Demirci and Soykan [8] introduced dual hyperbolic generalized Adrien numbers given by
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A\O = AO +jA1 + €A2 +j€A3,
where An = 3An,1 — An,Q — An,4 5 Ao = O,Al = 17A2 = 37A3 = 8.

e Kalga and Soykan [17] introduced dual hyperbolic generalized Pandita numbers given by

By =Py+ jP +¢ePs + jePs,
where P, =2P, 1 — P, o+ P, 35— P, 4, Ph=0P, =1,P, =2,P; =3.
e Dogan and Soykan [13] studied hyperbolic generalized Pierre numbers given by

HPOZPn+€Pn+1a

where HPO = P() +jP1, HPl = P1 +jP2, HP2 = PQ +]P3
Before introducing the concept of dual Adrien numbers, it is essential to recall the fundamental properties

of the classical Adrien numbers.

2. Background on Generalized Adrien Sequence

A generalized Adrien sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order

recurrence relations

Wn == 3Wn,1 — Wn,Q — Wn,4, n Z 4, (2.1)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative

subscripts by defining
W_pn=-W_n_o) +3W_(n_3) = W_(n_u),

for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n. A recent study by Soykan explores the
properties of this numerical sequence in detail, for more details, see [19].

Characteristic equation of {W,,} is
3842+ 1=( 222 - 1)(z—1)=0.

The roots of characteristic equation are

1/3 1/3
W oo 26t 20\ (6L [29

T3 54 36 54 36 ’
1/3 1/3

B = 2 +w o + 2 + w? a_/2
T3 54 36 54 36 ’
1/3 1/3

2+ ) 61+ 29 o 61 29

= —_ w —_— —_— - — -
i 3 54 7\ 36 54 V36)

o = L
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Where
—1+41iv3
w= %[ = exp(27i/3).
Note that
at+B+y+d = 3,
aft+tay+ad+py+Bi+v0 = 1,
afy+afd+ayd+pyd = 0,
afyé = 1.
We get that
atf+y = 2
af+ay+py = -1,
afy = 1.

The Binet formula for the generalized Adrien numbers {W,,} is derived using the roots of the associated

recurrence relation and holds for all integers n.

Wo = 40421—7—1304 -1t 43? Zfiﬁ —1 42 Z—fg’y 1 p4§ (2:2)
= S1a™ 4 S98" + S3y" + 546"
Where p1, p2, ps and p4 are given below
p1 = (aWs—a3—a)We+ (—a®+ (3— Da+ 1)W; — 1),
py = (BWs—BB =W+ (=52 + (B -1+ W) — 1),
Py = (Wi —7B-NWa+ (—7*+ (B =1y + DWW — 1),
pr = —(Ws—2Wy — Wy — Wy).
And
S = T 23
% = FiseT
R

o _ (W —2Ws — W1 —Wp)
4 - - 3 .
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Binet’s formula of Adrien and Adrien-Lucas sequences are

202 +a+1)a" (282 +B+1B" (2 +y+1" 1

n =

do? + 30 — 1 452 +35 -1 42 43y—1 3
and
Bn:an+5n+7n+1

Respectively.

If we set Wy = 0,W; = 1,Wy = 3, W3 = 8, then the sequence {W,} corresponds to the well-known
Adrien sequence. Similarly, if we take Wy = 4, Wy = 3, W, = 7, W5 = 18, then {W,,} becomes the well-
known Adrien-Lucas sequence. In other words, the Adrien sequence{ Ay },,>0 and the Adrien-Lucas sequence
{Bn}n>0 are both defined by the following fourth-order recurrence relation:

W, =3W,_1 —W,_o — W, _4, n > 4, where the initial conditions determine the specific sequence:

An = 3An—1 - An_g - An—4 5 AO = 0, Al = 1, Ag = 3,143 = 8, n Z 4, (24)

Bn ?)Bn,1 - Bn,Q - Bn,4 ) BO = 4, Bl = 3, BQ = 77 B3 = 18, n 2 4. (25)

The sequences {Ay, }rn>0, {Bn}n>0, can be extended to negative subscripts by defining,

A_, = —Af(nf2) + 3A,(n,3) - A—(n74)’

Bin = _Bf(TL*Q) + SBf(nf,"’,) - B*(’nf4)’

for n = 1,2,3,... respectively. As a result, recurrences (2.4),(2.5) hold for all integer n. Binet’s formulas as
follows.

Table 1 lists the initial terms of the generalized Adrien sequence, including both positive and negative
subscripts.

Table 1. A few generalized Adrien numbers

n W W_n

0 Wo Wo

1 Wi Wy — Wy — W3

2 Wo 3Wr — Wy — Ws

3 W 3Wo —3Wa + W3

4 3Ws — Wy — Wy 10Wy — 6W; — 3W3

) 8W3 — Wy — 3Ws — 3W, 10Wy — 6Wy — 3W,

6 21Ws3 — 3W1 — 9W,y — 8W, 10Wy + 3W1 — 18Ws 4 6W3
7 54W5 — 8Wy — 24W, — 21Wy  3Wy — 28W7 + 36Ws — 10Ws
8 138Ws5 — 21W7 — 62Ws — 54Wy  33W71 — 28Wy — Wy — 3W3
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After then we can write the generating function of generalized Adrien numbers,

Z W, Wo + (Wl — 3W0)ZI? + (WQ —3Wy + Wo).’lﬁ + (Wg — 3Wsy + Wl)
1-3z+ a2+ a2t

o]
Next, we give the exponential generating function of ) W, Z: of the sequence W),.
n=0
For more details about generalized Adrien numbers, see [19].

LeEMMA 1. [10/Suppose that fw, (x) = Z W, %y is the exponential generating function of the generalized
Adrien sequence {W, }.

o0
Then } W, % is given by:
n=0 ’

= 2" (W3 —a@B - a)We + (—a 2+ B -1Da+ )W — W) pou
2 Wy = (- A)a—)a—0)
+(5W3 —BB-BWa+ (=B + (3= 1B+ 1)W; — Wo)em
(B—a)(B=7)(8-4¢)
+(7W3 1B = IWat (" + B -1y + 1)W1 = Wo) 0
(v=—a)(y = B)(v—9)

W3 —2Wy — W — Wy
-3

+( Jet

The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Adrien and Adrien-Lucas numbers are given by:

< (202 +a+ Do  (28? )" (292 )y 12"
a): ZAn_—Z((( +a+1) (287 +B8+1)B" | (2 +y+ 1)y _ Lyt

n=o  4a?+3a—1 462 +36 -1 44243y—1  3'nl
2 1 25? 1 22 1)yn 1
:(( 0‘2 totl) a (52+6+ ) e Méﬂ_,ez)_
4o +3a—1 48 +38 —1 4v2 4+ 3y -1 3
b) ZBn :Z(OK +,8 +"}/ +1)7'—€x+661+6’yz+€z.
n=0 ' n=0

In this study, we introduce the dual generalized Adrien numbers and conduct a comprehensive analysis

of their algebraic structure in the subsequent sections.

3. Dual Generalized Adrien Numbers and their Generating Functions and Binet’s Formulas

In this section, we define the dual generalized Adrien numbers and subsequently derive their generating
functions and Binet type formulas. Within the framework of Hp, we now proceed to investigate the dual
generalized Adrien numbers defined over the set ). The nth generalized dual Adrien numbers, with DW,

DWWy, DW5 , DW3 being the initial conditions, are defined as follows;
DW, =W, +eW41. (3.1)
moreover (3.1) can be written to negative subscripts by defining,

DW_p, =We_p +eW_pni1. (3.2)
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So identity (3.1) holds for all integers n.

Now we define some special cases of dual generalized Adrien numbers. The nth dual Adrien numbers,
the nth dual Adrien-Lucas numbers, respectively, are given as

the nth generalized dual Adrien numbers DA,, = A, + €A, 11, with DAy, DAy, DAy, DAs being the

initial conditions, can be expressed as follows;

DAn = An + 8An+17

where

DAy = Ap+eA,
DA, = A +¢eA,,
DAy = As+eAs,
DA3 = Az+cAy,

for dual Adrien numbers, taking W,, = A4,,, Ao =0, A1 =1, A, =3,A3 =8, A4 = 21, we get

DAy = ¢,

DA, = 1+ 3¢,
DAy = 3+ 8¢,
DA; = 8+421e,

the nth generalized dual Adrien-Lucas numbers DB,, = B,, + B, 11, with DBy, DB;, DBy, DBj being the

initial conditions, can be expressed as follows;

DB, = B, + €Bn+la

where

DBO = B() + €Bl,
DBy = Bi+ebBs,
DB2 = BQ + 8337

DB3 = B3 +€B4.
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For dual Adrien-Lucas numbers, taking W,, = B, Bo =4, B =3, B, =7, B3 =18, By = 43, we get

DB,
DB,
DB,

DB;

= 4+ 3¢,
= 3+ 7e,
= 7418,

18 +43¢.

So, using (3.1), the following identity holds for all non-negative integers n n,

and the sequence {HW),,},>¢ can be given as

Dw_,

DW,, = 3DW,_y — DW,,_s — DW,,_4, (3.3)

_DW_(n_Q) + 3DW_(n_3) - DVV_(n_4)7

for n =1,2,3,... by using (3.2). As a result, recurrence (3.3) holds for all integer n.

Table 2 The initial values of the dual generalized Adrien numbers are presented for both positive and

negative indices.

Table 2. A few dual generalized Adrien numbers

n DWW, DW_,

0 DWWy DWWy

1 DWW, 3DWy — DW, — DWj5

2 DW, 3DW, — DWy — DW,

3 DW; 3DWy — 3DWs + DWj5

4 3DWs3 — DWy — DW, 10DWy — 6DW; — 3DW;

5 8DWs3 — DW, — 3DW, — 3DW, 10DW, — 6DWy — 3DWs

6 21DWs3 — 3DW, — 9DW, — 8DW) 10DWy + 3DW; — 18DW5 4+ 6DW3

7  54DWs — 8DW; — 24DWy — 21DW,

8 138DWs3 — 21DW; — 62DW, — 54DW),

3DWy — 28DW1 + 36DW5 — 10DW5
33DW, — 28DWy — DWy — 3DW3

Note that

DWW,
DWW,
DWW,

DWs

= Wy +elln,
= Wi+eWs,
= W2+EW3.

= W3 +€W4.

Tables 3 and 4 present selected values of the dual Adrien numbers and dual Adrien—Lucas numbers,

respectively, including entries with both positive and negative indices. These tables illustrate the symmetric

structure and recurrence behavior of the sequences across the extended integer domain, providing a concrete

foundation for the theoretical results discussed in the preceding sections.
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Table 3.Some dual Adrien numbers Table 4. Some_dual Adrien-Lucas numbers

n DA, DA_, n DB, DB_,

0 € € 0 4+ 3¢ 4+ 3¢

1 1+ 3¢ 0 1 3+ Te 4e

2 3+ 8¢ 0 2 7+ 18¢ -2

3 8+ 21e -1 3 18 + 43¢ 9—2¢

4 21+ 54e —€ 4 43+ 108¢ —2+ 9

5 544138 1 5 1084274 —15—2¢

6 138+352¢ —-3+¢ 6 2744696 31— 15¢

7 352+ 897¢ —3e 7 696+ 1771e 3le

8 897 4 2285¢ 6 8 1771+ 4509¢ —74

We begin by introducing several expressions that will be utilized throughout the remainder of the paper.

Following this, we present the Binet-type formula for the dual generalized Adrien numbers. To that end, we

first define;
a=1+ea (3.4)
B=1+ep, (3.5)
¥=1+¢7, (3.6)
A=1+¢, (3.7)

the equalities presented above lead to the following identities:

&% = 1+ 2,

BQ = 14 2ep,

¥ = 142,

~2

= 24 2¢,

aB = 1+e(a+p),
ay = l+e(a+n),
B = l+e(a+p),
W = l4+e(l+a),
aBy = l1+e(a+pB+7),
apixN = 14+e(l+a+B+7).

THEOREM 3. (Binet’s Formula) For any integer n, the nth dual generalized Adrien number is

DW,, = aSia™ + BS28™ + 75357" + 654, (3.8)
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where &, 3, 7, 0 are given as (3.4), (3.5), (3.6), (3.7).

Proof. Using Binet’s formula of the generalized Adrien numbers given below
W, = S1a" + S26" + S37™ + Sy,
where S1, S2, S2, Sy are given (2.3) we get

Dw, = W,+ 5Wn+17
= Sia"+ Sgﬁn + Sg"Yn + Sy
+e(S1am" T + S8 T 4 G3ym T 4+ Sy)

= aS1a" + BSyB8™ + 7S3y™ + 0S4,

This proves (3.8). O

As special cases, for any integer n, the Binet’s Formula of nth dual Adrien number is

(20* +a+1)a"a  (28°+B8+1)B"B (22 +y+10"y 1

DA, = -, 3.9
40? +3a -1 155361 3y -1 3 (3:9)

and the Binet’s Formula of nth dual Adrien-Lucas number is
DB, = aa™ + 6" + 39" + 1. (3.10)

In the next section, we derive the generating function corresponding to the dual generalized Adrien numbers.

THEOREM 4. The generating function for the dual generalized Adrien numbers is

i DI 2 — DWy + (DW; — 3DWy)x + (DWy — 3DWy + DWy)a? + (DW3 — 3DWy + DW1)a3
vt e 1 -3z 422424 '
(3.11)
Proof. Let

fDWn (.’E) = Z DWn.’En
n=0

be the generating function of the dual generalized Adrien numbers. Using the definition of these numbers

and applying a suitable subtraction technique, we derive the following functional identity xfpw, () and
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22 fpw, (z) from fpw, (z), we obtain (1 — 3z + 22 + 2*) fpw,, ()

(1 =3z + 22+ 2" fpw, (z) = i DWa" — 3z i DWa™ + 2* i DWaz™ + z* i DWa",
n=0 n=0 n=0 n=0
= i DWz" —3 i DWaz"+! + i DWa"*? + i DWWz,
n=0 n=0 n=0 n=0
= Y DWa" -3 DWy_pa"+ > DWi_pa" + Y DWg_ga",
n=0 n=1 n=2 n=4

= (DWy + DWix + DWaa? + DWsa®) — 3(DWoz + DW,z? + DWaa®)

+(DWya® + DW1a®) + Y (DW,, = 3DW,,_y + DWy_s + DW,,_4)2",

n=4

= DWy + (DWy — 3DWy)z + (DWy — 3DW, 4+ DWy)z>

+(DW3 — 3DWy + DWWy )23,

Note that, using the recurrence relation DW = 3DW,,_y — DW,,_o — DW, _4 and rearranging above equation
the (3.11) has been found. OJ

We now express the generating functions of the dual Adrien and dual Adrien—-Lucas numbers as follows;

S e+
: = DA, xz" = ,
(a) fDAn(m) ngo Z 1_31‘_;'_332_’_334
—dex® + 222 — (2e +9)x + 3c + 4
1—3x+ 22+ 24 ’

(b): fpB,(z) = DB,a™ =

oo
LEMMA 5. Suppose that fpw, (x) = Zo DW, % is the exponential generating function of the dual
=

generalized Adrien sequence { DW, }.

Then > Dann—T is given by
n=0

E DWni, = 51e"%a + S5’ B + S5e?®4 + Sge®1.
n!
n=0

where &3, 7,0 are given as (3.4), (3.5), (3.6), (3.7).

Proof. Using Binet’ s formula

W, = S1a" 4+ S26" + S37y™ + Sy,
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where S7, S, S3, S4 are given in (2.3) we get

& " "
Z:ODWTL! = ZDW JrsZODWn+1
= N (Sia" + S8 + Sy + 54)% +e 3 (S1am 4 5B 4 Syt 54)7,
n=0 : n=0

= (S1e™ 4+ SoeP 4 S5 4 Sye® )+ e(S1ae™” + So3e5% + Sgve?® + Sae”)

S1e°% (1 + ea) + S2P%(1 4 €) 4+ S3e7*(1 4 &) + Sse®(1 +¢)
Sie*Ta + SgeﬁzB + 536’”’7 + S4ezA1'. O

Proof: Note that we have

Y DW,— = > (DW, +eDW,11)—
n! n
n=0 n=0
The following results emerge as particular cases of the preceding lemma.

COROLLARY 6. We now present the exponential generating functions corresponding to the dual Adrien

and dual Adrien—Lucas sequences.

a):
- " 202 1 25° 1 272 1 1
DA = (e e e )
— n! o? + 3a — 46+ 35— 1 Ve A+ Sy —
202 1 23 1 2+2 1 1
+€(( o +a+ )eax (ﬁg—’_ﬂ—i_ )eﬂx ('Y +’7+ )evx_iem)
402 4+ 3a -1 4% +38 -1 492 +3y—1 3
_ @P+atla . 28 ++1)5 o PP FVHDT o g
402 + 300 — 1 4% +38 -1 492 +3y—1
b):
Z DBn% = e P74 4 et 4 g(e™ 4 BePT 4 e 4 e”)

= e+ B+ 775 + €1
4. Obtaining Binet Formula From Generating Function

Next, by the using generating function for DW,, find Binet formula of dual generalized Adrien number

{DW,}.
THEOREM 7. (Binet formula of dual generalized Adrien numbers)
DV — p1a” p2" p3y" pad”

(@ Pla-—Na-8 F-aBE-NE-0) G-a0-HE-0) G-ab- A6 (47)1)

where
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p1 = DWya® + (DW; — 3DWy)a? + (DWy + DWW, + DWy)a + (DW3 + DW, + DW7),
pa = DWyB*+ (DW; — 3DWy)5% + (DWy + DWy + DWy)B + (DW3 + DWy + DW)),
p3 = DWyy® + (DW;y —3DWy)y? + (DWo + DWy + DWy)y + (DW3 + DWy + DW7),

ps = DWyd® + (DW, — 3DWy)6% + (DWo + DWy 4+ DWo)é + (DWs + DWy + DW7).
Proof. Let
h(z) =1 -3z + 2% + z*.
Then for some «, 3,7 and § we write
hw) = (1 — az)(1 — Bo)(1 — y2)(1 - 62),
ie.,
1 -3z +2%=(1—az)(1 - B2)(1 —~z)(1 - dz), (4.2)

Hence =, %, % and % are the roots of h(z). This gives «, 3, and § as the roots of

R |~

1 301 1
h(-)=1--+—5+—5=0

This implies 2 — 323 4+ 22 + v = 0. Now, it follows that

i DWax" = DWW, + (DWI - 3DWO)$ + (DW2 —3DW, + DVVQ)@‘2 + (DW3 — 3DW, + DWl)Z‘?’
= - (1— az)(1— Bz)(1 — ya)(1 — oz) :

Then we write

DWO + (DW1 - BDWO)LE + (DWQ - 3DW1 + DWO)LE2 + (DWg - 3DW2 + DW1)$3

(1—oaw)(1 — Bz)(1 — yx)(1 — dx) , (43)
B, Bs B By
T (-ae)  (A-pD) (1—%) T ) (4.4)

So

DWy + (DWl — BDWO)QZ + (DW2 —3DW; + DWO)ZUQ + (DW3 —3DW5 + DWl)x?’
= Bi(1-pz)(1—~x)(1—-0dz)+ B2l — az)(l —yx)(1 — dz)
+B3(1 — ax)(1 — Bx)(1 — 0z) + Bs(1 — az)(1 — fz)(1 — yz).

If we consider x = é, we get DWy+(DW; —3DWO)é +(DWy—3DW, —I—DWO)é +(DWs5—-3DW, +DW1)$
=B~ 20~ D0 5)



UNDER PEER REVI EW

This gives

a3 (DWy + (DWW — 3DWy) 2 + (DWs — 3DW; + DWy) L + (DWs3 — 6DWs + DW1) 25)
(o= B)(a—7)(a =)
DWOOé?) + (DW1 — DW())CY2 + (DWQ — 3DW1 + DW())O( + (DWg — 3DW2 + DWl)

(a=pB)(a=7)(a—-9)

B, =

Similarly, we obtain

DW, 3 + (DWy — 3DWy) 3% + (DWW, — 3DWy + DW,)3 + (DWs — 3DW, + DW7)

B = B —a)B—)(F—9) ’

By _ DWoy'+ (DW) = 3DWo)hy? + (DWs — 3DWs + DWo)y + (DW; — 3DWs + DWh)
(y—a)(y—=B)(y—9) ’

5, — DWob’+ (DWi = 8DWo)s* + (DW, —8DW, + DWo)s + (DWs — 8DWs + DWh)

(0 —a)(6 =)0 —7)

Thus (4.3) can be written as
> DWa" = Bi(1—ax)"' + By(1— Bz) "' + Bs(1 — yz) " + Ba(1 - 6z) "
n=0

This gives

Z DWz" = B Z a"z" + By Z B"z"™ + Bs Z y"*x™ + By Z "
n=0 n=0 n=0 n=0 n=0
= Z(Bla" + Bgﬁn + Bg’yn + B4(5n).'1}n
n=0

Consequently, matching coefficients from both sides leads to the following expression.

DW = Bia™ + Bgﬁn + Bg’yn + Byo™.

and then we get (4.2). O

An identity associated with the dual Adrien numbers is given as follows.

THEOREM 8. For all integers m,n the following identities hold:

DWm+n = Am72DWn+3 + (_Am73 - Am75)DWn+2 + (_Am74)DWn+1 — A3 DW,,.
Proof. First we assume that m,n > 0 then (8) can be proved by mathematical induction on m. If m =0

we get

DWW, =A_oDWyys+ (—A3—A_5)DW, 0+ (=A_4)DWyy1 — A_3DW,.
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which is true since A_ o =0, A_3=-1, A_4, =0, A_5 = 1. Assume that the equality holds for m < k. For

m=k+1, we get

3DWn+k - DWn—i—k—l - DWn+k—3;

DWk+1+n =
3(Ap—2DWyi3 + (—Ap—3 — Ap—5) DWiyio + (—Ak—4) DWy 1 — Ap_3DW,,)

—(Ap—3DWyys + (—Ak—a — Ak—6)DWyyo + (—A_5)DWy41 — Ax—aDW,,)

—(Ap—sDWy 43 + (—Ag—6 — Ap—8) DWyi2 + (—Ap—6) DWy 11 — Ap_¢DW,,).

This completes the proof of the theorem via induction on m, this Theorem (8).
The other cases of m,n can be proved smilarly for all integers m,n. O]

Taking DW,, = DA,, or DW,, = DB,, in above Theorem, respectively, we get:

COROLLARY 9.

DAm+n = Am72DAn+3 + (_Am,fS - Am75)DAn+2 + (_Am74)DAn+1 - Am73DAna

DBm—&-n = Am—2DBn+3 + (_Am—3 - Am—5)DBn+2 + (_Am—4)DBn+1 - Am—3DBn~

5. Simson’s Formulas
Simson’s formula is established in this section for the dual generalized Adrien numbers, providing a key

analytical tool. This is a special case of [22,Theorem 4.1].

THEOREM 10. For all integers n, we have
DWyys DWyio DWyyp1 DWW,

DW,.o DW, DW, DW,_ f
e i " "t = (DWy + DWy + 2DWy — DW3)(—DW3 + 5DW3 + DW? +

DW,i1 DW, DW,_, DW,_,
DW, DW,_1 DW,_o DW,_s
DWg — (DWy + 3DW,; — TDW,) DW2

+(3DWy—ADW,—14DW3) DW2+(2DWo+DWa—6DWs) DW2—(DW1+2DWs) DWE+13DW, DW> D Wi+

DWyDWyDW3 + 5DWoDW, DW3 — TDWoDW, DWs).
Proof. Take r =3,s = -1,t =0,u=-1. O
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COROLLARY 11. For every integer n, the dual generalized Adrien and Adrien—Lucas numbers satisfy the
following Simson-type relations.

DApis DApis DAnyi DA,
DApi2 DAn.1 DA, DA,

= 14 3¢,
DAn+1 DAn DAn—l DATL—2
DAn DAn—l DA'IL—2 DAn—S
DB,ys DB,y2 DB,y1 DB,
DB,.o DB, DB, DB,_
- i Yl o= 2349 — 783

DB,y DB, DB,_1 DB,_o
DB, DB,_1 DB, > DB, 3

respectively.

6. Linear Sums

This section establishes the summation formulas for the dual generalized Adrien numbers, covering both
positive and negative indices. Subsequently, we introduce the corresponding summation formulas for the

generalized Adrien numbers, extending the analysis to a broader class of sequences.

THEOREM 12. The generalized Adrien numbers satisfy the following identities for all positive and negative

indices:

(a): fj Wi = 3(=(n+3)Wigs + 2n+ 1) Wyio + (n 4+ 2)Why1 + (n + W,
+3Ws —k;)% —2W, — W).

(b): é Wak = L(=(n + 2)Wansa + (20 + 5)Wapnss + (n+ 3)Wan + (14 2)Wan_
oWy — 2104/2 —3W).

(c): ;; Wakir = 2(=(n + D)Wansa + (20 + 5)Wanss + (n+ 2)Wap + (14 2)Wan_y
oW, 5T 2.

() 3 W= H(=(n+ DWors + @20+ DW_o + (0 DW o + (0 4+ 3)W_
Wy — W};:i oW, — 3Wp).

(e): kﬁjl Wook = 3(=(n+2)W_sgpi2 + 2n+ 3)W_gpi1 + (n+ 4)W_gpn + (n + 2)W_3, 1
LW — AW — Wy — 4WG).

(f): él Woniss = (= (0 + 3)Wosmsa + 201+ 3)Wogs + (1 + 2)W sy + (1 + 2)W_gp_,

+2W5 — 3Wy — 4W; — 2W)).
Proof. For the proof, see Soykan [24]. O
We now present the summation formulas for dual numbers as the first notable consequence of the above

theorem.
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THEOREM 13. For the dual numbers, we have the following formulas:

(a): kio DW= L(—(n+ 3)DWyss + (20 + T)DWinia + (1 + 2)DWiy + (n + 4)DW,,
+3DW; — TDWa — 2DW, — DWWy).

(b): kfjo DWoai = L(—(n +2)DWapsa + (20 + 5) DWay i1 + (n + 3)DWap + (n+ 2) DWay_y
+2DW; — ADW; — 3DWWY).

(c): kiODWWﬁLl = L(—(n+ 1)DWapia + (2n + 5) DWay i1 + (n+ 2)DWay, + (n+ 2)DWa,,_4
+2DWs — 5DW, — 2DWy),

(d): kfjl DW_j, = L(—(n+ 1)DW_ps5 + (20 + 1)DW_psn + (n+ 2)DW_p 1 + (n+ 3)DW_,
+DWs — DW, — 2DW, — 3DWo).

(e): kil DW_ = L(=(n +2)DW_sns2 + (20 + 3)DW_gs1 + (n+ ) DW_op + (n+ 2) DW_g,,_
L2DWs — ADW, — DW, — ADWo).

(f): kil DW_sii1 = 2(—(n+ 3)DW_sp i + 201+ 3)DW_sps1 + (n+ 2)DW_sy, + (n+ 2) DW_py,_

+2DW5 — 3DWy — 4DW, — 2DW).
Proof. Use Theorem [12]. O

The theorem yields the following summation results as a first special case involving dual Adrien numbers.
THEOREM 14. Forn > 0, dual generalized Adrien numbers have the following properties:

(a): > DA, =3(—(n+3)DAyis+ (2n+T7)DAyyo + (n+2)DA,y 1 + (n+4)DA, + 1).
k=0

(b): Y DAgg = 2(=(n+2)DAspio + (20 +5)DAgy 1+ (n+3)DAgy + (n+2)DAsy 1 + 2+ 1),
k=0

(C): Z DA2k+1 = %(—(TL + 1)DA2,L+2 + (27’L + 5)DA2,L+1 + (77, + 2)DA2n + (n + 2)DA2”_1 + 1)
k=0

n

(d): DA_j = 3(=(n+1)DA_15+ (2n+1)DA_, 0+ (n+2)DA_ 1+ (n+3)DA_, +4e +3).

k=1
(e): > DA_o = %(—(n+2)DA_2n+2+(2n+3)DA_2n+1+(n+4)DA_2n+(n+2)DA_2n_1 +3e+3).
k=1
(f): Z DA,Q]CJrl = %(—(TL + 3)DA,2n+2 + 2(n + S)DA,QHJrl + (TL + 2)DA,2n + (n + Q)DA,QH,1
k=1
+4e + 3).

The following derivations concern the ordinary generating functions for notable special cases within the

dual generalized Adrien number framework.

THEOREM 15. The ordinary generating functions of the sequences DWa,,, DWay, 11 are given as follows:

322DW3 + (23 — 822 + 2) DWo — 323 DW; + (23 + 222 — T2 + 1) DW,

x4+ 223 + 322 —Tx + 1
(23 + 22 + ) DW5 — (323 + 32%) DWs + (2 + 222 — Tz + 1) DW; — 322 DW,

(a): Y07 DWa,a™ =

(b): ZZO:O DWszrliCn =

xd + 223 + 322 - Tz +1
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From the last Theorem, we have the following Corollary which gives sum formula of dual Adrien numbers
(Take DW,, = DA,, with
DAO =g, DA1 = 1+3€, DA2 :3+8€, DAg :8+216)

COROLLARY 16. For n > 0 dual Adrien numbers have the following properties.

e(2® + 222 — Tx + 1) — 32 (3e + 1) + 32? (21e + 8) + (8 + 3) (2 — 82? + x)

xt + 203 4 322 — To + 1
(82 +3) (32® +32?) — 3e + 1) (2% 4+ 227 — Tz + 1) — (21 + 8) (2® + 22 + ) + 3ea?
4+ 223 + 322 — T +1 ’

(a): Y07y DAgya™ =

(b): 52y DAs1a™ = —
7. Matrix Formulations Arising from Hyperbolic Generalized Adrien Sequences

Matrix identities arising from the dual Adrien numbers are established in this section, offering further
insight into their recursive and structural behavior.

By using the {A,,} which is defined by the fourth-order recurrence relation as follows:
An = SAnfl - An72 - An74 y

with the initial conditions
Ap=0, Ai =1, A, =3, A3 =38. (7.1)

We define the square matrix M of order 4 as

3 -1 0 -1
1 0 0 O
M =
0 1 0 O
0 0 1 0
such that detM = 1. Then, we give the following Lemma.
LEMMA 17. For n > 0 the following identity is true
DW, .3 3 -1 0 -1 DWs
DWW, 1 0 0 O DW.
= ? (7.2)

DW, 41 0 1 0 O DWW,
DWW, 0 0 1 0 DW,

Proof. As a starting point, we verify the assertion in the case of n > 0. Lemma 17 can be given by

mathematical induction on n. If n = 0 we get

0

DW; 3 -1 0 -1 DW,
pw, | |1 0 0 o0 DW,
pwi | o 1 0 o DW,
DW, 0 0 1 0 DW,
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which is true. We assume that (7.2) is true for n = k. As a result, we obtain the following identity.

DWits 3
DWiyo | | 1
DWy 1 0
DWy, 0
Forn =k + 1, we get
k-+1
3 -1 0 -1 DWs
1 0 0 O DW, B
0 1 0 O DWW,
0 0 1 0 DW,
This completes the proof by induction. [
Note that
An+1 *An -

An _Anfl - An73
Anfl _An72 - An74
An—2 _An—3 - An—5

A'VL —

For the proof see [23].

-1 0 -1
0 0 0
1 0 0
0O 1 0
3 -1 0 -1
1 0 0 O
0 1 0 0
0 0 1 O
3 -1 0 -1
1 0 0 O
0 1 0 O
0 0 1 0
DWit4
DWi. 3
DWiss |
DWiia
Apn—2  —Ana
A,
—A, 4
A,

DWs
DWWy
DWW,
DW,

o O = W
—

DWygys

DWiia

DWi 1
DWy

_Anfl
_An72
_An—3

DWs
DWW,
DWW,
DWWy
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We define

DW3 DW2 DW1 DWO
DWy DWWy DWy DW_4
Npw =
DWW, DW, DW_i DW_,
DWy DW_y DW_y DW_3
DW7L+3 DW7L+2 DWn+1 DWn
DWn+2 DWn+1 DWn DWn—l
Epw =
DW,+1. DW, DW,_y DW,_»o
Dw, DW,_1 DW,_o DW,_3
Now, we have the following theorem for Npw and Epywy .
THEOREM 18. Using Npw and Epw, we get
A"Npw = Epw.
Proof. Note that we get
An+1 _An - An—Q _An—l _An DW3 DW2
An *An—l - An—3 *An—Z *An—l DW2 DWl
AnNDW =
An1 —Apo—Any —Aps —A, DW,  DW,
Aps —Apn3—Ans Ay —Ans DWy DW_,

a11 a2 i3 G4
21 Q22 (23 A24
a3y asz G33 as4

41 A42 A43 QA44

DW,
DW,

DW_,

DW_,

DW,
DW_,
DW_,
DW_

(7.3)

(7.4)
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where

a1
@12
a13
14
a21
a22
a23
24
asi
as2
ass
a34
41
Q42
43

Q44

A NOTE ON DUAL GENERALIZED ADRIEN NUMBERS

A1 DW3 + (A, — Ay o) DWo + (= A, _1)DW; + (—A,,) DWWy,
Ap 1 DWo + (—Ay, — Ay2) DWWy + (= A1) DWy + (—An) DW_y,
Aps1DWy 4 (=A, — Ap_3)DWo + (—Ap_1)DW_1 + (—A,) DW_,,
A1 DWy + (=A, — Ay _9)DW_y + (=A,_1)DW_5 + (—A,) DW_3,
Ap,DWs + (—Ap_1 — Ap—3)DWo + (—Ap—2) DW1 + (= Ap—1) DWo,
ApnDWy + (A1 — Ay3) DWWy + (= Ap_2)DWo + (—Ap—1)DW_4,

A, DWi + (—Ap—1 — Ap3)DWo + (—Ap_2) DW_1 + (—Ap_1)DW_,,
A, DWo + (—Ap—1 — Ap—3)DW_1 + (—Ap—2)DW_3 + (—A,_1)DW_3,
Ap 1 DW3 + (=A, g — Ay g)DWo + (—An_3)DW7 + (= A,,_5) DWW,
Ap1DWo+ (—Ap—o — Apg)DW1 + (—Apn—3)DWy + (—Ap—2) DW_4q,
Ap_1DWy 4 (—Ap_g — Ap_s)DWo + (—Ap_3)DW_1 + (—Ap_2) DW_,
Ay 1 DWo + (—Ap_9 — Ay 4)DW_1 + (= A, _3)DW_o + (= A, _2)DW_3,
Ay 2 DW3 + (=Ay 3 — Ay 5)DWo + (—Apn_a) DW1 + (= A, _3) DWW,
Ay oDWy + (=A, 3 — Apy_5)DWy + (—Ap_4)DWo + (= A, _3)DW_4,
Ap_oDWi + (—Ap_3 — Ap5)DWo + (—Ap—a) DW_1 + (= Ap_3) DW_g,

An—QDWO + (_An—?) - An—S)DW—l + (_A7L—4)DW—2 + (_ATL—3)DW—3'

Using the theorem (8) the proof is done. O
By taking DW,, =DA,, with Ay, A, A2, A3 in (7.3) and (7.4)
and DW,, =DB,, with DBy, DBy, DB, DB3 in (7.3) and (7.4)

respectively, we get:

23
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DA,+s DA,y DA,;1 DA,
DA,+2 DA,+1 DA, DA,
EDA - ’
DAn,+1 DAn DAn—l DAn—Q
DA, DA,_1 DA, - DA,_3
8+2le 3+8 1+3 =
3+8 14 3¢ € 0
NDA = i
1+ 3¢ € 0 0
€ 0 0 -1
DB,+3s DBnys DB,1 DB,
DB,,» DB,.1. DB, DB,
EDB = )
DB,+1 DB, DB,.1 DB, o
DBn DBn—l DBn—Q DBn—3
18 +43c T+ 18 3+ 7 4+ 3¢
T+18 347 4+ 3¢ 4e
Npp =
3+ Te 4+ 3¢ 4e -2
4+ 3¢ 4e -2 9—2¢

From Theorem 18, we can write the following corollary.

(1]

COROLLARY 19. We establish the following identities:

a): AnNDAZEDA.
b): AnNDB :EDB-
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