



Derivation and Analysis of Rigid Aircraft Equations of Motion with Application to 
					Longitudinal Dynamics


Abstract: 
Rigid body equations of motion of an aircraft involves kinetic and kinematic analysis of the vehicle. Pure motion of rigid bodies are translation and rotation hence, derivation of equation of motion of rigid aircraft in translation and rotation is the focus of this paper Non-linearity and unsteadiness are common characteristics of a typical aerospace vehicles judging from control theory perspective (Alexander et al., 2011). Derivation of these equations with its dynamic parameters are stated as follows:
Equation of translational motion 
 
 
 
Equation of rotation motion 
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The derivation are carried out in body-fixed coordinate system with reference to earth - fixed reference frame. The equations can be linearised at the neighbourhood of trimmed operating point (nominal trajectory) to obtain a simplified algebraic equations, written in form of transfer function of input and output for trajectory stability analysis and control system synthesis. Postgraduate Lecture note of internationals Institutes for Advance Aerospace Technologies of SUAI., St. Petersburg, Russia, 2009. Linearization process and decomposition to simple polynomials in frequency domain using Laplace transform is the subject of another paper.
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 Introduction
Flight Dynamics
The is the science of flying vehicles attitude and control in pitch, yaw and roll axes, with particular attention to its motions and how it responds to aerodynamic forces (lift and drag), thrust and weight. The concept is also rooted in both static and dynamic stability analysis, employment of control surfaces and vectoring of the thrust for programed flight and mission accomplishment.
Fundamental challenge in design of mechanical system is to have basic understanding of its motions without taking cognizance of the forces causing it, this is known as kinematics while, kinetics is the study of its forces independent of its motions. Holistically, study of motion variables of dynamic systems such as, locomotives, road vehicles, flying vehicles, aircraft, rocket, planetary or orbital motions are rooted in kinematics problem. (John J. Dicker, Jr., et al., 2003)
Generalisation of equation of motion of any vehicle with it velocity vector guaranteed its complete characterisation hence, time integral of the vector is the path of the vehicle also called its trajectory through space (McRuer et al., 1973). Use of a rigid body concept in aerospace vehicle’s analysis is to eliminate the need to consider the forces acting within mass elements and elimination of aeroelastic effect (Matthew Adebayo and Attah Osheku, 2012). Furthermore, aircraft undergoes six degree of motions in space as a result of the translation and rotation of its center of gravity which justifies the idealisation of rigidity. Control of aircraft is more complicated due to these degree of freedom more than other aerospace vehicles. Stability of dynamic systems such as aircraft is its inherent properties not to alter its kinematic parameters such as velocity vector in magnitude and direction. Equilibrium state of a system can be defined when is at rest or undergoing uniform motion either in rectilinear or rotational motion in other word, when linear or angular momenta are constant. Therefore, aircraft in flight can be in uniform motion since the attitude of the airplane is in direct propotion to the aerodynamic forces  relative to its flight path, the resultant of these forces must be balance by the weight of the airplane thereby keeping it in equilibrium without rotation. (Bernard Etkin and LIoyd Duff Feid 1996). Manoueuverbility of flight and maintenance of steady, flight has direct relationship with the change of velocity vector which facilitate ease of control (McLean, Donald. 1990).
Control surfaces
Forces and moment needed for the control surfaces are produced by electromechanical devise that produce the accelerations to steer the aircraft in its three-dimensional trajectories. Illustration of a conventional aircraft is represented in Figure 1 depicts the normal control surfaces: the rudder, Elevator, Aileron and the control of the entire system by the engine known as Thrust Vector Control (TVC). (McLean, Donald. 1990).
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Fig.1. Conventional aircraft (Blakelock, 1991)
Fundamental flying controls
 Control in pitch, roll and yaw axes are the basic control modes and the of these control are felt majorly on the transverse, longitudinal, and normal axes respectively, other axes can also be affected. 
Flight control systems
Aircraft is provided with motion sensors that takes the measurement of changes in kinematic variables i.e., the outputs of pilot’s commands and corresponding aircraft’s responses or some disturbances. The signals from these sensors provides virtual display for the pilot and feedback signals for the Automatic Flight Control System AFCS) while, controller compares the commanded motion with the measured kinematic variables hence, generates any discrepancy if it exists in line with designed control law. The actuator receives command signals from the motion sensors to effect appropriate deflection that corresponds to the applied force and moment.
Linearization of the equations of motions at the neighbourhood of nominal trajectory by regarding coefficients of the equations of motions as constant is facilitated by the choice of fixed-body coordinate system. This is possible during short period motion hence, transfer functions can be easily employ to describe the dynamics of the aircraft. Dynamics of aircraft is noticeable in forward speed, height and the inertial content of the aircraft. In slender rocket and aircraft with flexible features, problem of damping occurs as a result of oscillation of modes of motion, at excessive development of elastic oscillations, instability arises which may result in structural deformation. (Adebayo Matthew, 2009) and (Adebayo Matthew2010). Application of Newton’s law of motion facilitates the analysis of the equation using appropriate reference frame.
Equation of motion
Assumption of rigid body is made at the inception of the derivation, although the complete synthesis of aircraft equation involves flexible oscillation of the airframe which is a subject of another paper. The assumption of rigidity considers six degree of freedom of the plant’s motion hence, application of Newton's Second Law of motion to rigid body in structural mechanics results in pure translation and rotation. Assumption of inertial frame of reference which does not accelerate in space and body-fixed coordinate system is employed in this derivation and derivation of equations 1-33 closely follow (Blakelock John H., 1991) pattern.
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Fig. 2. Earth axis system (Blakelock, 1991)
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Fig. 3. Body axis system (Blakelock, 1991)
Externally applied forces and the rate at which inertial space is changing with time is expressed as a summation of vector equations in this form:
 i										(1)
and
 											(2)
Where  depicts, the rate at which inertial space is changing with time. Eq. 1 is applicable to only constant-mass system. For variable mass systems such as rockets, Lagrange's equation must be used. Summation of external forces, moments and their variation are represented by the Eq. 3. 
Thus, 
and
 									(3)
Summation of equilibrium forces and moments are represented by,   and. However, the vehicle is always consider to be in equilibrium before perturbation is introduce therefore,   and  take zero values. The lift, drag, thrust, and gravity forces keep the system in equilibrium while the equilibrium moments are produce by the lift and drag from different portions of the aircraft and the thrust. Hence, the aircraft is not accelerating at the initial state and it can only experience disturbance from control surface deflection, or turbulence of atmospheric wind. Under these state, Eqs. 1 and 2 can be written in the form of:
									            (4)
and
										             (5)
The following assumptions are also made in this derivation:
2. The dynamic analysis assumes a constant mass of the aircraft
3. Distance between two points within the aircraft remains constant at any instant hence, the aircraft is a rigid body, and this assumption simplifies the equation of motion. It also enhances manoeuvrability of the vehicle and ease of control e.g., in fighter aircraft.
4. Analysis of automatic control of aircraft and missile is facilitated by chosen the earth as an inertial frame of reference since, the Inertial Measurement Unit (IMU) for control system e.g. Gyros and accelerometers cannot  sense earth angular velocity, likewise Coriolis acceleration due to earth rotation.
To obtain the motion of an aircraft with respect to the Earth, we expand Eq. 4 hence:
 									             (6)
Assumptions of constant mass and earth as an inertial reference frame, Eq. 6 reduces to:
 								  	             (7)
It is necessary to differentiate the vector in Eq. (8) with respect to the earth although, it could be a little complicated because the velocity vector may be changing in magnitude while rotating hence:
 							             (8)
Where the first term  of the right hand side represent the change in linear velocity, cross product of angular and tangential velocities respectively and their components ensued as follows: 
										 (9)
									            10)
 Unit vectors along X, Y, and Z axes of the aircraft are, i, j, and k respectively. From Eq. (8), 
 	
Hence,		              	             		                       (11)
 								            12)
Equation (12) can be expanded while is written in term of its components as follows: 
 				           (13)
 						           (14)
Translational motion equations can be obtained by equating components of Eqs. 14, 11 and 13.
 
 
 								           (15)
Angular motion equations can be obtained in like fashion from Eq.5 hence:
 									           (16)
It is necessary to obtain expression for angular momentum, or moment of momentum represented by H. The tangential velocity of a revolving body of elemental mass, dm due to the angular velocity is equal to the product of angular velocity and the distance from the instantaneous center of rotation, expressed by cross product of the vector (Morrison J. L. M., Crossland B., 1978) and (Hughes J. H., Martin K.F., 1978).  
 										           (17)
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Fig. 4. IIustration of a body with a tangential velocity V, angular velocity  at about
its center of gravity (Blakelock, 1991)
The resulting incremental momentum due to this tangential velocity of the elemental mass ensues in this form:
 						                                               (18) Product of momentum and the lever arm gives the moment of momentum, therefore; 
 						                                   (19)
Integration of () the incremental values over the entire mass of the aircraft yields triple products of the terms of the equation which can be evaluated as follows:
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and
						
then,
 									           (21)
On expanding Eq. (21), we obtain the followings;
 				                          22)
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Expanding,
 							           (24)
Upon substitution of Eq. 24 into Eq. 20, it becomes
 									           (25)
By definition,  is the moment of inertia, and  is the product of inertia  , while the remaining integrals of Eq. 25 are defined in like manner. Invocation of the first assumption, where , Eq. 25 can be recast in component form follows:
 
 
 									           (26)
However, Eq. 16 shows the need to differentiate H although there propensity for H to change in magnitude and direction hence, Eq. 16 is rewritten in this form:
 								           (27)
The components of   are
 
 
 									           (28)
With the assumption of rigidity and constant mass of the aircraft, the rates at which the moments changes with time and products of inertia are zero hence;
 								           (29)
Expanding,
  			           (30)
Also   can be written as
  					                       (31)
Angular equation of motion can be obtained by equating components of Eqs. 28, 30, and 31and further substituting for   ,  and   from Eq. 26. 
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Translational motion equations from Eq. 15 are
 
 
 								           (33)
Equations 32 and 33 are the derived equations of motion for the aircraft. 
.

CONCLUSIONS
Appropriate choice of axes and frame of reference are crucial in the derivation of equations of motion of an aircraft in addition to some assumptions for simplification and ease of analysis, therefore:
1. Longitudinal axis OX and vertical axis OZ are in the plane of symmetry of the aircraft.
2. The mass of the aircraft does not change in contract to the variable mass system such as rocket.
3. Simplification of the analysis is enhanced by the assumption of the aircraft as a rigid body.
4. Further simplification of the equation is achieved by the choice of earth as an inertial frame of reference, which is valid for the analysis of automatic control system of aircraft and missiles but not suitable for inertial guidance system.
These assumptions simplified the analytical synthesis of the equations of a rigid aircraft and facilitates the design of control system for the vehicle. However, by inspection it can be seen in Eq. (33) that the coupling of angular motion with translational motion thereby makes the equation nonlinear. It is imperative to linearize the equations for further simplification
(McLean, Donald. 1990). lncreasing requirements of manoeuvrability, handling quality for flying vehicles and weight restriction result in the display of some properties such as flexibilities which is a serious challenge to control system design. The designer of aerospace vehicles must take cognizance of these properties on vehicles that experience dynamic loads due to engine operation and turbulence of atmospheric wind, in other to avoid resonance frequencies that may lead to oscillation and stability problems as reported by (Nebulov et al. 2005a, 2005b, 2005c; Panferous et al. 2008 and Brodsky et al. 2004).  Designing of control system for aerospace vehicles requires equations of flexible oscillations of the plant and its rigid counterpart in form of translation and rotation, this will be a subject of another paper. 
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