


Study of Fixed-Point Theorems on Almost Generalized -Contractive Mappings in Partial Metric Spaces

Abstract
In this study, we develop an enhanced fixed-point theorem for self-mappings defined on complete partial metric spaces under an almost generalized () contractive framework. The theorem broadens the scope of existing results by Saluja (2024) through the adoption of a more versatile admissibility structure and the inclusion of additional altering-distance functions, thereby reducing restrictions commonly imposed in earlier formulations. Moreover, the uniqueness assumptions are relaxed, allowing the theorem to cover a wider class of contractive-type mappings. To demonstrate the applicability of the proposed result, we present two corollaries along with a comprehensive numerical example supported by convergence analysis. Together, these components show that the theorem consolidates and strengthens several established fixed-point results reported in the recent literature.
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1. Introduction
Fixed point theory remains a fundamental component of nonlinear analysis due to its wide range of applications in computer science, optimization, and differential equations (Dönmez et al., 2023; Navascués, 2024). In recent years, considerable interest has emerged in fixed point results formulated within generalized metric frameworks, particularly partial metric spaces. These structures allow the self-distance of a point to be nonzero, a feature that makes them especially suitable for modelling computational processes, program semantics, and various problems in data analysis. Earlier contributions by Saluja (2024) and Mitiku (2020) established fixed point theorems for 𝛼 α-admissible self-mappings under certain generalized contractive conditions in partial metric settings. Although influential, their results rely on relatively rigid admissibility and contractive requirements, which limit the scope of mappings that can be analyzed within these frameworks (Huang et al., 2023).
[bookmark: _GoBack]In this work, we broaden the earlier contributions in several directions. First, the notion of admissibility is expanded from the classical 𝛼 α-admissible framework to a more flexible α−β−γ-admissible structure. Second, we incorporate additional control functions 𝜂 η and 𝜗 ϑ, accompanied by perturbation constants 𝐿 1 L 1 ​ and 𝐿 2 L 2 ​ , allowing greater adaptability in formulating contractive conditions (Shahi et al., 2016; Dinarvand, 2017). Furthermore, the strict uniqueness requirement traditionally imposed in fixed-point results is relaxed and replaced with a milder inequality expressed through the altered distance functions, thereby enlarging the class of mappings covered by our theorem.
1.1 Definitions and Background
We now present key definitions and concepts used throughout this paper.
Definition1.1(PartialMetric Space)[4]
Let  be a non-empty set. A function  is called a partial metric if for all , the following conditions hold:
1. 
2. 
3. 
4.  implies 
A pair (  ) satisfying these conditions is called a partial metric space (PMS).
Definition 1.2 (Convergence and Completeness in PMS) [4]
Let  be a partial metric space.
· A sequence  converges to  if:

· The sequence  is Cauchy if the limit  exists and is finite.
· The space  is complete if every Cauchy sequence  converges to some  such that:

Definition 1.3 (Equivalent Metrics)([4], [5])
Let (  ) be a partial metric space. Then the following induced functions define metrics:
· 
· 
The metrics  and  are topologically equivalent, and the convergence and completeness in (  ) are equivalent to those in  and .
Definition 1.4 (Altering Distance Functions  )
A function  belongs to the class  of altering distance functions if:
1.  is continuous and non-decreasing;
2.  if and only if 
Definition 1.5 (Perturbation Function Class  )
A function  belongs to the class  if:
1.  for all , where ;
2. 
Definition 1.6 (Auxiliary Function Class  )
A function  belongs to the class  if:
1.  is continuous;
2. 
Remark 1.7:
The classes , and  are widely used in generalizations of contractive mappings to allow flexibility in controlling convergence and nonlinearity.
2. Main Definitions
Definition2.1:
A mapping  is called  admissible if for all ,

Definition 2.2:
Let  be a partial metric space. A mapping  is said to be almost generalized -contractive  if there exist functions:
· ,
· ,
· and constants 
such that for all The following inequality holds:

Where:
· 
· 
· 
· 
· 
3. Main Theorem
Theorem 3.1 (Improved Fixed-Point Theorem)
Let  be a complete partial metric space, and let  be a self-mapping. Suppose the following hold:
1.  is  admissible, i.e.,

2.  satisfies the almost generalized -contractive condition, i.e., for all ,

where the functions  are defined appropriately.
3. There exists  such that:

4.  is continuous.
Then  has at least one fixed point in .
Moreover, if for all ,

then the fixed point is unique.
Proof:
Let us construct a sequence  in  by setting:

We show the following steps:
The sequence  is well-defined and admissibility holds
Since  satisfies:

and since  is  admissible, it follows by induction that:

 Monotonicity of distances and convergence of 
Using the contractive condition with , and noting , we get:

Since the functions  are non-negative and  is non-decreasing, we infer:

where  is a bounded remainder involving  and , all of which decrease the RHS.
Thus, , implying:

Hence,  is a non-increasing sequence bounded below 0. So:

Now we want to show that:
The sequence  is a Cauchy sequence in (  ), the partial metric space.
A sequence  in a partial metric space (  ) is Cauchy if the limit

exists and is finite.
In other words, as  and  become large, the mutual distance  becomes arbitrarily close to a fixed value.
We assume that the sequence  is not Cauchy, and then show that this leads to a contradiction with the contractive condition.
If  is not Cauchy, then by the contrapositive of the Cauchy definition, we can find:
· A number ,
· Two subsequences  and  of ,
such that:

That is, no matter how far you go in the sequence, the distances between some elements are still large (at least  ).

We already proved that  is monotone decreasing and converges to some non-negative limit , i.e.,

Let's focus on the subsequence . Then:

· Now apply the contractive condition:
We apply the contractive inequality to the pair . 
· 
· 
So, by the almost generalized contractive condition:

But
·  are non-negative functions,
·  whenever its argument .
so we get:


Because
· ,
· So ,
· Subtracting it from the RHS strictly decreases the RHS.
Therefore:

Using that  is strictly increasing:

So, the distance between the subsequence pairs strictly decreases.
Contradiction:
But we assumed that:

If  is strictly decreasing and bounded below by ,We would have:

This contradicts the fact that the sequence remains uniformly bounded below by .
Thus, our assumption that the sequence is not Cauchy must be false.
Remarks:
Hence,  is a Cauchy sequence in .
 Completeness and existence of fixed point.
By completeness of (  ), there exists  such that:

Since  is continuous and , we have:

But limits are unique in partial metric spaces, so .
Hence,  is a fixed point of .
4. Uniqueness of fixed point
Assume  and  are two distinct fixed points, i.e.,  and . Then the contractive condition yields:

But since  and , the maxima reduce:

Thus,

(Using the property of partial metrics that  and  implies )
Hence, the fixed point is unique.
Example4.1
Let  and define the partial metric  by:

It is easy to verify that (  ) is a complete partial metric space, because:
1. 
2. Symmetry: 
3. Triangle inequality (partial metric form):
 holds for all 
4. .
Now define  by:

Step 1: Define the admissibility functions
Let:

These trivially satisfy  admissibility, since the value  is preserved under .
Step 2: Define the altering distance functions
Let:

Clearly:
·  is non-decreasing, continuous, and ,
·  for all .
Step 3: Check the contractive condition
For  :

Then:

and:

Thus:

So the contractive condition holds with .
Step 4: Initial point condition
Choose . Then:

Step 5: Apply the theorem
All conditions of Theorem 3.1 are satisfied. Therefore:
·  has a unique fixed point in .
· Solving  gives:

Thus, 0 is the unique fixed point.
Corollary 4.1
(Reduction to -admissible mappings)
If in Theorem 3.1,  and  for all , then the result holds for mappings that are only -admissible and satisfy the same contractive condition.
Proof. Immediate from Theorem 3.1 by taking .
Corollary 4.2
(Constant altering distance case)
If in Theorem 3.1,  for some , and , then  satisfies:

which reduces Theorem 3.1 to a Banach-type fixed point theorem in partial metric spaces.
Proof. Follows directly by substituting the specific forms of  and  into the contractive condition of Theorem 3.1.
Numerical convergence under iteration of 
For the Example (with  ), the orbit is

Because  for all , we have

Hence  as .
 Remarks
· The successive ratio is constant:

So the convergence is geometric with rate .
· Therefore  exponentially fast, confirming the iterative construction used in the proof (Steps 2-4).
· The table can be used in the paper to illustrate the numerical decay of the error term .

Table 1 - Iteration values and 
	
	 (exact)
	 (decimal)
	 (decimal)

	0
	2
	2.0000000000
	2.0000000000

	1
	
	0.5000000000
	0.5000000000

	2
	
	0.1250000000
	0.1250000000

	3
	
	0.0312500000
	0.0312500000

	4
	
	0.0078125000
	0.0078125000

	5
	0.001953125
	0.0019531250
	0.0019531250

	6
	0.00048828125
	0.00048828125
	0.00048828125

	7
	0.0001220703125
	0.0001220703125
	0.0001220703125

	8
	
	0.000030517578125
	0.000030517578125

	9
	
	0.000007629394531
	0.00000762939453125

	10
	
	 ). 000001907348633
	0.0000019073486328125


5. Discussion and Conclusion
In this paper, we have formulated an enhanced fixed point theorem for self-mappings defined on complete partial metric spaces under an almost generalized (α,β,γ,ψ1∗,ϕ1∗,η,ϑ)contractive condition. Our work advances and broadens the foundational results of Saluja (2024) and Mitiku (2020) through three principal contributions.
a. Generalized admissibility structure
The notion of admissibility is extended from the single α-admissible setting considered in earlier studies to a more comprehensive α − β − γ admissible framework. This enriched structure allows a wider class of mappings to meet the admissibility requirements, thereby accommodating situations where traditional assumptions may fail.
b. More flexible contractive formulation
Where the earlier works primarily rely on contractive conditions involving pairs of altering distance functions of the ψ-ϕ type, our approach incorporates additional control functions η and ϑ, each associated with perturbation constants L1​ and L2 ​. This expanded setting significantly increases the adaptability of the contractive condition and permits the analysis of mappings that could not be treated using the constraints imposed in the base papers.
c. Refined uniqueness condition and illustrative example
The uniqueness requirement offered here is sharper yet less restrictive, relying only on the inequality
ψ1∗​(ρ(Tx,Ty))> ϕ1∗​(ρ(Tx,Ty)), x≠y
Rather than the stronger monotonicity-type conditions used previously. To complement the theoretical developments, we also provide a detailed numerical example accompanied by a convergence table. This example not only validates the theorem but also illustrates its applicability in computational settings.In addition, we present corollaries showing how our result naturally reduces to classical Banach-type contractions and to fixed point theorems under single admissibility conditions. These reductions confirm that several known results appear as special cases of our theorem. All relevant concepts partial metric spaces, altering distance functions, and the various admissibility conditions are described thoroughly, ensuring that the exposition remains self-contained.Overall, the broader admissibility assumptions, enriched contractive framework, and simplified uniqueness criterion collectively make the proposed theorem applicable to a far wider range of problems encountered in nonlinear analysis, particularly those linked to computer science, optimization theory, and nonlinear functional equations formulated within generalized metric structures.
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