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Abstract.This paper introduces the framework of generalized hyperbolic Pandita numbers constructed
over the bidimensional Clifford algebra of hyperbolic numbers, contributing a novel class of structured
sequences to the expanding domain of number theory. Anchored in the principles of hyperbolic systems,
these constructs pave the way for exploring algebraic symmetries and recursive behaviors beyond classical
formulations.

Special attention is devoted to notable cases, including the hyperbolic Pandita and hyperbolic Pandita-
Lucas numbers, whose properties are meticulously examined. To deepen understanding and facilitate com-
putation, we derive explicit closed-form representations using Binet-type formulas, construct generating
functions through formal power series, and establish summation expressions with broad applicability. Ad-
ditionally, matrix-based representations are developed to offer an algebraic lens through which structural
dynamics can be modeled and analyzed.

These formulations not only enrich the theoretical foundations of discrete mathematics and symbolic
computation but also highlight promising applications in engineering disciplines—particularly in the model-
ing of iterative systems, signal transformations, the analysis of complex networks, and cryptographic systems.

The insights presented herein lay the groundwork for future exploration into hybrid sequence systems
and their role in interdisciplinary problem solving.
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1. Introduction

The hypercomplex numbers systems, [27], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,
1
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C={z=a+ib:a,becR,i*= -1},
hyperbolic (double, split-complex) numbers, [24],
H={h=a+jb:a,bcR,j*=1,5#+1},
and dual numbers, [43],
D={d=a+¢cb:a,bcR,e®>=0,¢c#0},
Some non-commutative examples of hypercomplex number systems are quaternions, [78],

H@:{q:aoJrial +ja2+ka3:a0,a1,a2,a3 E]R,Z‘2 :j2 :kz :’ij—

71}3

octonions [28] and sedenions [46]. The algebras C (complex numbers), Hg (quaternions), O (octonions)
and S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the
Cayley-Dickson Process. This doubling process can be extended beyond the sedenions to form what are
known as the 2"-ions (see for example [15], [39], [22]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [78] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[29]. H. H. Cheng and S. Thompson [25] introduced dual numbers with complex coefficients and called

complex dual numbers. Akar, Yiice and Sahin [40] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao +ja1) +e(az + jasz) = ao + ja1 + €az + €jas,

where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ag + jai + cas + €jas : ag,a1,a2,a3 €R, j2=1,7#+1,e* =0, £ 0}.

The base elements {1,j,¢,ej} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = glj=j, 2 =ce=(je)’ =0, j*°=jj=1,
ej = je elef)=(ej)e=0, jlej) = (cf)j =e,

where ¢ denotes the pure dual unit (¢2 = 0,e # 0), j denotes the hyperbolic unit (j2 = 1), and ¢j denotes
the dual hyperbolic unit ((je)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeag and p = by + jby + by + jebs is
qp = agbo + a1by + j(aob1 + a1bo) + €(agba + asbo + arbz + aszby) + je(aobs + arby + axby + boas)

and addition of dual hyperbolic numbers is defined as componentwise.
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The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hp is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [40].

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be described as
H={z=2+4+hy|h¢R, h®=1,z,y € R}.

The hyperbolic ring H is a bidimensional Clifford algebra, see [31] for details. Hyperbolic numbers has been
called in the mathematical literature with different names: Lorentz numbers, double numbers, duplex num-
bers, split complex numbers and perplex numbers. Hyperbolic numbers are useful for measuring distances
in the Lorentz space-time plane (see Sobczyk [24]). For more information on hyperbolic numbers, see also
[26,30,41,45].

Addition, substraction and multiplication of any two hyperbolic numbers z; and 25 are defined by

21tz = (331 + hyl) + (332 + hy2) = (331 :E$2) —|—h(y1 ﬂ:yg),
21 X 29 = (w1 +hy) X (v2 + hy2) = w1202 + y1y2 + b (T1y2 + y172) -

and the division of two hyperbolic numbers are given by

21 wi+hyr (zi+hy) (T2 — hy2)  T132 + Y1y Z1Y2 + Y122
— = = =5 th—5—5—
Zg X2+ hya (w2 + hy2) (x2 — hy2) Ty — Y3 T3 — Y3

It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero divisors. The

hyperbolic conjugation of z = x + hy is defined by
z=2' =2 —hy.

Note that Z = z. Note also that for any hyperbolic numbers z1, 22,z we have

z1+ 22 = Z1+ %2,
z1 X z2 = 21 X Zg,
2> = zxz=2?—14°

Now let us recall the definition of generalized Pandita numbers.
A generalized Pandita sequence {W,},>0 = {W,(Wo, W1, Wa, Ws)},,>0 is defined by the fourth-order
recurrence relations

Wp=2Wn 1 =Wy o+ W, 3—W, 4 (11)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
W =2W_(1) = W_(n—2) + W_(n_3) = W_(n_g)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

Table 1 presents the initial set of generalized Pandita numbers with both positive and negative subscripts.
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Table 1. Initial Values of Generalized Pandita Numbers

n %% W_,.

0 Wo Wo

1 Wi Wo — Wi +2Wy — W3
2 Wo Wi+ Wy —Ws

3 W3 Wo + Wy — Wa

4 Wy — Wy — Wy 4+ 2W5 2Wo = 2W1 +2Wy — W3
5 Wi —2Wo — Wy + 3Ws 3Wy — 2Ws

6 Wy — 3Wy — 2W5 4 5Ws 3Wy — 2W,

7 2W1 — 5Wy — 4Ws + 8Ws 3Wy — 2W,

8 3Wy — 8Wy — 6Wy + 12W5 Wy — 3W1 + 6Ws — 3Ws
9 AW, — 12Wy — 9Ws 4 18W35 oWy —2Wy — Woe — Wy

10 6W; — 18Wy — 14Wy +27TWs  3Wo + Wi — 5W5 4 2Ws
11 9Wy = 2TWy — 21Wo 4+ 40W3  4Wy — 8W; + 8Wy — 3Ws
12 13W; — 40Wo — 31Wo + 59Ws3  4Wq — 4Wo + 5Wo — 4W5
13 19W; — 59Wy — 46Ws5 + 87TW3 91 — 12Ws + 4W3

If we set Wy =0,W; =1, W5 = 2, W3 = 3 then {W,,} is the well-known Pandita sequence and if we set
Wo =4, Wy = 2, Wy = 2, W3 = 5 then {W,,} is the well-known Pandita-Lucas sequence. In other words,
Pandita sequence {P, },>0 and Pandita-Lucas sequence {5, },>0 are defined by the second-order recurrence

relations
Py=2P, y—Py o+ Py, 5—P, 4, Py=0,PL=1P,=2P,=3  n>4, (1.2)
and
S =250 1 — Sps 4+ Sn_s— Sp_a,  So=4,5 =2, =28 =5, n> 4 (1.3)
The sequences { P, },>0 and {S, }n>0 can be extended to negative subscripts by defining
Popn=P_(n-1) = P_(n-2) +2P_(n-3) = P_(n-u)
and
Sn="5_(n-1) = S—(n-2) + 25_(n-3) = S_(n-4),

for n =1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

Several key properties of the generalized Pandita numbers, essential for further analysis, are listed below.

e Binet formula of generalized Pandita sequence can be calculated using its characteristic equation

which is given as

et—23 4 —a 1= -2 —D(x-1)=0
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The roots of characteristic equation are

1/3 1/3
R S - T R - B T
T3 54 108 54 108 ’
1/3 1/3
8 = l+w @_’_ ﬂ +w2 @_ i
T3 54 108 54 108 ’
1/3 1/3
1+ ) 29+ 31 N 29 31
U 3 54 7\ 108 54 Vios)
5§ = 1,
where
_]_ y
w= %\/ﬁ = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

7o 28" 237"
W, =
3a—2 35—2  3y_2 ™

= Ala” + Azﬁn —+ Ag"}/n —+ A4,

where 21, zo and z3 are given below

21 = (aWz—a2—a)Ws+ (—a? +a+ )W, — W),

2 = (BWs—B2—B)Wa+ (=5 + 5+ HW1 — Wp),

zz = (Wi =72 —9)Wa+ (= +v+ )W — W),

zg = —Wis+Wy+ W.

and

A = ﬁ (1.4)
Ay = %7
Ay = g
Ay = 2.

Binet formula of Pandita and Pandita-Lucas sequences are

an+3 Bn+3 ,}/n+3

P, = —1,
3a—2 35-2 3y_2

and
Sn:an"i_ﬁn—’_’yn—’_lv

respectively.
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e The generating function for generalized Pandita numbers is

i W — Wo + (Wl — QWQ)CC + (WQ —2Wy + Wo).’132 + (Wg —2Wo + W1 — Wo)$3
o e 1—2z+22— 23+ 24 ’

For further details on the generalized Pandita numbers, refer to [48].

o0
Next, we give the exponential generating function of » W, Z; of the sequence W),.
n=0

oo
LEMMA 1. /33, Lemma 1.4]Suppose that fw, (x) = > W, %y is the exponential generating function of

n=0
the generalized Pandita sequence {W, }.
) n
Then »  W,%: is given by
n=0
i W 2" (aWs —a2—a)Wa + (—a? +a+ )W, — WO)e‘”
"nl 3a—2
n=0
(BWs — B(2 = B)Ws + (=B + B+ W1 = W) 4,
+ e
38 —2
L OWs =72 =)We + (92 +9 + YW1 = W) e
3y —2

+(=Ws + Wa 4 Wo)e®.
The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pandita and Pandita-Lucas numbers

n+3 n

n+3 571-"-3 a3€o¢m B3eﬁm ,.)/3efyac

= n X, @ Y T

: P, % = — 1= = —
a) 2 Pt = L G St T 2 Y Tsas T35-2 T3, -2 ¢
b): Y Spfr =3 (a4 B" "+ 1)L = 0T + P74 17 4 e,

n=0 n=0

Next, we give some information on published papers related to hyperbolic and Dual hyperbolic numbers

in literature.

(1) Cockle [29] presented the hyperbolic numbers with complex coefficients.
(2) Akar at al [40] introduced the dual hyperbolic numbers.

(3) Cheng and Thompson[25] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

(1) Soykan at al [65] introduced dual hyperbolic generalized Pell numbers given by
Vo = Vo + jVy1 + Viga + jeVigs

where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_o, Vo = a, V7 = b (n > 2) with the
initial values V5 Vi not all being zero

(2) Cihan at al [8] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHEF,, = Fp + jFpt1 teFhia + jeFnuqs,
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DHL, =L, +jLn+1 + 5Ln+2 +j5Ln+37

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2,Fy = 0,F} =
LLy=Lp 1+ Ln o Lo=21L =1
(3) Soykan at al [69] introduced dual hyperbolic generalized Jacopsthal numbers given by

j\n - Jn +j<]n+1 +5Jn+2 +j5<]n+3
where J,, = Jp—1 +2J—2,Jo =a,J1 = b

4. Bréd at al [3] studied dual hyperbolic generalized Balancing numbers are

DHB,, = By, + jBnt1 +€Bnto + jeBnys
where Bn = GBn_l - Bn_Q, B() = 0, Bl = 1.

5. Yilmaz and Soykan [74] introduced dual hyperbolic generalized Guglielmo numbers are

j—\b =Ty + jT1 + €T + jeT3
where Tn = 3Tn,1 - 3Tn,2 + Tnfg,T‘() = O,Tl = ].,Tg =3.

6. Dikmen [14] introduced dual hyperbolic generalised Leonardo numbers given by

lo = lo + jli + €l + jel
where ln = 2ln,1 — ln,3710 = 1,l1 = 1,[2 =3.

7. Kalga and Soykan [32] introduced dual hyperbolic generalized Pandita numbers are

ﬁ0:P0+jP1+6P2+j€P3,
where PnZQPn—l —Pn_2—|—Pn_3—Pn_4,P0:OP1 = 1,P2 22,P3:3.
8. Demirci and Soykan [??] introduced dual hyperbolic generalized Adrien numbers are
Ag = Ag + jAy +As + jeds,

where An = 3An,1 — An,Q — An,4 s AO = 07A1 = 1,A2 = 3,A3 =8.
9. Eren and Soykan [16] introduced dual hyperbolic generalized Woodall numbers given by

Ro = Ro+ jRi + cRo + jeRs
where R,, =5R,,_1 —8R, 2+ 4R, 3, Ro=—-1,R1 =1,Ry = 7.

10. In [17], the outhers introduce the dual generalized Fibonacci matrices.
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Next, the hyperbolic Fibonacci sequence will be introduced, followed by an explanation of its relationship
with Pandita numbers. Subsequently, the practical applications and significance of Pandita numbers in daily

life will be discussed.

Hyperbolic Fibonacci Numbers

Hyperbolic extensions of classical recursive sequences provide deeper algebraic and geometric interpre-
tations, particularly within the context of hypercomplex systems, combinatorics, and theoretical physics.
Among these, the hyperbolic formulation of the Fibonacci sequence has attracted attention due to its ana-
lytical richness and structural elegance.

Hyperbolic Fibonacci numbers generalize the classical Fibonacci sequence using hyperbolic functions.
One such formulation involves the hyperbolic sine function defined as:
¢ — "

¢—9

where ¢ = 1+T‘/5 and ¢ = 1_2\/5 are the golden ratio and its conjugate, respectively. This expression yields

sinhp(z) =

values closely related to the classical Fibonacci numbers for integer inputs:
sinhp(n) ~ F,

Further generalizations include hyperbolic cosine and tangent functions that encode Fibonacci-related ratios.

These constructions are useful in analytic number theory and combinatorial identities [71]

1.1. Applications and Relevance of Pandita Numbers. Pandita numbers, introduced as a gener-
alization of classical recursive sequences such as Narayana’s Cows, possess rich algebraic structures that make
them suitable for both theoretical exploration and practical modeling. Although primarily studied within
pure mathematics, their properties—such as fourth-order recurrence relations, matrix representations, and

closed-form expressions—enable interdisciplinary applications.

Potential Applications in Daily Life. While Pandita numbers are not yet widely known in ap-
plied engineering or consumer technologies, their structural similarities to Fibonacci, Narayana, and Lucas

numbers suggest promising future uses:

(1) Digital Signal Processing: Recursive sequences like Pandita numbers can be used to model
waveforms, filter designs, and compression algorithms, especially in systems requiring layered or
fourth-order recurrence behavior.

(2) Cryptography and Coding Theory: The algebraic and modular properties of Pandita numbers
may contribute to the design of secure key generation schemes and error-correcting codes.

(3) Pattern Recognition and Image Processing: Pandita-based matrices and transformations can
be adapted for feature extraction in visual data, particularly in systems with periodic or recursive

structures.
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(4) Biological and Fluid Modeling: As shown in recent studies, generalized number systems—
including Pandita-Narayana variants—can model cilia-driven flow, microorganism propulsion, and

mucus dynamics in low Reynolds number environments.

Contributions to Research Fields. Pandita numbers support advanced mathematical modeling in:

(1) Hypercomplex Systems: Their extension into Gaussian, hyperbolic, and Clifford algebras allows
for simulations in non-Euclidean geometries and relativistic frameworks.

(2) Special Functions and Combinatorics: Pandita sequences yield new identities, generating
functions, and summation formulas that enrich analytic number theory.

(3) Numerical Methods: Their recurrence structure is compatible with finite-difference and iterative

schemes used in computational fluid dynamics and bioengineering simulations.

In the following section, we define the hyperbolic generalized Pandita numbers and present some of their

fundamental properties.

2. Hyperbolic Generalized Pandita Numbers and their Generating Functions and Binet’s

Formulas

In this section, we define the hyperbolic generalized Pandita numbers and present their generating
functions and Binet formulas.We now define hyperbolic generalized Pandita numbers over Hp. The nth

hyperbolic generalized Pandita number is
HW, =W, + iWy11. (2.1)
The sequence {HW,, },,>0 can be extended to negative subscripts by defining
HW_ ., =W_, +jW_ 11,

for n = 1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that
HWy = Wy + W,
HW, = Wi+ jWy =W+ jW,
HWy; = Wo+ Wz =Wy + jW3
HWs = Wi+ jWy=Ws+ j(Wy — Wy — Wa + 2Ws3)

It can be easily shown that
HW, =2HW, 1 — HW,_ o+ HW,_3 — HW, _4, (2.2)

and

HW_,=HW_( 1y — HW_(n_oy + 2HW_(,_3y — HW_(,_4)
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Table 2 lists the initial values of the hyperbolic generalized Pandita numbers for both positive and
negative subscripts.

Table 2. A few hyperbolic generalized Pandita numbers

n HW, aw_,

0 HW, HW,

1 HW, HWy — HW, +2HWy; — HW;
2 HW, HW, + HWy; — HW3

3 HWs4 HWy+ HW; — HW,

4 HW, — HWy — HWsy +2HWj5 2HWy —2HW, +2HWy — HW;
) HWy —2HWy — HWy + 3HW3 3HWy —2HW3

6 HW; —3HWy —2HWy + 5HW3 3HW, —2HW,

7 2HW, —bHWy —4HW, +8HWS34 3HWy —2HW;

8 3HW; —8HWy — 6HWy + 12HW; HWy —-3HW; +6HW, — 3HW;

9 4HW; —12HW, — 9HW, + 18HW3 SHW, —2HW, — HWy — HW;
10 6HWy —18HWy — 14HWy +27THW3  3HWy+ HW7 —5HWy +2HW3
11 9HW, —27THWy — 21HWy +40HWs  4HWy — 8HW, + 8HWy — 3HW3
12 13HW; —40HW, — 31HW, +59HWs 4HW, — 4HWy + 5HWy — 4HW3
13 19HW; —59HW, — 46HWy 4+ 87THW;3 9HW, — 12HWy +4HW3

As special cases, the nth hyperbolic Pandita numbers and the nth hyperbolic Pandita Lucas numbers
are given as

and

HS, = S, + jSni1 (2.4)

respectively. The sequences {H P, },,>0 and {H S, },>0 can be extended to negative subscripts by defining
HP_,, =P (1) —P_(n2)+2P_(n_3) — P_(n—4),

and
HS ;=5 _(n—1) = S—(n-2) +25_(n—3) = S—(n-9)

for n =1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n

For hyperbolic Pandita numbers (taking W,, = P,,, Py =0,P; =1,P, =2, P; = 3,) we get

HPy = j,
HP, = 2j+1,
HP, = 3j+2,
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and for hyperbolic Pandita-Lucas numbers (taking W, = S,,, So =4,51 = 2,5, = 2,53 =5,) we get

HSy = 2j+4,
HS, = 2j+2.
HS, = 5j+2

A few hyperbolic Pandita numbers and hyperbolic Pandita Lucas numbers with positive subscript and
negative subscript are given in the following Table 3 and Table 4.

Table 3. hyperbolic Pandita numbers

n HP, HP.,
0 J

1 2j+1 0

2 3j+2 0

3 5j+3 -1
4 8j+5 —j—1
5 12j+8  —j

Table 4. hyperbolicPandita- Lucas numbers

n HS, HS_,

2j+4 244

1 2j+2  45+1
2 Bj+2 -1

3 6j+5 —j+4
4 Tj+6  45+3
5 11j+47 —3j—4

We now present Binet’s formula for the hyperbolic generalized Pandita numbers. Throughout the re-

mainder of the paper, the following notations will be used.

a = 1+ja, (2.5)
B = 1+jB, (2.6)
7 o= 1+jv (2.7)

)
Il
)
Il
-
+
.
™
N



12 FATIH ZAHID KALCA,YUKSEL SOYKAN

Note that we have the following identities:

&> = 14+ 2aj,
~2 9 )
= 148" +24p,
aB = l+aB+(a+p)j
7= 1497 +2j7,
~2 ~
= 1°=2+42j,
0 = l+y+i+iv

THEOREM 3. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Pandita number is
HW, = A10"a + As8"B + Asy™3 + 1A,. (2.9)
where @, B, 7,06 are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pandita numbers given below
W, = A1a™ + A8™ + A3zy™ + Ay.
where Ay, As, A3, A4 are given in (1.4) we get

Aja™ 4+ AoB™ + Ay + Ag + j(Ar™ T+ Ao+ Az 4 Ay)

= Aia"(1+ja) + A2B"(1+jB) + Asy" (1 + j7v) + Aa(1 + )
= Ala”a + AQﬁnB + Ag"}/n”'y\ + TA4
This proves (2.9). O

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic Pandita number is

34 ﬁnJrSB ,yn+3:? =R
HP, = —1 2.10
3a—2 33-2  37_2 (2.10)

and the Binet’s Formula of nth hyperbolic Pandita-Lucas number is
HS, = aa™ + BB™ + 37" + 1, (2.11)
Next, we present generating function.

o0
THEOREM 4. Let fgw, () = Y, HW,z" denote the generating function of hyperbolic generalized Pan-
n=0
dita numbers is given as follows:

1—2x+22—x3 4+t

fHWn(:E) = Z HW,z™ = %(HWO + (HWl - QHWO)IE + (HW2 —2HW; + HWo){Ez +
n=0
(HWg —2HWs + HW, — HWQ)$3).
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Proof. Using the definition of hyperbolic Pandita numbers, and substracting = f(z), 2 f(x) and 23 f (z)

from f(z) we obtain (1 — 2z + 2 — 2° + z*) fyw, (z)

(1 -2z + 2% — 2® + 2% fuw, (z)

= i HW,z" — 2x i HW,z" + 2?2 i HW,z" — 23 i HW,z" + z* i HW,z",

n=0 n=0 n=0 n=0 n=0
= i HW,z" — 2 i HW,z" ' + i HW,z"** — i HW,z"*3 4+ i HW,z" 4,
n=0 n=0 n=0 n=0 n=0

= Y HWpa" —2> HWgu_pa"+ > HWq ga" =Y HWi_ga" + Y HW,_ya",

n=0 n=1 n=2 n=3 n=4

= (HWy+ HWyz + HWax? + HWsa®) — 2(HWox + HWyx? + HWoa®) + (HWoz? + HWyx®) — HWpa®

+ Z(HWn —2HW,,_y — HW,_g — HW,,_5 + HW,,_4)z",

n=4

= HW0+(HW1—2HWO)$+(HWQ—2HW1+HWO)$2+(HW3—2HW2+HW1—HWO)$3

And rearranging above equation, we get (4). O

The following results are immediate consequences of the preceding Theorem.

COROLLARY 5. For all integers n, we have following identities:

: HP,x" = .
a): 2n=o S P PR
(2 +4) 4 (2] —6)x 4 (3) +2)2° + (—4j + 7)?
B 1—2z+ 22— 23 424 '
Theorem (4) gives the following results as special cases,
(1—2z+2> 23 +a)fyp, () = HPy+ (HP, —2HPy)x + (HPy, — 2HP, + HPy)z> + (HP3 —2HP, +
HP, — HPU)LU?’ =7j+x,
(1 -2z + 2% — 23+ 2" fus, (x) = HSo + (HSy — 2HSo)x + (HSy —2HS, + HSo)x? + (HS3 — 2H S, +

HSy — HSp)x® = (25 +4) + (=2j — 6)x + (35 + 2)x2 + (=45 + 7)x3.

b): >  HS,z"

[e.e]
Next, we give the exponential hyperbolic generating function of ) HW,, %+ of the sequence HW,,.

n
n=0

o0
LEMMA 6. Suppose that frw, (v) = > HW, % is the exponential hyperbolic generating function of the
n=0
generalized Pandita sequence { HW,, }.

Then > H Wn% is given by

n=0
E Han—' == Ae™a+ AgeBxB + Aze?’*q + Aye”1.
n!
n=0

where @, 3, 7,0 are given as (2.5)-(2.8)
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Proof. Using Binet’s formula
Wn = Ala” + AQﬂn + Ag’yn + A4.

where A, Ag, Az, Ay are given in (1.4) we get

> " "
St = S w3
n=0 n=0
- n ] x/"/ . - n :I:n
= > (A" + 48" + Azy" + Ag)r 7 D (Ara™T 4 AR 4 Ay 4 Aa)
n=0 ’ n=0

= (A1 + AseP” + Age?® + Age®) + j(A e + Ay + Azve™ + Age®)
= A (14 ja) + Ae” (14 jB) + Ase™ (1 + jy) + Ase” (1 + j)
= A1e°"aQ + ArePTB + Aze™H + Age”1

This proves (6). O

The previous Lemma 6 gives the following results as particular examples.

COROLLARY 7. Ezponential hyperbolic generating function of Pandita and Pandita-Lucas numbers are

[eS) n 3 argy Bz 'yx
a): EHP”%:aei 5675 ’Yei
= 3a 38—2 " 3y—2

o0 ~ ~
b): Y HS,L; = e a+ e’ B+ e77y + e’l.
n=0 ’

xT

—)

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized hyperbolic Pandita number { HW,,} by the use of generating
function for HW,,.

THEOREM 8. Binet’s formula of generalized hyperbolic Pandita numbers:

an m 5"
AW, = e a5 oot T sy T =
where
@ = HWoa?® + (HW, — 2HW,) a® + (HWy — 2HW, + HWy) o — HWy + HW, — 2HW, + HWs,
@ = HWB*+ (HW, —2HW,) 5%+ (HWy — 2HW, + HW,) 8 — HWo + HW, — 2HW, + HWS,
g3 = HWoy> + (HW, — 2HW,) 42 + (HWo — 2HW, + HWy) y — HWy + HW, — 2HW, + HWs,

@ = HW + (HW, — 2HW) 6> + (HWo — 2HW, + HW3) 6§ — HWo + HW, — 2HW, + HWs.

Proof. Let
h(z) = a* — 2% + 2% — 2z + 1.
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Then for some «, 3,y and ¢ we write

h(z) = (1 —az)(1 - Bz)(1 —yx)(1 — ox).

ie.,

gt — 2t a2t -2 +1=(1—-ax)1 - Bz)(1 —yx)(1 — dz). (3.2)
Hence é, %, % and % are the roots of h(z). This gives «, 3, and ¢ as the roots of
1 1 2 1 1
hM=)=——-—=-—=4—+1=0.
(:r) 2 o  ad + xzt *

This implies * — 23 + 22 — 22 + 1 = 0. Now, by it follows that

iHW 2" = (HW1 *HWO *2HW2+HW3)I’3+(HW0*2HW1+HW2)I2+(HW1 72HW0)$+HWO
e (1 —a2)(1 - Bo)(1 — ya)(1 - oa) '
Then we write

(HWy — HWy — 2HWs + HW3) 2% + (HWy — 2HW; + HW,) 22 + (HW; — 2HW,) = + AL
(1 - az)(1 - Bz)(1 — yz)(1 - dz)

)

B1 B2 BB B4
= . 3.4
(—aa) " T—pn) " T-ve) " 1-d2) B4
So
(HW, — HWy — 2HW, + HW3) 2® + (HWy — 2HW, + HW,) 22 + (HW, — 2HWy) = + HW,
= Bi(1—-pz)(1—~z)(1—dz)+ Ba(1 — ax)(l —~z)(1 —dx)
+B3(1 — az)(1 — Bz)(1 — dz) + B3(1 — az)(1l — Bz)(1 — vyz).
If we consider x = Ev we get HWo + = (HVVO —2HW; + HWs) — =5 (HVVO HW; +2HWy — HW3) +
L(HWy —2HWy) = -B; (18- 1) (57 -1)(26-1).
This gives
1 1 1
By = &*(HW,+ = (HWy — 2HW, + HW,) + = (HW, — 5HWy — 4HWo + HW3) + -~ (HW, — 2HW))

HWOCM3+(HW1 72HW0)OL2+(HWO72HW1+HW2)O[7HWO+HW172HW2+HW3
(a@—=pB)(a=7)(a—-0) '

Similarly, we obtain

By =

)

HWoB® + (HW, — 2HW,) B> + (HWy — 2HW, + HW>) 8 — HWy + HW, — 2HW, + HWS
(B=a)(B—)(B—9)
B HWovy® + (HW, — 2HW,) v + (HWy — 2HW, + HW?)
(v —a)(y = B)(y =)
HWo6® + (HW, — 2HW,) 6% + (HWy — 2HW, + HW>) 6 — HWy + HW, — 2HW, + HWS

(0 —a)(6=5)(6—)

v — HWy + HW, — 2HW, + HWs

By =
Thus (3.3) can be written as

> HW,a" = By(1 — az)™' + Ba(1 - Bz) ™" + Bs(1 — ya) ' + By(1 — 6z)~"
n=0
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This gives
Z HW,z" = B; Z a"x"+ DBy Z 8" z"+ B3 Z ~rx"+ By Z "™ = Z(Bla”+B26"+Bg’y"+B45")x".
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
HW,, = B1a" + Bgﬂn + B3y" + B4o".

The following identity reveals a connection between the hyperbolic Pandita numbers and the Pandita—Lucas
numbers.

COROLLARY 9. For all integers m,n the following identities holds:

HWm+n = Pm—QHWn-i-?) + (Pm—4 - Pm—3 - Pm—S)HWn+2 + (Pm—3 - Pm—4)HWn+1 - HWan—3-

Proof. First we assume that m,n > 0.The Theorem (9) can be proved by mathematical induction on m.
If m =0 we get

HW, = P_oHWyi5+ (Poy — Py — P_s)HWy 40 + (P_g — P_y)HW, 411 — HW, P_s.

which is true since P = 0,P = —1,P_4 = —1, P_5 = 0. Assume that the equality holds for m < k. For
m=k+ 1, we get

HWk+1+'rL = 2HW7L+k - HWrH—k—l + HWTL—i—k—Q - HW7L+k:—37

2(—Pm72I{VV'n+3 + (Pm74 - Pm73 - Pm75)HWn+2 + (Pm73 - Pm74)HWn+1 - HWanf?))

*(Pm—SHWn-H} + (Pm—5 - Pm,—4 - Pm—G)HWn+2 + (Pm—4 - Pm—5)HWn+1 - HWan—4)

+(Pm74HWn+3 + (Pm76 - mef) - Pm77)HWn+2 + (Pm75 - meﬁ)HWn+1 - HWan75)

_(Pm,fE)HWnJrL% + (Pm77 - meﬁ - Pm78)HWn+2 + (Pm76 - me'?)HquLl - HWanffi)
Consequently, by mathematical induction on m, this proves Theorem 9.

The other cases of m,n can be proved smilarly for all integers m,n. O

Taking HW,, = HP,, or HW, = HS,, in above Theorem, respectively, we get:

COROLLARY 10.

HPm+n = Pm—ZHPn+3 + (Pm—4 _Pm—3 _Pm—S)HPn+2+ (Pm—?) _Pm—4)HPn+1 —HPan_g,
HSm+n = Pm72HSn+3 + (Pm74 - Pm73 - Pm75)HSn+2 + (med - Pm74)HSn+1 - HSanfd
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4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the hyperbolic generalized Pandita numbers . This is

a special case of [47, Theorem 4.1].

THEOREM 11. (Simpson’s formula for hyperbolic generalized Pandita numbers) For all integers n we

have,
HW,y3s HWpyo HW,y1  HW, HW3 HW, HW; HW,
HWyio HWyp  HW,  HW,_y | | HWo HW; HWo, HW_4
HW,y, HW, HW,_, HW, - HW, HW, HW_; HW_,o
HW, HW,_ 1 HW, o HW,_ 3 HWy, HW_; HW_o, HW_j4

= (HWo+ HWy — HWs3)(—HW3 +3HWS — HW + HW3 + (5HW, —2HW, ) HW2 + (4HWo — 5 HW, —
8HW3)HW2 + (AHW, + 4HWy — 5HW3) HW?
+(HWy—3HW,—HW3)HW2+9HW, HWo HW3—3HWoHWo HW3-+5HWo HW, HWs—THWo HW, HW>)

Proof. Using Theorem 3 it can be proved by using induction use [47, Theorem 4.1]
From the Theorem 11 we get the following Corollary.

COROLLARY 12. For all integers n, the Simson’s formulas of hyperbolic Pandita numbers and hyperbolic

Pandita Lucas numbers are given as,

a):
n = 0
HP,.; HP,.o HP,., HP, HPs HP, HP, HP,
HP,.» HP,, HP, HP,,|  |HP, HPl HP, HP,
HP,.y HP, HP,1 HP, o - HP, HPy HP_, HP_,
HP, HP,, HP, s HP, j HPy HP., HP 5 HP_j

5543 3j+2 2j+1
342 2j+1 5 0 L
= =i+ 72 +1
2j+1 0 0
j 0 0o -1
= 14j+1+2j+1=3+3j
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b):
n = 0
HS,y3s HS,i2 HS,+1 HS, HS; HSy, HS: HSo
HS,,» HS,y1 HS, HS,: B HS, HS; HSy HS_,
HS,+1w HS, HS,.1 HS, 2 HS, HSy, HS_; HS_,
HS, HS, 1 HS,— o HS,_3 HSy, HS_, HS_ o HS_3
65+5 5j+2 2j4+2 2j+4
B 5j+2 2j+2 2j+4 45+1
2j+2 2j+4 4j4+1 -1
2j+4 4j+1 j-1 —j5+4+4
= —315% - 315% — 3152 — 62§ — 31
= -935 —93.
respectively.

5. Linear Sums

In this section, we give the summation formulas of the hyperbolic generalized Pandita numbers with

positive and negatif subscripts.

Now, we present the summation formulas of the generalized Pandita numbers.
THEOREM 13. For the generalized Pandita numbers, we have the following formulas:

(a): Z Wk = —(TL + 3)Wn+3 + (n + 4)Wn+2 + (TL + 4)Wn + 3W3 — 4W2 — 3W()
k=0

(b): Z ng = %(—3(n+2)W2n+2+(3n+8)W2n+1 +2W2n+(3n+7)W2n71 +7W3—8W2—W1—6W0).
k=0

(C): Z W2k+1 = %(—(3n+4)W2n+2+(3n+8)Wgn+1 +W2n+3(n+2)W2n,1+6W3—8W2+W1—7W0).
k=0

Proof. For the proof, see Soykan [63, Theorem 3.12]. [J
THEOREM 14. For the hyperbolic Pandita numbers, we have the following formulas:

(a): > HWp=—-(n+3)HWyi3+ (n+4)HWyio+ (n+4)HW,, + 3BHW5 — 4HW5 — 3HW,,.
k=0

(b): Xn: HWaj, = £(=3(n+ 2)HWani2 + (3n + 8) HWapny1 + 2HWay, + (30 + T)HWayq + THW3 —
sﬁcﬁ% — HW; — 6HW,).
(©): > HWars = (—(3n+ ) HWapro + (3n+ 8) HWap i + HWay, +3(n + 2)HWap_y + 6HW; —
8]?1792 + HW,y — THW,).
Proof. Use Theorem 13 and the definition of HW,,. [J

As a special case of the theorem 14, we present the following Corollary.
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COROLLARY 15. For n > 0, hyperbolic Pandita numbers have the following properties:

(a): > HP,=—(n+3)HP, 43+ (n+4)HP,1o+ (n+4)HP, + 1.
k=0

(b): > HPyp = 5(—3(n+2)HPyyi2+ (3n+ 8)HPany1 + 2HPay + (3n+ 1) HPap—1 + 3j + 4).
k=0

(C): Z HP2k+1 = %(—(3” + 4)HP2”+2 + (3n + 8)HP2»,H_1 + HPQn + 3(7’L + 2)HP27L_1 +j + 3)
k=0
COROLLARY 16. For n > 0, hyperbolic Pandita Lucas numbers have the following properties.

(a): > HSk,=—-(n+3)HSp43+ (n+4)HSp42+ (n+4)HS,, —8j — 5.
k=0

(b): Z HSy, = %(—S(TL + 2)H52n+2 + (3TL + 8)H52n+1 +2HS,,, + (3n + 7)HSQn,1 — 125 — 7)
k=0

(C): Z HSs41 = %(—(3% + 4)H52n+2 + (3n + 8)H52n+1 + HSs, + 3(71 + 2)HSQn,1 — 165 — 12).
k=0

Next, we present the ordinary generating functions corresponding to selected special cases of hyperbolic

generalized Pandita numbers.

THEOREM 17. The ordinary generating functions of the sequences HWa,,, HWa, 11 are given as follows:

HW, (xS + 322 —m) + HW, (2m2+2m— 1) — HW; (x2 —x?’) — HW; (x3 +2m2)
—zt—a34a?4+2c -1

HW, (x3+2x2) — HW; (303 + 22 +33) — HW; (x3 —2r + 1) + HW, (2$3+J)’2)

—xt — x4 2?24+ 2r -1 '

Proof. The argument can be constructed analogously to that in [4, Theorem 4].

(a): ZZO:() HWy,x™ =

(b): ZZO:O HW2n+11‘n =

From the last Theorem, we have the following Corollary which gives sum formula of hyperbolic Pandita

numbers (Take HW,, = HP,, whit HPy = j,HP, =2j+ 1, HP, =3j+2,HP; =55+ 3)

COROLLARY 18. For n > 0 hyperbolic Pandita numbers have the following properties.

jtz
1—2x+ 22— a3+ 24 , ,
% (2j +4)+ (=2§ —6)x + (3j +2)2° + (—4j + T)x
b): HW. "= .
(b): >0 2n+1T 1— 9% + 22 — 23 + g4

(a): Y02  HWopa™ =

6. Matrices related with Hyperbolic Generalized Pandita Numbers

In this section, we construct several matrices associated with hyperbolic Pandita numbers.

We define the square matrix A of order 4 as

2 -1 1 -1

10 0 0
A =

0 1 0 O

0 0 1 0
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uch that detA = 1. Note that

Pn+l _Pn+Pn—l_Pn—2 Pn_Pn—l _Pn
A" — Pn _Pn—l +Pn—2 _Pn—S Pn—l _Pn—2 —4in-1
Pnfl —Fh—2+ Pn73 - Pn74 Pn72 - Pn73 —1In-2

Pn72 _Pn73 + Pn74 - Pnffy Pn73 - Pn74 —4n-3

for the proof see [68].

Next, we state the following lemma.

LEMMA 19. For n > 0 the following identitiy is true:

HW, 4 2 1 1 -1 HW,
HWas | |1 0 0 0 HW,
HW,oo | 0o 1 0 o HW,
HW, 0 0 1 0 HW,

Proof. The identitiy (19) can be proved by mathematical induction on n. If n = 0 we obtain

0

HW; 2 1 1 -1 HW;
A, | |1 0 0 o HW,
av, | o 1 0 o HW,
HW, 0 0 1 0 HW,

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true

HWiss 2 1 1 -1 HW;
HWiz | [ 1 0 0 0 HW,
HWen | |0 1 0 o HW,
HW, 0 0 1 0 HW,
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Forn=Fk+ 1, we get

2 1 1 -1 HW, 2 —1 1 -1 2 1
1 0 0 o0 B, | 1 0 0 o0 10
0 1 0 0 aw, | o 1 0 o 0 1
0 0 1 0 HW, 0 0 1 0 0 0
2 1 1 -1 HWiss
I HWiso
lo 1 0 o0 HWiis
0 0 1 0 HW,

HWyiy

B HWiy3

| BEWe

HWyia

Consequently, by mathematical induction on n, the proof completed. [

We define

HW3 HW2 HW1 HWO

HW, HW, HW, HW_,
Npw =

Hw, HW, HW_; HW_,

HWy HW_; HW_o HW_3

HWyy3 HWyypo HW,p1 HW,

HWn+2 HW7L+1 HWn HWn—l
Epw =

HW,1 HW, HW,_, HW,_,

Hw, HW,_1 HW,_o HW,_3

Now, we have the following theorem with Nyw and Egw

THEOREM 20. Using Ngw and Egw, we get

AnNHW = EHW~

Proof. Note that we get

HW;
HW,
HW,
HW,

21

(6.2)
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AP NHW

where

ail =

a2 =

a3 =

14 =

a1 =

a2 =

a3 =

a24 =

azyr =

aszz2 =

ass =

azqs =

ag1 =

Q42 =

a43 =

Q44 =
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P —-P,+P, 1—P, o P,— P, 1 —-P, HWs5  HW, HW, HWy

P, —-P,1+P,o—P,3 P, 1—P, o —P,_1 HW, HW; HW, HW_4
P,1 —-P,os+P,3—P, 4y P, o—PFP, 35 —P, o HW, HW, HW_; HW_,
P92 —P,3+P,4—P,5 Po3—PFP,4 —P,3 HWo HW_1 HW_o HW_3

a11 a2 ai3 Q14
21 Q22 (23 Q24
asz1 asz G33 Aas4

41 A42 A43 QA44

HWy (P, — Py_1) — HWy (Py — Py_y 4 Py_s) — HWyP, + W3Py g = HW, 3,

HWq (P — Py_1) — HWy (P — Py_y + Py_s) — PuHW_1 + HWy Py = HW, 40,

HW_y (P, — Py_y) — HWo (Py — Po_y + Py_3) — P, HW_ o+ HWy P,y = HW, 1,
HW_y(Py = Py_y) — HW_y (P, — Py_1 + Py_3) — P,HW_ 5+ HWyP, (1 = HW,,,
HW3P, — HWo (Py_y — Pu_g+ Py_g) + HW (Py_y — Py_y) — HWoPy_1 = HW, 4o,
HWyP, — HW 1Py — HWy (Py_y — Py g+ Poy_g) + HW (Py_y — Py_g) = HW, 41,
HW_y (Po_y — Po_y) — HW_3Py_y + HW Py, — HWy (Pa_y — Pu_s + Po_3) = HW,,,
HW_y(Py_y — Pu_y) — HW_3Py_y + HWoP, — HW_1 (Py_1 — Py_s + Pu_3) = HW,_1,
HWy (Py_y — Pu_s) — HWy (Py_y — Py_g+ Py_y) — HWoPy_o + HW3P,_1 = HW, .1,
HWq (Py—g — Po_s) — HWy (Py_g — Pa_s+ Py_y) — HW_1Py_o + HW3 Py = HW,,,
HW_y (Py_y — Po_s) — HW_3Py_y — HWy (Pa_y — Py_s+ Po_y) + HW Py = HW,_1,
HW_y (P — Po_s) — HW_3Py_5 — HW_y (Py_g — Py_s+ Py_y) + HWoP,_y = HW,_,,
HW, (Py_g — Po_y) — HWy (Py_3 — Py_y+ Pu_5) — HWoP,_3+ HW3P,_y = HW,,,
HWo (Po—s — Po_y) — HWy (Py_g — Py_gy+ Po_s) — HW_1Py_s+ HWyP,_oy = HW,_1,
HW_y (P — Po_y) — HW_3Py_35 — HWy (Pa_3 — Py_y+ Po_s) + HW Py = HW, _,,

HW_o(Pyp_3—Py_4) —HW_3P,_3 — HW_1 (Ph—3 — Pp_a+ Py_5) + HWyP,_o = HW,,_3.

Using the theorem (9) the proof is done. O
By taking HW,, =HP,, with HPy, HP;, HP,, HPs in (6.1) and (6.2)

HW, =S, with HSy, HSy, HS,, HS3 in (6.1) and (6.2)
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respectively, we get:

57 +3 353+2 254+1 g
3j+2 241 5 0
Npp = ,
241 0 0
J 0 0 -1
HP,.3 HP,2 HP,yz HP,
HP,.» HP.,, HP, HP, .
Eup = '
HP,,, HP, HP,., HP, o
HP, HP,, HP, 5 HP,_ 3
6j+5 BHi+2 2i+2 2j+4
5i42 2j+2 2+4 4j+1
NHS = )
242 2+4 —4j+1 j-1
244 —4j+1 j—1 —ji+d
HSpis HSnio HS,.1 HS,
HS, s HSni1 HS, HS,
Epys =
HSn-l-l Sn HSn—l HSn—2

HSn HSn—l HS7L—2 HSn—3

From Theorem [20], we can write the following corollary.
COROLLARY 21. The following identities are hold:

a): AnNHp = EHP~
b): AnNHS = EHS-

7. Conclusions

Recurrence relations define sequences where each term depends on previous ones. These sequences
such as Fibonacci, Pell, Jacobsthal, Tribonacci, Padovan, Narayana’s Cows, Leonardo, Tetranacci, and
Pentanacci arise across fields including engineering, biology, mathematics, and physics. Below, we present

their definitions with initial conditions using A,, notation and outline their real-world relevance.

e Fibonacci Sequence:
F, = 71—1+Fn—27 FO:()a =1

e Pell Sequence:

P,=2P, 1+ P, 2 P=0 P=1



24 FATTH ZAHID KALGA,YUKSEL SOYKAN
e Jacobsthal Sequence:
Jn=Jn-1+2Jp—2, Jo=0, A1 =1
e Tribonacci Sequence:
T, =Th1+Tho+Th3, To=0 Ti=1 To=1
¢ Padovan Sequence:
P,=P, 2o+P, 3 P=P=P=1
e Narayana’s Cows Sequence:
N, =Np_1+Np_3, No=N;=Ny=1
e Leonardo Sequence:
Ly=Ly 1+ Lpo+1, Ly=1 L;=1
e Tetranacci Sequence:
My=M, 1+ My o+ M, 3+ M, 4, My=M =My=0, Mz=1
e Pentanacci Sequence:
P,=P,1+P,o+P,3+P,u+PFP,5, Po=P=FP,=P3=0, P=1

These sequences demonstrate how mathematical recursions extend into the fabric of our world whether
designing structures, analyzing algorithms, modeling nature, or probing the quantum realm. Their recursive
beauty continues to inspire both theoretical and practical exploration.

Next, we explore several real-world applications of recurrence relations across disciplines.

e Engineering
— Fibonacci: Models recursive filters in control systems and signal processing.
— Padovan and Perrin: Guide architectural proportions using the plastic number.
— Jacobsthal: Applied in digital circuits for counting and encoding.
e Science
— Tribonacci and Tetranacci: Simulate biological systems with delayed reproduction.
— Leonardo: Reflect branching in plants and trees.
— Fibonacci and Narayana’s Cows: Describe phyllotaxis and seed arrangement in botany.
e Mathematics
— Recurrence Relations: Analyze algorithms like mergesort and quicksort.
— Pell: Solve Diophantine equations and approximate square roots with continued fractions.
— Jacobsthal and Padovan: Used in tiling and combinatorics problems.

e Physics
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— Fibonacci and Tribonacci: Appear in wave interference and quantum systems.
— Pentanacci: Used in recursive models of particle interactions and fractals.

— Padovan: Linked to equilibrium modeling via the plastic constant.

In this study, we extend the classical framework to fourth-order recurrence systems by introducing the
hyperbolic Pandita numbers, along with two distinguished subclasses. For these novel sequences, we derive
Binet-type formulas, ordinary and exponential generating functions, and generalized Simson-type identities.
Our analysis also encompasses closed-form summation formulas, algebraic properties, recurrence behaviors,
and matrix-based representations.

Recognizing the theoretical depth and real-world utility of recurrence-based sequences, we first revisit the
applications of second-order sequences to establish context. We then position our fourth-order generalizations
as a natural progression within this broader mathematical landscape—offering new insights and powerful

tools for modeling, analysis, and optimization in both pure and applied settings.

e For a detailed discussion on Gaussian Fibonacci and Gaussian Lucas numbers applied to Pauli
Fibonacci and Pauli Lucas quaternions, see [1].

e For an in-depth analysis of Pell numbers in solving three-dimensional difference equation systems,
refer to [5].

e For a study on Jacobsthal numbers and their role in special matrices, see [73].

e For a comprehensive analysis of generalized k-order Fibonacci numbers in hybrid quaternions, see
[23].

e For the application of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[76].

e For the use of generalized bivariate Fibonacci and Lucas polynomials in matrix polynomials, see
[75].

e For the application of generalized Fibonacci numbers to binomial sums, see [72].

e For the role of generalized Jacobsthal numbers in hyperbolic numbers, see [67].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [66].

e For the use of Laplace transform and matrix operations in the characteristic polynomial of Fibonacci
numbers, see [11].

e For the application of generalized Fibonacci matrices in cryptographic systems, see [44].

e For higher-order Jacobsthal numbers applied to quaternion structures, see [42].

e For Fibonacci and Lucas identities in Toeplitz-Hessenberg matrices, see [20].

e For Fibonacci numbers in lacunary statistical convergence, see [4].

e For lacunary statistical convergence in intuitionistic fuzzy normed linear spaces, see [37].

e For ideal convergence in intuitionistic fuzzy normed linear spaces, see [38].

e For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [36].
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For dual-generalized complex Fibonacci and Lucas numbers in quaternion structures, see [35].
For special cases of Horadam numbers in Neutrosophic analysis, see [21].
For hyperbolic Fibonacci numbers applied to quaternions, see [9].

For Pell numbers in Gaussian hyperbolic number systems, see [19].

In the following, we explore several applications of third-order recurrence sequences across various math-

ematical and applied contexts.

For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[7] and [6], respectively.

For the application of Tribonacci numbers to special matrices, see [77].

For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [49] and
[2], respectively.

For the application of Pell-Padovan numbers to groups, see [10].

For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [18].

For the application of Gaussian Tribonacci numbers to various graphs, see [64].

For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [13].For the
application of Narayan numbers to finite groups see [34].

For the application of generalized third-order Jacobsthal sequence to binomial transform, see [57].
For the application of generalized Generalized Padovan numbers to Binomial Transform, see [56].
For the application of generalized Tribonacci numbers to Gaussian numbers, see [55].

For the application of generalized Tribonacci numbers to Sedenions, see [54].

For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [52].

For the application of generalized Tribonacci numbers to circulant matrix, see [53].

For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [70].

For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

12].

In the following lists, we outline several applications of fourth-order recurrence sequences across theo-

retical and applied domains.

For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [59].
For the application of generalized Tetranacci numbers to Gaussian numbers, see [60].
For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [61].

For the application of generalized Tetranacci numbers to binomial transform, see [62].

We now explore several applications of fifth-order sequences.

For the application of Pentanacci numbers to matrices, see [58].

For the application of generalized Pentanacci numbers to quaternions, see [51].
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e For the application of generalized Pentanacci numbers to binomial transform, see [50].
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