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ABSTRACT
This study evaluated the behaviour of Linear Discriminant Analysis (LDA) in an imbalanced dataset where two LDA models were considered: the classical Fisher linear Discriminant Analysis (CFLDA), which is the same as the LDA and the Robust Fisher Linear Discriminant Analysis( RFLDA). The study applied the Monte Carlo simulation to investigate the comparative performance of both classifiers. Also, an investigation was done on both classifiers using practical datasets. The violation of the assumptions of the LDA model was observed, and the satisfaction of the central limit theorem was observed in the performance of the classifiers. The imbalance data concept associated with the practical data and the impact of data balancing using the Mean Variance Cloning Techniques (MVCT) was also demonstrated. The analysis demonstrated the comparative performance of the classifiers and also indicated the weaknesses of both classifiers. The results demonstrated that the RFLDA performance when faced with contamination and alteration in both training and validation samples is not affected, but will perform better than the CFLDA if the assumptions (normality and Homoscedasticity) are violated, as the RFLDA can resist noise.   In general, the result showed that RFLDA is not susceptible to contamination and alteration, but the CFLDA was shown to perform well on an imbalanced sample size, thereby validating the Concept of data dependency and central limit theory.

Keywords: FLDA, Imbalanced dataset, RFLDA, Performance evaluation.

1. INTRODUCTION:
Discriminant analysis (DA) is a very important issue in statistical analysis. It is structured by regressing the degrees of membership to every group of each unit on the same variable used in the preliminary clustering.  Because of the need for a better, robust method of data analysis coming from the application fields, theoretical developments are often driven by applied research. The Linear Discriminant Analysis (LDA), also called the Fisher linear discriminant analysis (FLDA) is a supervised classification multivariate technique for classification and dimensionality reduction between two or more classes. It is commonly used for feature extraction in pattern classification problems. It is one of the most used statistical approaches for analysing attribute variables in supervised classification (Maharaja and Alonso, 2012).  LDA aims at projecting the features in higher- higher-dimensional classification space onto a lower dimensionality, creating rules to differentiate between populations, and making classification based on the rules. One of the most important tasks in statistics and machine learning is classification. Due to many contemporary applications, several regularised classification methods, which include LDA (Wu et al, 2009) and hard thresholding (Shao et al, 2011), have been proposed for the classification of higher-dimensional data. The synthetic minority over-sampling technique (SMOTE) is an oversampling approach designed to balance the dataset so that all groups have an equal sample size by enabling the replication of minority group data. Under-sampling, which entails removing a portion of the majority group in order to equalise the minority group, is the other method used to address the issue of imbalanced data. Another option for addressing the issue of an unbalanced sample size is the Mean Variance Cloning Technique (MVCT).  In spite of many recent advancements in methods which was designed for resolving high-dimensional classification problems, not much research has been conducted based on the study of optimal theory for discriminant analysis, which has been examined by (Azizyan et al, 2013; Li et al, 2017). Okwonu et al, (2022a) discussed robust hybrid classification methods and their applications. Owoyi and Okwonu, (2024) reviewed the effect of imbalanced sample size on linear discriminant analysis.  (Karimi-Bidhendi et al, 2018) and (Song et al, 2020) developed robust hybrid univariate classifiers that do not rely on data weighting or deletion. Okwonu and Othman (2012) proposed a robustified Fisher Linear Discriminant Analysis technique using a weight function and a compensating constant.
One of the biggest problems during classification is the incomplete dataset, which leads to an unbalanced sample size. When the sample size of one group is larger than that of the second while maintaining the same dimension, this is known as an imbalance in sample size. At that point, or  classification issues arise. Where p represents the data size dimension and k represents the sample size. When different classes have significantly different proportions, the imbalance dataset problem arises (Ghosh et al, 2019). Okwonu et al, (2024) investigated the consequences of n>p and p>n classification problems in datasets with group imbalances. Several methods have been discussed to resolve classification issues in datasets with imbalanced sample sizes and high-dimensional data (HDD), including cost-sensitive learning (CSL) (Pes and Lai, 2021), random resampling (RR) (Fyfe et al., 2012), over-sampling (OS), under-sampling (US), feature selection, and one-class learning (OCL) (López and Maldonado, 2018). Other well-known classifiers like the k nearest neighbour (Lin and Chen, 2013), support vector machine (He et al, 2021), random forest (Pes, 2021), and diagonal linear discriminant analysis (Lin and Chen, 2013) was used to address different fields to give solution to imbalance data (ID) issues relating to high dimensional data (HDD). Apart from these methods, selecting appropriate metrics for model evaluation is crucial when addressing data imbalance. Mountassir et al, (2012) investigated four methods of under-sampling —remove similar, remove farthest, remove by clustering, and random remove—using two Arabic datasets and one from Smriti et al, (2022). Sentiment analysis was conducted using sampling techniques on unbalanced Arabic data and 609 unbalanced datasets in English. To evaluate performance, they used NB, SVM, and KNN classifiers with a g-performance metric, finding that random under-sampling (RU) yielded the best results. Al-Azani and El-Alfy, (2017) conducted three investigations to address imbalanced datasets. They experimented with basic and ensemble classifiers, using metrics such as accuracy, F1, precision, and recall to evaluate the effects of the SMOTE over-sampling strategy on an unbalanced dataset of dialectal Arabic tweets. Their findings showed a 15% performance improvement with SMOTE applied to ensemble classifiers compared to baseline studies. Al-Azani and El-Alfy, (2018) further explored the role of bootstrap aggregating algorithms combined with SMOTE on concatenated imbalanced Arabic Twitter datasets, including the Subjectivity and Sentiment Analysis (SSA) tweet corpus (Mourad and Darwish, 2013), Syrian tweets (Mohammad et al, 2016), the Arabic Sentiment Tweets Dataset (ASTD) (Nabil et al, 2015), ArTwitter (Abdulla et al., 2013), and Semeval-2017 (Rosenthal et al, 2017). They assessed classifiers such as NB, KNN, and DT using metrics like F1, geometric mean (GM), Matthews’ correlation coefficient (MCC), and AUC under varying imbalance ratios, concluding that balanced bootstrap aggregating classifiers achieved the best results. Al-Sorori et al, (2021) analysed the effects of balancing an Arabic dataset gathered from Twitter using SMOTE-NN (edited nearest neighbors with SMOTE). They tested various single and ensemble machine learning classifiers with Word2Vec word embeddings. Their experiments showed that SMOTE-NN significantly improved F1 scores, with nuSVM achieving an average F1 score of 99.07. Elreedy and Atiya, (2019) worked on a comprehensive analysis of the synthetic minority oversampling technique (SMOTE) for Handling Class Imbalance. Khalifa and Elnagar, (2020) examined word embeddings and TF-IDF to evaluate the performance of a Twitter dataset under balanced and unbalanced conditions. Mufda et al, (2018) investigated the performance of linear discriminant analysis using different robust methods.
Hence, in this work we will be comparing the performance of  LDA models in an imbalanced datasets.

2. METHODS
2.1. Classical Fisher Linear Discriminant Analysis Model (CFLDA): The CFLDA is given by
(a) Compute the mean vector for each class


    ,
Where and is the number of observations in each class.
(b) Compute the sample covariance matrix  

 				    (1)
(c) Compute the pooled covariance Matrix	

,
Hence, we have 
 			                                                	 (2)

						(3)
Equation (2) is the CFLDA defined by Ronald A. Fisher (Fisher, 1936) and (3) is the discriminant mean.
Classification Rule:
Classify to the minority class  if  andto the majority class   if  
2.2.  Mean Variance Cloning Techniques (MVCT):
The MVCT is similar to the Oversampling method. It uses the data from the minority dataset to find the standard deviation as well as the mean.  However, the MVCT makes use of datasets coming from the minority group to form datasets that imitate the minority data with the original dataset. combining sample size (n) of the data set minority group, as well as that of the sample size (k) of the data set that is cloned and which has equal sample size, and dimension to form the majority group  (= n + k) which is new. 
Generally, the MVCT procedure involves computing the mean as well the standard deviation of the new data which make use of the internal mechanism of the minority data set. The MVCT also could be used as an over-sampling method according to Okwonu et al, (2024).
The MVCT procedure involves.
 Computing the mean and variance of the minority group, that is

					                            (4)	
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 is the variance of the minority group,  is the minority group mean, and   denote the minority data set.
The MVCT method involve generating new data  using [4] and [5] of the minority group to obtain new K samples which would be combined with the sample from the minority class to get  the  sample size with new majority group.
 Thus, the new majority group is given as


 () = 				               
where	

 
It is important to note that the new majority group) has a sample size that is equal and dimension as the original majority group).
The mean and Variance of the new and original majority group is given as


  	                                                                   (6)				

   					                               (7)
The variance of (6) and (7) is given as	

                                                               

	                                                           
Then we proceed to apply a classifier to the two groups since it is balanced to perform classification.
For this study, we will be applying the LDA classifier to obtain MVCT-LDA
2.3. Robust Fisher Linear Discriminant Analysis (RFLDA):
FLDA is known generally to perform optimally when the assumptions of normality and homoscedasticity are met (equal covariance matrix). Due to the existence of outliers, which may increase the misclassification rate, it is also known that the mean, which has zero breakdown point, is very sensitive to outliers. To overcome this problem, the need for RFLDA was introduced. FLDA is robustified in other to consistently perform accurately even when some impute variables are removed or added.  Robustness implies reducing the error rate due to a classification procedure that does not conform to the assumptions on which the model was built. By introducing a robust estimator, we can have a robust discriminant model with a small rate of classification error. 
For this study, we will be using the Mahalanobis distance (MD), comparing it with the  Chi-square value to get the weight, and then applying the weight function to obtain the weighted sample mean and weighted pooled variance covariance matrix. MD is defined as;

,

,

 

 
Where   is the weight function, α is the Significance level which can be 0.05 0r 0.01 and  is the degree of freedom
Taking the weighted within means and weighted within-group sample variance-covariance matrix,

,

                  
Hence, the RFLDA and its Discriminant mean
 are as follows;

                                                                     

                             

	

	
Where  is a compensate constant used to compensate for the zero lost weight, and 
   			 
Classify to minority class if  or  to majority class if .
2.4 Benchmark evaluation threshold (BETH): 
Benchmark evaluation threshold (BETH) (Okwonu et al, 2022b) was used in order to get a better Result that avoids bias and over-fitting from the majority class. It is given as

									(8)
where  is the  probability of correct classification (TN+TP) and   is the probability of misclassification. Hence, BETH value is.
,
where ∁=1,
The performance probability becomes 
			        						
Central limit Theory: The theorem states that the distribution of a sample mean will be   distributed normally, provided that the sample size is large enough irrespective of the population distribution. That is, suppose  is a random variable having distributions which can be known and unknown, if random samples of the sizes are drawn, as the sample size increases, the mean of the random variable  which consist of the sample mean tends to be normally distributed.



3. Results and Discussion
3.1.1 Data collection
The performance analysis of the methods presented were investigated using simulated and practical data set.  The simulated data set was derived using the contamination model which could be symmetric and asymmetric. The contamination model consists of splitting the data set into two with varying proportions of symmetric and asymmetric. Therefore, the contamination model is applied to validate the effeciency of the robust classifiers. The second phase of this section consists of the use of a practical data set culled from Kaggle data repository (https://www.kaggle.com/). 
3.1.2 The contamination model 
The contamination model for two group classifiers is stated as follows

				(9)

		            (10)
where  denote the groups,  represent the proportion of contamination from the symmetric distribution  and   denotes the contaminated portion in the data set. I represented the mean and standard deviations as  and  For a symmetric distribution,  and  For the contaminated portion,  influence the degree of contamination based on the values assigned to as  and  which differ from zero and one respectively. In the simulation setup, the group sample sizes are balanced while for the practical applications, imbalanced sample size data would be used to determine classifiers’ efficiency of performance in abnormal situations that violate the homoscedastic and symmetric assumptions.
Simulation study 1 : The simulation setup is described as follows
For simulation study1, the mean and standard deviation is  and for Simulation study 2 the mean and standard deviation is , where
  
The simulation was replicated for 1000runs to enable stable results with seed 12345 to enhance the replicated and stable results. To investigate the performance of the classifiers, the simulated data was divided into two, training 0.2 and validation 0.8.  The sample size The comparative performance is shown in figure 1. The analysis reveals that both classifiers performed comparably. The results in Table 1 demonstrated comparable performance, this output supports the results shown in figure 1.

Figure 1: Comparative performance analysis of CFLDA and RFLDA (Simulation study 1)
Table 1: Comparative analysis of the standard deviation of the classifiers (Simulation study 1)

	CFLDA
	RFLDA

	0.03123
	0.03065



The standard deviation of RFLDA was better than the standard deviation for CFLDA based symmetric distribution concept and the central limit theory.

 Simulation study 2
The simulation setup in 1 was altered such that the training sample is 0.8 and the validation sample is 0.2. The sample size . This was used to determine the effect of training sample and validation sample in order to validate the principle of the central limit theory on the performance of classifiers with large sample sizes and small sample sizes. Therefore, the performance of the classifiers in setup 1 and 2 will be compared based on the alternation of the training and the validation sample sizes for the two groups. All setup I are retained based on 10.8 and 10.9 respectively. The performance analysis is shown in figure 2.  Clearly, the RFLDA has demonstrated it usefulness due to its ability to resist outliers which was introduced into the data set and also revealed it robust capability over CFLDA when the data set is contaminated and the validation set altered the central limit theory. Therefore, the RFLDA outperformed the CFLDA if the data set contains outliers. However, without the concept of the central limit theorem with a normally distributed data set, the CFLDA perform comparably with the RFLDA but occasionally outperforms the RFLDA because the CFLDA was designed based on normality assumptions and homoscedasticity. If these two assumptions are violated, the RFLDA will outperform the CFLDA. Table 2 contains the standard deviations of the two classifiers. We observed that the alternation of the validation sample size affected the performance of the CFLDA compared to the outcome in setup 1. This was not evident for the RFLDA.


Figure 2: Comparative performance analysis of CFLDA and RFLDA (Simulation study 2)

Table 2: Comparative analysis of the standard deviation of the classifiers ((Simulation study 2)

	CFLDA
	RFLDA

	0.028263
	0.029063


 
The standard deviation of CFLDA was better than the standard deviation for RFLDA based symmetric distribution concept and the central limit theory.
	
3.2 Practical Applications
Three data sets were used as described below.
 Pima Indians Diabetes Dataset:
The "Pima Indians Diabetes Database" is a well-known dataset that provides information on various health parameters of Pima Indian women, with the aim of predicting the onset of diabetes. The dataset consists of 768 observations (instances) of Pima Indian women. There are 8 attributes recorded for each observation. The first group consists of 500 samples of people without diabetes and the second group consists of 268 samples of people with diabetes. The main objective of this dataset is to predict whether a Pima Indian woman will develop diabetes based on her health attributes. This prediction task is crucial for early intervention and preventive healthcare strategies. The "Pima Indians Diabetes Database" is widely utilized in the field of medical research and data science for its relevance in predicting diabetes onset based on demographic, clinical, and lifestyle factors. The dataset availability on https://www.kaggle.com/datasets/uciml/pima-indians-diabetes-database, facilitates easy access and utilization for developing and testing predictive models aimed at improving health outcomes for Pima Indian women. The comparative performance of the classifiers is shown in Table 3 after applying the MVCT to the RFLDA. The outcome demonstrated that both classifiers performed comparably. However, the CFLDA benefited from the large sample sizes of the data set.
Table 3: Comparative analysis of the classifiers (Pima Indians Diabetes Dataset)
	CFLDA
	MVCTRFLDA

	0.7682
	0.7660



 

Stroke prediction Dataset: 
The stroke data set is an imbalanced dataset that contains a total of 5110 predictions with 12 instances or columns. It is made up of 4861 indicating individuals with no stroke and 249 indicating people with stroke. The purpose of the dataset is to predict whether a patient is likely to have a stroke based on the 12 attributes. The dataset is available at https://www.kaggle.com/datasets/fedesoriano/stroke-prediction-dataset. The comparative performance of the classifiers is shown in Table 4 after applying the MVCT to the RFLDA. For the stroke data set, the CFLDA outperformed the other classifier, this satisfies the concept of data dependency theory which states that the performance of any classifier depends on the nature of the data set (Okwonu et al, 2023).
Table 4: Comparative analysis of the classifiers (Stroke prediction Dataset)

	CFLDA
	MVCTRFLDA

	0.7683
	0.6848



 Cancer Dataset: 
The cancer dataset is a real-world imbalanced data that contains a total of 569 observations. The first group consists of 357 samples of people without cancer and the second group consists of 212 samples of people with cancer. The dataset aims to detect whether a cancer is benign or malignant based on 30 attributes. The dataset is available at   https://www.kaggle.com/datasets/cancer-detection-dataset.   The comparative performance of the classifiers is shown in Table 5 below after applying the MVCT to the RFLDA. In Table 5, the MVCTRFLDA (Mean Variance Cloning Techniques Robust Linear Discriminant Analysis) outperformed the CFLDA this also validated the data dependency theory.
Table 5: Comparative analysis of the classifiers (Cancer Dataset)
	CFLDA
	MVCTRFLDA

			0.9683656
	0.9733894




4. Conclusion
This study present important insights into the performance of two Linear Discriminant Analysis (LDA) methods; CFLDA and RFLDA in handling data contamination and real-world datasets with varying characteristics. Based on simulated and real-world data applications, the results indicate that while both models exhibit strong classification performance, there are distinct scenarios in which one method outperforms the other. The analysis from the Monte Carlo simulations, incorporated with 30% contamination and 70% normal distribution and alteration of validation and training samples as shown in Fig 1 and Fig 2 was done. The result from both simulations suggests that RLDA highlights its stability and lower sensitivity to noise, making it a dependable choice for scenarios where data contamination is present and the assumptions of LDA are not kept.
In the real data applications, the study results offer valuable insight where both models excel. The MVCTRLDA and CFLDA demonstrated across the three data sets showed that the performance of the classifier depends on the characteristics or nature, or size of the dataset in accordance with the theory of data dependency and central limit theory. As such, the classifiers behaved differently across the three datasets.  Like in the Pima Indian Diabetes datasets, both classifiers performed comparably but the CFLDA showed to be slightly more accurate in that scenario. Also looking at the stroke data, the CFLDA seem to perform better even with an imbalanced sample size and finally, for the cancer dataset, the MVCTRFLDA performed better based on the concept of data dependency theory. RFLDA higher accuracy and consistency, even in the face of contamination, suggest that it is highly robust and reliable for a wide range of real-world classification tasks. On the other hand,. While it may not outperform CFLDA in simpler or more balanced scenarios, MVCTRFLDA’s ability to capture intricate feature interactions makes it a strong candidate for high-dimensional classification problems. In such contexts, robusting helps the model avoid overfitting, ensuring better generalization and slightly improved accuracy. Hence, both Cflda and Rflda are highly effective LDA methods, with each demonstrating unique strengths depending on the characteristics of the data. RFLDA robustness against contamination and superior handling of imbalanced data make it a more reliable choice for many real-world applications. MVCTRFLDA, meanwhile, proves advantageous in high-dimensional data environments, where regularization enhances performance by capturing complex feature interactions. This study underscores the importance of selecting the appropriate LDA method based on the dataset’s specific structure and complexity, offering practitioners valuable guidance for improving classification performance across various applications.
Hence, both CFLDA and RFLDA are highly effective LDA methods, with each demonstrating unique strengths depending on the characteristics of the data. 
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