A Note on Stability (Hyers-Ulam) of Functional Equations
in 2-Banach spaces

Abstract

This study presented the modifications to the results reported in the paper of S.C. ChungW. Park
(6). The modifieded theorems strengthen the theoretical framework of functional equationsin
2-Banach spaces and ensure consistency in their applications to stability theory
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1 Introduction

In this note, we would like to bring out some modifications in the Theorems in the paper of S. Chung
and W. Park (6).

S. Gahler (2) has given the notion of linear 2-normed spaces in the 1960s.

Definition 1.1. Let Z be a linear space over R with dimZ > 1 andlet ||-,:|| : Zx Z — Rbea
function satisfying the following axioms:

—_

. |lz1,y1]] = 0if and only if 21 and y; are linearly dependent,

2. |z, y1ll = llyr, zal,

3. llkxa, yall = [klllz2, y2ll,

4. e,y + 21l < e, gl + o, 2]
foreach zi,y1, 21, 22,92 € Z and k € R. Then the function ||-, -|| is called @ 2-normon Z and (Z, ||-, -||)
is called a 2-normed space.

From this we can say that if ||-, || is @a 2-norm on X then ||, || : X x X — Ris a function having
some properties. In order to find ||z1, y1 ]|, it is necessary to take z1,y1 € Z. Throughout the paper
(6) authors have taken Z, a normed linear space and Y, a 2-Banach space.



2 Main Results

In paper (6), Theorem (2.1) is as under.
Let n1,0: € [0,00),p1,q1 € (0,1) and let g : Z — Y be a mapping satisfying

llg(zs +ys) — g(@s) — g(ys), 25|l < mullws||”* + 1 lys||” (2.1)

for all ys,25 € Z and all zs € Y. Then there is a unique additive mapping A; : X — Y such
that

< mllzl® Ozl
=9 o T 2o

llg(ze) — Ai(ws), ysll

foreach z¢ € Z and all ys € Y.

Remark 2.1. No such function g : Z — Y satisfying (2.1) exists. If such function g : Z — Y exists,
thenforeachn € N, z; € Y = nz; € Y. By (2.1) we have

llg(zo 4 yo) — g(wo) — g(yo), nz2ll < millzoll”* + Ollyol|*
each yo,z0 € Z and each z; € Y. Therefore

< nllzol[P* 4 0[lyo ||
= lg(zo + o) — g(xo0) — g(y0), 22|

for each n € N, where ||g(zo+yo0) — g(x0) — g(yo), 22|| # 0. So N would be bounded, which is absurd.
Therefore, no such function exists.

We modified Theorem 2.1. of (6) as follow.

SuppoSe 1,,0,¢[0,00),r2€(0,00), P2,q2 € (0,1) and (Z,|| - ||) is norm linear space, (Z,|-,-||) is a
2-Banach space and h: (Z,| - ||) — (Z, ||, -]|) is a function satisfying

[7(zo + yo) = h(zs) = hlys), 26ll < (m2llzs [P + O2lys||**) 2]
for all z», y» € Z. Then find unique additive function A, : Z — Z such that

n2|za "2 n O2]|zall*
2 — 2p2 2 — 22

) = Ae(e). el < ( el

for every zq,ya € Z.

Modification in Theorem (2.2) of (6) is as follow.
Let ns, 03 € [0,00),73 € (0,00), 1 < ps, g3 < oo and (Z,]| - ||) be a normed space and (Z, ||-,-||) be a
2-Banach space and k1 : (Z,] - ||) — (Z, ]|+, -||) be @ mapping satisfying

[h1(zs 4+ ys) — ha(@s) — ha(ys), zsll < (msllas][®® + Os]lys[|*) 251 (2.2)
for all zs,ys, zs € Z. Then 3 unique additive mapping As : Z — Z such that

sl |72 n 03|z || 72
205 —2 | 205 — 2

(@) = As(en), vl < ( Miy- I

for all -, y,, 2z € Z.
Revision in Theorem (3.1) of (6) is as follow.



Suppose 04,14 € [0,00),74 € (0,00), 0 < pa,qa < 1, (Z,]| - ||) is norm linear space and (Z, |-, -|)
2-Banach space, h2 : (Z,]] - ||) — (Z, ||+, -||) be a mapping satisfying h2(0) = 0 and

202 (F4522) = ha(wa) = haya), 2al| < Grallzal®* + 6sllyal ™)zl

for all z4,ya4, z4 € Z. Then there exists unique Jensen function Js : Z — Z such that

1+3%
3—3u

27]4
3 — 3ra

[[]]”* + 04

Ih2(z) - Ja(@), gl < ( S

forall z,y,z € Z.

New version of Theorem (3.2) of (6) is as follow.

Let 65,75 € [0,00),75 € (0,00), ps,q5 € (1,00) and (Z, || - ||) be a normed space and (Z, ||-,-||)
be a 2-Banach space and g3 : (Z,] - ||) — (Z, |-, -||) be a mapping satisfying g3(0) = 0 and

Th + Yn 5 5
205 (P52 — g(@n) = galyn),2n | < (msllzall?® + 05 lyn )12

for all 1, yn, zn € Z. Then 3 unique Jensen mapping J' : Z — Z such that

5

14 395
305 — 3

2’[75

305 g zall™ + 65

las ;) = ') w3l <

forall z;,y; € Z.
In paper (6), Theorem (4.1) is as follow.
Suppose s, 0s € [0,00) and ps, gs € (0,2) and let f; : X — Y is a function satisfying

I fa(@r 4+ yr) + fo(@n — yr) — 2fq(zk) — 2fa(yr); 2kl < mollzxl[”® + O6lyx [ (2.3)

for all z, yx, 2z € X. Then there is a unique quadratic mapping Qo : X — Y such that

nellk]|P6 | O |||
| fa(zk) — Qo(zk), yrll < 4 _ 9p6 + 4 — 246

s 19 ) s 17

+ 5 15a(0), ]

forallz, € X and all y. €Y.
Modification in Theorem (4.1) of paper (6) is as under.
Let ns, s € [0,00),78 € (0,00), 0 < ps,gs < 2and (Z, | - ||) be a normed space and (Z, |-, ||) be
a 2-Banach space and h¢ : (Z,] - ||) — (Z, ||-,-||) be a mapping satisfying
lhe (g + yq) + ho(2q — yq) — 2h6(q) — 2h6(yq), 24|l < (MsllzglI”® + Osllyqgl|*) || zq]l™ (2.4)

for all z4,yq, 24 € Z. Then there exists unique quadratic function Qg : Z — Z such that

msllol?® sy
Ihos) — Qo). wpll < (B | Oellenll®y )

forall xp,yp € Z.
Remark 2.2. By taking z, = y, = 0in (2.4), we get ||2hs(0), zp|| = 0, for each z, € X. Therefore
he(0) = 0.

Revised version of Theorem (4.2) of paper (6) is as under.

Let 7a, 0. € [0,00),74 € (0,00), Pa,qa € (2,00) and (Z, || - ||) be a normed space and (Z, |-, -||)
be a 2-Banach space and f, : (Z, || - I|) — (Z, |-, -||) be a mapping satisfying

[ fo(@ +y) + folz —y) — 2fu(2) = 2fo(y), 2|l < (Mallz)®* + Olly[* )]l =(I"™

for all z,y, z € Z. Then there 3 unique quadratic mapping Q. : Z — Z such that

il | Golel )
— Qalz), 2]| < ¢
o) = Q). 2l < (T Er + Z0E ) 2|

forall z,z € Z.
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CONCLUSIONS

This study conclude that some modification in theorems of S. Chung

and W. Park to strengthen the theoretical framework of functional equations in
2-Banach spaces and ensure consistency in their applications to stability
theory. It will be useful in the theory offunctional equations..
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