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Abstract

We study the value distribution of differential polynomials generated by mono-
mials of two distinct transcendental meromorphic functions to extend a result
of I. Lahiri [8] for these kind of differential polynomials.

1 Introduction, Definitions and Notations

First we consider the following definition.

Definition 1.1.[1] Let f(z) be a transcendental meromorphic function and
m(r, f), N(r, f), T(r, f) denote respectively the average of the positive loga-
rithm of |f(2)|, the counting function of poles of f(z) and the characteristic
function of f(z) on the circle |z| = r as it is usually done in Nevanlinna Theory.
Then for any j(=1,2,...) we define by

M;[f] = [f () [f D ()] [0 (2)]"

a monomial in f(z), where ng;, nij, ... , ng; are non-negative integers. Further
the degree and weight of the monomial M;[f] are defined by d(M;) = Zf:o Ngj
and 'y, = Zf:o (i 4+ 1)n;; respectively.

Next, let a;(z) be small functions with respect to f i.e., T(r,a;) = S(r, f) for
j=1,2,...,n. Then we define a differential polynomial in f(z) by

P[f] = ar(z) Mg[f].
k=1

Here, we define the degree, the lower degree and the weight of the differential
polynomial P[f] respectively by the following
d(P) = max{d(My) : 1 < k < n},

d(P) = min{d(My) : 1 <k <n}



and
IF'p =max{Ty;, : 1 <k <n}.

Also, the order of P[f] is the highest order derivative m of f involved in P[f].
P[f] is called homogeneous if d(P) = d(P), otherwise we call it non-homogeneous.

Various works [1, 2, 3, 4, 5, 6, 8,9, 10, 11, 12, 13, 14] have already been done
by several mathematicians so far in this prominent field of research. In [14], Yi
proved the following.

Theorem 1.1. Let Q1[f], Q2[f] be differential polynomials in transcendental
meromorphic function f where both of them are not identically zero and

Plfl =anf" +anaf" '+ .. 4a  (an Z0). (1.1)
Now if
F = P[f]Q:[f] + Q2[f] (1.2)
then
= d(Q)IT(r. 1) < N(r. )+ [Ty = d(Qa) + N (r. )+ N(r. )+ S(r. ).

Here it can be noted that Yi ignored the influence of Q1[f] on the value dis-
tribution of F. Later, in [8], I. Lahiri improved the Theorem 1.1. further by
taking the influence of Q1[f] into consideration and proved the following.

Theorem 1.2. Let Q1[f], Q2[f] be differential polynomials in transcendental
meromorphic function f where both of them are not identically zero with & and
d(Q1) being the order and lower degree of Q1[f] respectively and P[f] is given
by (1.1) where ag, a1, ..., an—1,a,(# 0) are small functions of f. Now if F' is
given by (1.2), then

= dQuIT(r 1) < N ) + [Ty = d(@2) + N () = dIN (1. )
—Ngya(r, %)] + N(r, %) + S(r, f),

where

Je d(Qy) ifn>d(Q2)

and Ngy1(r, %) counts poles of f, where a pole of f with multiplicity u is counted
w times if 4 < (k4 1) and (k4 1) times if g > (kK +1).

To prove the Theorem 1.2 Lahiri used the following lemmas.

Lemma 1.1. [6] Let Q*[f], Q[f] be differential polynomials in f containing
arbitrary meromorphic coefficients ¢1*, ¢2*, ..., ¢,* and q1, q2, ..., qx respectively.
Let P[f] be given by (1.1). If P[f]Q*[f] = Q[f] with yg < n, then

n

k
m(r,Q[f]) < Zm(ﬁ ¢i) + Y _m(r,q.") +S(r, f).

i=1



Lemma 1.2. [8] Let P[f] be a differential polynomial in f defined by
Plf] =) a;(2) M)
j=1

with order k and lower degree d(P). Let zy be a zero of f with multiplicity
u(> k) and it is not a pole of any of the coefficients a1, ag, ..., a,. Then P[f]
has a zero at zy of order at least (u — k)d(P).

Lemma 1.3. [3] For any differential polynomial P[f] in f,
N(r, P(f]) <d(P)N(r, f) + [Lp — d(P)IN(r, f) + S(r, f).

Lemma 1.4. [12] If P[f] is defined as in (1.1) with its coefficients ag, a1, ..., an—1,
an(# 0) being small functions with respect to f then

m(r, P[f]) = nm(r, ) + S(r, f).

Lemma 1.5. [6] Let Q[f] be a differential polynomial in f containing n arbi-
trary meromorphic coefficients q1, ¢o, ..., q,. Then

m(r, QLf]) < d@Q)m(r, f)+Y_m(r,q;) + S(r, f).

j=1

Lemma 1.6. [13] Let P[f] be defined as in (1.1) with its coefficients ag, a1, ..., an—1,
an(# 0) and N(r, f) being small functions with respect to f. Then

T(r, P[f]) = nT(r, f) + S(r, f)-

Now it is quite natural to prove Theorem 1.2 for differential polynomials gen-
erated by two transcendental meromorphic functions instead of one. And to do
that we first introduce the following definition of differential polynomials gen-
erated by transcendental meromorphic functions f and g. Then we prove an
analogous form of Theorem 1.2 for these newly defined polynomials.

Definition 1.2. Let f(z), g(z) be transcendental meromorphic functions. Then
for any j(= 1,2,...), a monomial in f(z) and g(z) is defined by the following
expression

M;(f,g) = [F&) [f D @] F P )] [g ()] g™ ()™ . [g ™ (2)]

where loj, l15, ... , lgj, Moz, My, ... , Mp; are non-negative integers.
We also define the degree and weight of the monomial M,[f, g] respectively by

k h

A(My) = i+ Y mi
1=0 1=0
and
k h
FMj = Z(Z + 1)17;3' + Z(Z + l)mij.
=0 i=0



Again, let a;(z) be small functions of f and of g. Then we define a differential
polynomial in f(z) and g(z) by the following

Plf,g] = Z%‘(Z)Mj[f, gl. (1.3)

Here we define the degree, lower degree and weight of the differential polynomial
P[f, g] respectively by

d(P) = max{d(M;) : 1 < j <n},

d(P) =min{d(M;) : 1 < j <n}

and
I'p=max{l'y; : 1 <j <n}.

Also, max{k,h} = v, the highest order derivative of f and g involved in P[f, g]
is called the order of P[f,g].
P[f, g] is called homogeneous if d(P) = d(P). Otherwise we call it non-homogeneous.

Moreover, let

k
ds(P) = max{Zlij 11 <j<n};
i=0

k
dp(P)=min{) 1 : 1< j <n};

i=0

- h

dQ(P) = maX{Zmij 1< < n}
i=0

and

h

dy(P) = min{} mj; :1<j <n}.
i=0

Now if there exists atleast one j(= ji, say) such that

h
Cif(P) = Z lijl and JQ(P) = Z M5, (14)
i i=0
then
d(P) =d(P) +dy(P).

Similarly if for one j(= j2, say)

h
dp(P)=> lij, and d,(P)=> mi,, (1.5)
i i=0

then
d(P) = d;(P) +d, (P).

&g
To clarify the conditions mentioned in (1.4) and (1.5) we refer [1].

We do not explain the standard notations and definitions used in the paper
because they are available in [7].



2 Main Results

Now we present our main result of the paper. And to do that we first need some
results in the form of lemmas.

Lemma 2.1. Let Q*[f,g], Q[f, 9] be differential polynomials in f and g with
arbitrary meromorphic coefficients ¢1*, ¢2*, ..., ¢,* and q¢1, q2, ..., qx respectively.
Suppose that

Plf,g)=fg" + a1 f 9" + b1 flg™ " +aiof g™
+bm_2flgm72 + ..+ apg™ + b()fl. (21)
If
P[f,9)Q*[f, 9] = Qlf, g], (2.2)

where d¢(Q) < I, dy(Q) < m (ie., d(Q) < I+ m) and on the circle |z| = r,
|[f(re®)| = |g(re®®)| , then

k
m(r,Q*[f, g] <Zm7"qZ ;m(nqi)er( [f, ])JrS( L) +8(r,9).
Proof : First we consider the case when
a1=a - 0=..=a9g=0=byp_1 =bp_o=..=bg.
In this case we can rewrite (2.2) as
flg™Q*[f. 9] = Qlf, ). (2:3)
Now we suppose .
g9l = Z%‘Mz’[f, gl (2.4)
i=1

where
Mi[ﬁ g] = foo (f(l))ail“.(f(j))ai]gﬁio <g(1))ﬂi1“.(g(h))gih, for i=1,2,...k;

with a0, 41, .., @45, Bios Bits -, Bins, 3, b being non-negative integers, and

9l=> a4 M;[fg] (2.5)
i=1

where

M (f, g] = fro(fM)sa  (f@)simgtio(gMyta (g0t for § =12 .,n

with s;0, 851, -++, Sius tio, tils -+ tiv, U, U being non-negative integers.

First we consider |f(re?)| = |g(re?)| > 1.



Then from (2.3) and (2.4)

Q*[f, 9]l = f g~ QLS. 4]l

k .
IO e (AP0 (9000 (95 (5 o
= |Zq1(7)a11"'(7)aw(7) n (L) 1hf(zw o @) g(Slho Biu—m)|
i=1 f f g g
- M G g ) |
< Z| ||f7‘ab1 ‘fij Qg L‘lelL Bin f|(ZfU:0 D"iw_l)|g|(z1}2:0 Biw—m)
i=1 f f g
i @) £0) (1) (h) ) _
Qg (o771 g i g » _ i
SZMW*WW7%4—WHk7MﬂW@DWM@>
i=1 g g
k 1) . 1 N
<Z|qz||(7‘abl...‘ﬁ|aij|£‘Bilm|£ Bih’
=1 f g g

since |f(re’?)| = |g(re”®)] > 1 and dp(Q) —1<0, d,(Q)—m <0.

Hence by using Milloux’s Theorem,

1

27 Jif1=lgl>1

log™ |Q*[f, g]|d0

2m (1) f(j) B g(l) ‘ g(h) v
< —/ log Z ‘qZHT 11"'|T aij 7|ﬂ11m| J |6"’*)d9
1 2 f(j) g(l) g(h)
< _— @i o Bir Bin
< 2W‘/‘ log™ O%H b Pl el BOLA RO

¥i1dh + ...

- 10 ¥

=1

Birg + ...

1 27 1 27 f(])
— log™ |q;|d6 — logt |4—
3 | tost s +;<2W/O og* 11
o — logt |Z—|*9df + — logt |Z—
+%A %If +%A %Ig

1 e )
”+—/1@ﬂfmm+mn
27T 0 g

k (1) ©))
m(r,q;) + Z[aﬂm(r, — )+ ...+ aym(r, f—J)
pa f !
g(l) g(h)
—+ Bil?’ﬂ(’l", 7) + ...+ Bihm(’f‘, 7)] + O(l)

Il
VM”

©
I
-

Il
VM?T

©
I
—

k
m(r, q;) ZaﬂS r, )+ ...+ S(r, f)
i=1

+BuS(r,g) + ... + BinS(r, 9)] + O(1),

I

<
Il
-

m(r,q;) +5(r, f) + 5(r, 9)- (2.6)



Next we consider |f(re??)| = |g(re?)| < 1. From (2.5) we have

Q*[f, 91l = 1> a; M;[f, 4]l
=1

n
_ | Z q:‘fsf,o (f(l))sil m(f(u))sqtu,gtm (g(l))til “.(g('u))tiv
=1

(u)

S e S 8 9
I A e R e
i=1 g g

Hence again by using Milloux’s Theorem,

1

21 Jip1=1g1<1

log™* |Q*[f, g]|d6
1 /27‘r N n f(1) _ f(u) , g(l) N g(v) .
< oo log ;|| =% | =P | — " ... ) df
" (ZIH =
£ a0 9™
< log™ (|g; | ] o
22 / Gt o e .
i n 1 2 (1
:Zﬂ/o log ‘Qi|d9+2(%/o log™t | 7
=1

i=1

1 27 (u) 1 27 (1)

"+7/ 10g+|f— S”d9+f/ log+|g—
f 27 Jo )

s1df + .

2m
. 7/ log™ |2 | e dB) + O(1)

f ()
= Z (ryqf) + Z(sﬂm(r — )+ ... + sium(r, )
=1 i=1 f f

el o)
+ tim(r, 7) + ..+ tiym(r, ; )) + O(1)
=> m(r,g))+ Y _(saS(r, )+ .+ suS(r, f)
i=1 i=1

+ti1S(r,g) + ... + tiS(r,g)) + O(1),

= Zm(raqz) + S(r, f) + S(r,9).

Adding (2.6) and (2.7) we get
1

21 J i f1=lg|>1

n k
< Zm(r,qi*)—l—Zm(r,qi)—i-S(r,f)—i-S(r,g)

i=1

g @ o+ 5o [ 1o @' gl
g|=

tirdg + ...

t)dg + O(1)



ie.,

27 n k
%/o logt |Q*[f, g]|do < Zm(r, q) + Zm(rv ) + S(r, f) + 8(r, g)
i=1 i=1
ie.,
k
m(r, Q7[f,9]) < Zm (rq)) +>_m(r.q:) + S(r, f) + S(r, g).
i=1

Now we consider the general case when a;_1,a;—2,...,a0;bm—1,bm—2,...,bg are
any arbitrary meromorphic functions with smaller growth than f and g respec-
tively. Then from (2.2) we can write

Fam™(flgm™rar1 fr g™ 4bm—1 fLg™ e taog™ +bo fQf. 9] = flg™ QLS g]

or, flg™R*[f,g] = R[f, 9], say where R*[f,g] and R[f, g] are differential polyno-
mials in f and g with meromorphic coefficients ¢} (1+a;—1+bm—1+...+ao+bo),
G(l+a—1+bpm1+...+ao+bo), ... ,q(1+a—1+bm_1+..+ao+by) and
q1, g2, --- , Qx respectively.

Hence by first case

m(r, R*[f, 9] Z m(r, qf (1 + a1 + b1 + ... + ag + bo)) Z m(r, q;)

50 f) +509)

n k
<> mlra)+ Zm(n @)+ S(r, f) + S(r,9).
So,
m(r,Q"[f.]) < m(r, R'(f,g]) +m(r, 5r7—)
n k
< 3omlrsa1) + om0 e ) + 500+ 5000

Hence the proof is complete.

Lemma 2.2 Let P[f,g] = Z?:l a;(2)M;[f,g] be of order and lower degree v
and d(P) respectively and let P[f, g] satisfies the condition (1.5). If zq is a zero
of f and g with multiplicities p;(> v) and ps(> v) respectively and it is not
a pole of any of the coefficients ay, ag, ..., an; then P[f, g] has a zero at zy with

multiplicity > (u — v)d(P) where p = min{u1, ua}.

Proof : Since f and g have zeros at zp with multiplicities p1 (> v) and ps(> v)
respectively, from Definition 1.2 we can clearly say that zy will be a zero of



M;[f, g with multiplicity

= [p1loj + (p1 — Dlyj + ..+ (1 — k)] + [pamoj + (p2 — )may + ...

(1 — Ry
h h
= 1 Z l” Z lej + U2 Z mij — Z 1M
. =1 i 1=0 =1 X .
=(u+1) le Zerll”Jr po + 1) Zm” Z(iJrl)mij
=0 =0 1=0 =0

= (m + l)gf(MJ) + (p2 + 1)J9(Mj) — D'
= pnd(M;) + pady(M;) + d(Mj) — Ty

= (u — V)dp(M;) + (2 — 1)dg(M;) + (v + DA(M;) — Ty,

> (p1 — v)dy(M;) + (p2 — v)dg(M;)
> (11 = v)dg(P) + (p2 — v)dy(P)

> (p—v)[ds(P) + d,(P)]

= (n—v)d(P)

Since zp is not a pole of any of the coefficients ay, as, ..., a,, therefore zy is a
zero of P[f,g] with multiplicity > (u — v)d(P) where p = min{u1, po}.

Lemma 2.3. For P[f,g] =377, a;(2)M;[f, g],

N(r,P[f,g]) < n[d(P){N(r,f) + N(r,g9)} + {Tp — d(P){N(r, f) + N(r, 9)}]
+ S(r, f) + S(r,9).

Proof : Since N(r, f*)) < N(r, f) + kN(r, f), we have

N(r, P[f.g] Z

N(r,a;(z)M;[f, g])

‘Mz

<
Il
—

-

[N(Tv a; (Z) + N(Tv Mj [fa g])]

<
Il
-

-

N(r, M;[f,g]) +5(r, f) + S(r,9)

<
Il
-

N (112 [F D)5 £ [g]mos [g D] [g W] )

-

<
Il
-

+S(r, f)+ S(r,9)



n

< DUIN[17) + N [FO)9) 4+ N, [FO)) + N, [g]™07)

.
I
-

+ N(r [gM]™) + oo+ N(r [¢]7)] 4 S(r, f) + S(r, 9)
<

-

~
Il
-

[lOJ ( f)+l1jN(Taf(1))+~-~+lij(r’f(k))+m0 N(T g)

+mN(r, gW) + ..

3

A mgN(r, g ")+ S(r, f) + S(r,g)
Zzoj f)+ AN,

<.
—

AN O+ o+ U {N(r, f) + EN(r, f)}
mo;N(r,g) +mi{N(r,g) + N(r,9)} + ... +mp;{N(r,g) + hN(r, g)}]
S(r, f)+S(r,9)

+
Z (loj +11j + oo + liy)

N(r, f) + (l1]+2l23+ +klk]) ( f)

+ (mo; +ma; + ... + mpj)N(r,9) + (ma; +2mo; + ... + hth)N(
+S(r, f)+ S(r,9)

-3 i

7,9)]

)4+ {(loj + 211 + .+ (k4 Dliy) — (loj + Loy + o 4 L) }N(r, f)

+dy(M;)N(r,g) + {(moj + 2maj + ... + (b + 1)my;) — (moj + ma;
+ ot ) IN(r,g)] + S(r, f) + S(r. g)
Z N(r, f) + dg(M;)N

(r,9) + {(loj + 201 + ... + (k + L)l

—+ moj + 2m1j + ot (h + l)mhj)

(IOj + llj + ...+ lkj + moj + mlj
+ e mpg )N (r, f) + N(r, g)} + S(r, f) + S(r,9)

M:

> [AM)N(r, f) + N(r.g)} +{Tag; = dMHHN(r, f) + N(r, 9)}]
+5(r, ) +5(r.9)
< nld

(PY{N(r,f)+ N(r,g)} + {Tp — d(P)H{N(r, f) + N(r,9)}]
+S(r, f)+ S(r, 9).

Lemma 2.4. Let P[f,g] be given by (2.1) where a;_1,a;—2,...,a¢ are small
functions with respect to f and b,,—1, bm—2, ..., by are with respect to g. Then

(r, Plf.g]) <20 x m(r, f) +2m x m(r,g) + S(r, f) + S(r,g)
Proof : We have

m(r, Plf,g]) = m(r, f'g™ + ar—1 f71g™ + b1 flg™F + ag_o f2g™
b f g™ 2 4 .+ apg™ + bofh)

m(r, flg™ + a1 f g™+ a—af 2™ 4 o+ agg™)
+m(7“ b1 flg™

F b f g™ 2+ 4 bofY) +O(1)

10



=m(r, g™ {f' + a1 f Faof T+ .+ ao))
+m(r, fbm—19™ " 4 bi—2g™ 2 + ...+ bo}) + O(1)
<m(r,g™) +mr, f' + a1 f Fa f+ L+ ao)
+m(r, 1)+ m(r bp1g™ "+ bnoag™ " 4+ bo) + O(1)
<m xm(r,g) +m(r, f' +aia f' 7 +aof' 77+ + a1 f) + m(r, ao)
+1xm(r, f) +m(r, bpm-19™"" + bp_2g™ 2 + ... + brg) +m(r,bo) + O(1)
<mxm(r,g) +m(r, f{f 7 Fa 1 f 72+ . Faof +ar}) + 1 xm(r, f)
+m(r, g{bm—19™ 2 + bm—2g™ > + ... + bag + b1 }) + S(r, ) + S(r,9)
<(I+1)xm(r, f)+ (m+1) x m(r,g) + m(r, f + a1 f72+ .
+agf +a1) +m(rbm19™ "2+ bm—2g™ " + ...+ bag + b1)
+S(r, f)+ S(r,9)
<(U+1) xm(r, f)+ (m4+1) x m(r,g) +m(r, f{f2 a1 f 3+ ...
+azf +az}) +m(r, g{bm-19""" + by—2g™ " + ..+ byg + b2})
+ S(r, f)+ S(r,9)
< (+2) xm(r, f)+ (m+2) x m(r,g) +m(r, f2+ a1 f73+ ..
+azf +az) +m(r, by19™ 77+ bn2g™ "+ o+ byg + b2)
+ S(r, f)+ S(r,9).

Proceeding similarly, we ultimately get

m(r, P[f,g]) <20 xm(r, f) + (2m — 1) x m(r,g) + S(r, f) + S(r,9)
<2l x m(r, f)+2m x m(r,g) + S(r, f) + S(r, g).

Lemma 2.5. If Q[f, g] be a differential polynomial in f and g with n arbitrary
meromorphic coefficients q1, qo, ..., ¢,, then

m(r, Qlf,g]) < nd(@)m(r, f) +m(r,9)] + 3 m(r.a;) + S(r, f) + 5(r.9).
Proof : Let

Qlf-91=> 4 M;lf.g) (2.8)
j=1
where each

M;lf, gl = [f(2)] [f D)) [FB ()] [g(2)) ™0 [g D) (2)) ™9 [g ™) ()]0
is a monomial in f and g of degree
k h
d(Mj) = b+ ) my
i=0 i=0

Here the degree of the differential polynomial Q[f, g] is given by

d(Q) = maz{d(M;): 1< j<n}.

11



From (2.8) and using Milloux’s Theorem we can have

(er7

Z%
< Zm(n q; M;[f, g]) + O(1)
< mlrg +ZmrM [£,9]) +0(1)

Jj=1

= D)+ Yo mlr 1O ) g g g )

+0(1)
n n . f(l) . f(k) .
< Dl a) Yl ) e, [ ]) o [ ])
i=j j=1
h (€] (h)
+ m(r, [g]2=i=0™i5) + m/(r, [%]mu) + et m(r, [gg ]3]+ O(1)
n (1) (k)
<Zm T, q; —|—ZZZ” x m(r —|—lljm(r,f—)+...+lkjm(r,f—)
7j=1 =0 f f
h g(l) g(h)
+ Zmij x m(r, g) + myym(r, 7) + ...+ mpym(r, 7)] +0(1)

=0

<Zmrqj +ZZl”xmrf +Zmlj><mrg

j=1 =0
(rf)JrS(?"g)

<Zmrqj +Z{Zz”+2m”} {m(r, f) + m(r, g)}]
j=1 =0

S(r, f)+5(r.9)

—Zmrqg +Z §) xAm(r, f) +m(r,g)}| + S(r, f) + 5(r, 9)

< Zm(r, g;) +nd(Q) x {m(r, f) + m(r,g)} + S(r, f) + S(r, 9).

=7

Hence the proof is complete.

Lemma 2.6. Let f(z), g(z) be transcendental meromorphic functions with
N(r, f) = S(r, f), N(r,g) = S(r,g). Also let P[f,g] be given by (2.1) where

each ag,ay, ...,

aj—1 being small functions of f and by, by, ...,b,,—1 being small

functions of g. Now if |f(re?)| = |g(re?)| > 1 on the circle |z| = r, then

SUT0 1)+ mT(r, )] < T(r, PIf,g)) + 50, ) + 5(7,9)

<20T(r, f)+mT(r,g)] (2.9)

12



Proof : From (2.1)

aj— by aj— by a b
Plf,gl=flgm{1+ Ly ml 22 g T2 e

f g f? gz Tt gm”

Now on the circle |z| =7, let

A(rew) = ma:ﬂ{|al,1(r6 ), |aj—2(re’ 9)|

m\»-A
<
o
—~
)
o
.
B}
~
——

and ‘ ) o
B(re“g):maxﬂbm_l(re )y |brm—2(re’ ‘9)|5 ...,|bo(rew)|ﬁ}.

Again if we suppose

Ey={0€[0,2n] : |f(re??)| > 4A(re?)}

and _ _
Ey = {0 €[0,2n] : |g(re’®)| > 4B(re'?)},

then on Fj N Es, we have from (2.10)

aj— byn— a;_ bom b
IPIf,gll = [f]'lg)™ 1 + =2 + 2t T2y T2y +7+70

(2.10)

f g 12 g2 1!
B B [ bm,
zlfll\gl’"[l—lalfll |“}f|— \j‘f;l—| - 1
A A A B B B
e e R e L - B - R L
1 1 1 1 1 1
> fllglm1 - 5 = (= = (P = = (P == (D7)

— /g - {5+

> |7Hlgl 11— { _1} { _1}]
— |flgl 11—
1 m
SIS

373

Hence on 1 N Ey

3|P[f.gll > I fI'gI™
i.e., log® 3|P[f,g]| > log™ |f|'|lg|™.

So,
llog™ |f| <log3 +log™ |P[f, d]]
and
mlog™ |g| <log3+log™ |P[f,g]|-

13

1 ) 1 11, .
Z+(Z) +-~-+(1)l}—{1+(1) +-~-+(1) H

(2.11)

(2.12)



Therefore using (2.11) and by our hypothesis that on the circle |z| = r, | f(re?)| =
lg(re?®)| > 1, on E;°, |f(re?)| < 4A(re'?) and on E1NEL°, |g(re'®)| < 4B(re'?),
we have

2
Ixm(r, f)=1x i/ log™ | f(re'®)|do
2 0

1 , l .
= log™ | f(re'?)|do + 7/ log™ | f(rei?)|do
27T FE1NEs 2'/T Ei1NE3°¢
l .
v 1 + 0 do
to- e og™ [f(re”)]
1 l .
<5r [ Gog3togt Plr.glhas+ 5= [ logtlglre)las
27T ElﬂEQ 27T ElﬂEQC
l
+ — log™ 44 dé
271' E:i°
1
< — log 3df + — log™ |P[f, g]|d@
27T EiNE;> 271— E1NE>
l l
+ = log" 4B df + — / logt 4A df
27T E1NEs° 27T Ei°
1 27 1 27 l 27
< 7/ log 3d6 + —/ log™ | P[f, g]|d6 + —/ logt 4B db
27'(' 0 271' 0 27'(' 0

l 2
+ —/ log™ 4A df
271— 0
1 27 l 27
=log3 + —/ log™ |P[f, g]|d6 + —/ log™ 4d6
27 0 m™Jo

2m 2
+L/ log+Bd9+L/ log™ A df
2T 0 2 0
=log3 + m(r, P[f,g]) + 2llogd + 1 x m(r, B) + 1 x m(r, A)
=m(r, P[f,g]) + S(r, f) + S(r, 9). (2.13)

Adding I x N(r, f) on both sides and recalling that N(r, f) = S(r, f) we get

m(r, P[f,g]) + S(r, f) + S(r, g)
T(r, P[f,g]) + S(r, f) + S(r,g). (2.14)

IxT(r,f) <
<

|
?),

Similarly, using (2.12) and by our hypothesis that on the circle [z = r, | f(rei?)
lg(re?®)| > 1, on Ey°, |g(re?)| < 4B(re'®) and on E1°NEy, |f(re??)| < 4A(re
we have

1 2m )
m x m(r,g) =m X —/ log™ |g(re®)|dd
2 0

1 ) m )
= — mlog™ |g(re®®)|do + —/ log™ |g(re'?)|do
r | o latre o+ 37 [ og*lg(re)
+ 22 g™ lg(re™®)|dd
271' Es©

14



IN

1 m .
L aog3-+1og+|fﬂf,gu>de+——4—j/ log* |f(re™®)|d6
271— E1NE;3 27T Ei1°NEy

+ [ logt 4B o
27T Es°

1
— log 3df + — log™ |P[f, g]|d@
271— E1NE> 27T E1NEy

mn log™ 4A4d6 + / log™ 4Bdd
27T Es°

IN

2 E1°NEq

1 27 1 27 27
7/ log 3d6 + —/ log™ |P[f, g]|d6 + E/ log* 44 df
2m Jo 21 Jo 2m Jo

IN

27
+ 2 / log™ 4B df
27( 0

1 27 27
log 3 + —/ log™ |P[f, g]|d0 + T/ log™ 4d6
2'IT 0 iy 0

+ ;:Lr/o%log*A 9 + ;1/02”10@3 a9
=log3 + m(r, P[f, g]) + 2mlog4 +m x m(r, A) + m x m(r, B)
=m(r, P[f,g]) +S(r, f) + S(r, 9). (2.15)
Adding m x N(r,g) on both sides and recalling that N(r,g) = S(r, g) we get

m x T(r,g) <m(r, Plf,g]) + S(r, f) + S(r,9)
<T(r,P[f,g]) +S(r, f) + S(r,9). (2.16)

Now adding (2.14) and (2.16), we get
ILxT(r, f)+mxT(r,g) <2T(r, P[f,g]) + S(r, f) + S(r, g)
e gl T(r,f)+mx T(r,g)] < T(r, PIf,g)) + S(r, /) + S(r0).  (217)
Next by Lemma 2.4,
m(r, P[f,g]) <2l x m(r, f) +2m x m(r,g) + S(r, f) + S(r, 9). (2.18)

Finally using (2.18) and by our hypotheses that N(r, f) = S(r, f) and N(r,g) =
S(r, g), we get

T(r,P[f,g]) = m(r, P[f,g]) + N(r, P[f,g])
<20 x m(r, f) +2m x m(r,g) + S(r, f) + S(r,g)
<20 xT(r, f) +mxT(r,g)| + S(r, f) + S(r, g). (2.19)

Combining (2.17) and (2.19) we obtain the desired result.

Lemma 2.7. Let M;[f,g] be a monomial in f and g. If 2z is a pole of f
and g of order p and ¢ respectively, then M;[f,g] has a pole at zy of order
< (p+q—2)d(M;) + Ty

Proof : Let
M;(£.9) = (S (EDE) (PP ()1 (9(2)™ (90 ()™ g ()™
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be of degree

k h
A(My) = L+ Y mi
i=0 i=0
and of weight
k h
Ta, =Y (i 4+ Dlij + > (i + L)my;.
i=0 i=0
where lo;, l15, ... , lgj, Moz, My, ... , Mp; are non-negative integers.

By hypothesis zy will be a pole of M;[f,g] of order

={plo; + (p+ 1)l + ... + (p+ k)li; } +{gmo; + (¢ + 1)myj + ...+ (g + h)mp; }

k k h h
:leij +Zilij —&—quij +Zimij
=0 =1 1=0 =1

k k h h
= (=D L+ i+ D+ (g1 my+ Y (i+Dmy
1=0 =0 =0 =0
k h
< (p—Dd(My) + (¢ = D)d(M;) + Y (i + Dl + Y _(i+ 1)my
=0 =0

=(p+aq—2)d(M;) + Ty
Hence the proof is complete.

Lemma 2.8. Suppose that Q[f, g] is a differential polynomial. Let f and g have
poles at z of respective order p and g and zg is not a zero or a pole of coefficients
of Q[f, g]. Then Q[f, g] has a pole at zy of order atmost (p+g—1)vo+To—79)-

Proof : Let .
Qlf,91 =Y a;M;[f,g]
j=1

where each

M;(f,g) = (F(2)' (F D (). (F P (2))"% (g(2)) ™ (g1 ()™ . (g (2)) s

is a monomial in f and g of degree

k h
d(Mj) = Zl” + Zmij
=0

i=0

and of weight
k h

Lo, =Y (64 Dlij + > (i + 1)mij.

=0 =0

Here the degree and weight of the differential polynomial Q[f, g] is given by

d(Q) = max{d(M;) : 1 < j < n}

16



and
Fg=max{ly; : 1 <j<n}

respectively.

Now since f and g have a pole at zy of respective order p and ¢ and it is not a
zero or a pole of the coefficients of Q[f, g], by using the Lemma 2.7 we can say
that Q[f, g] has a pole at zg of order

< max {(p+q—2)d(M;) + T}
1<j<n

< wax {(p+q—2)d(M;)} + max {I', }

=(p+q-2)dQ)+Tq

=(p+q-1)d(@Q) +[Fq —dQ)].

Hence the proof is complete.
We now present the main result of the paper.

Theorem 2.1 Suppose that f, g are transcendental and Q1[f, g], Q2[f, g] are
two differential polynomials in f and g where both of Q1[f,g] and Q2][f, g] are
not identically zero. Let the order and lower degree of Q1[f, g] be v and d(Q1)
respectively and Q2] f, g] consists of n arbitrary meromorphic coefficients which
are small functions of f and g. Also let P[f,g] be given by (2.1) where each
ag, ai, -..,a;—1 are small functions of f and bg, b1, ..., b, —1 are of g. If

F = P[f,g]Qu[f, 9] + Qa[f. g] (2.20)
and on the circle |z| = 7, | f(re?®)| = |g(re?®)| > 1, then

l

[5 = nd(Q2)IT(r, f) + [*—nd(Qz)]( 9)

)+ N ) + T, = 20(Q)N (. f) + Nr.g)]
—d[{N(r,%)— Ny (r,

+8(r, f) + S(r,9),

[\

< N(

)} + (NG, 5) — Nyl gm +m(r

\\H~

" P[f, 4]

where

d= d(Q1) if 1> 2nd(Q2) and m > 2nd(Q-)
o if | < 2nd(Q2) and m < 2nd(Q-)

and N, 41(r, %) denotes the counting function of poles of f where a pole of f
with multiplicity p is counted p times if 4 < v+1 and (v+1) times if p > (v+1).

Proof : We assume [ > 2nd(Q2) and m > 2nd(Q3).
From (2.20) we have

PIF Qi 6] + 5 @slf.

17



ie.,
F = EP[fv ]Ql[f,g]+%Q2[f,9]- (2.21)

Again differentiating (2.20)

= (P[f,9])'Qilf, g1 + PLf. gl(Qu[f. 9])" + (Q2[f. )" (2.22)

Now comparing (2.21) and (2.22) we have

E/P[f, ]Ql[f,g]JrFf/Qz[f,g] = (PLf, 9])' QLS gl +PLf, gl(Q1Lf, 9)) +(Q2[f, )’

e TPl gl@ulF 0l (PU o) @il ) PLY a)(@alF0]) = (Qalf. g/~ Qalf. )

e PRl Q7= GO Gl (@10} = @alfa) - Q)
N PIf.g1Q°1f,6) = Qlf.] (223)
where

@lfal = Failtd- e o - @l @)
and o

First we suppose that Q*[f, g] #Z 0. Then from (2.23) we have Q|[f, g] Z 0.
Now for any j(=1,2,...) a monomial is usually defined by

M;(f,g) = [f ) [f D)) [F P )] [g ()] [g ™ ()™ g™ ()]

with degree
k h
M) = L+ Y mi,
i=0 i=0
where loj, l15, ... , lgj, Moz, My, ... , My, are non-negative integers.

On differentiation, we get

Qg = Loy (™ ()T (g™ (. o)
g (£ (FD) L (O (g) e (g )™ (g )
e D (P (PO (0015 D) g ) (g (g0
gy (£)1% ()£ (g (gDt gy
(£ () (£ (g5 (g )™ L (g
et g ()1 ()5 (£ (g mos (gD (gL 0D,
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Hence

d(Mj) = maz{[(lo; — 1) + (I + 1) + ... + L + moj + maj + ... + mp],
loj + (Lij — 1) + (loj + 1) + ... + lij + moj +maj + ..o+ mpg), ...
llog F 4+ (g — 1) + 14+ mo; +may + ..+ myyl,
[loj +11j + ... + lkj + (mo; — 1) + (ma; + 1) + ... + majl,
loj +lij+ .. + Uy +moj + (maj — 1) + (moj + 1)... + myjl, ...
llog F 4+ g +Fmog +mag + o+ (mpy — 1) + 1]}
= max{d(M;),d(M;),...,d(M;)}
= d(M;).

Thus we can write d(Q2) = d(Q%). Hence from (2.25) we have d(Q) = d(Qx).

Now using Lemma 2.1 on (2.23) and assuming that the coefficients of Q*[f, g]
and Q[f, g] are small functions of f and g, we get

m(r, Q1. ) = mir. i)+ S )+ S(r.9) (2.26)
Again from (2.23),
m(r, PLf.g]) = mir, C‘f}{; 9;} )
1
S m(T’Q[fagD +m(r>m)' (227)

Using (2.25), Lemma 2.5, Milloux’s theorem and the fact that the coefficients
of Q2[f,g]) are small functions of f and g we have

m(r.QIf.g)) = m(r. (Q1f.g]) ~ = @ulf.)

o @lf.g) F
- ( 7Q2[fvg]{ QQ[f,g] F})
(Qu1/,5)) F
< m(r, Q2[f, g]) +m(r, Oall 4] ) +m(r,——2) + 0(1)
= m(ﬁQQ[,ﬂQ]) +S(Ta f) +S(T’g)
< nd(Q2)[m(r, f) +m(r,g)] + S(r, f) + S(r, ). (2.28)
Also, by the First Fundamental Theorem and by using (2.26)
1 *
I(r, Qi g]) =T(r,Q"[f,g]) + O(1)
; ! ! =m(r, Q" r, Q*
l.€., m(r, Q*[f,g}) +N(T7 Q*[f,g}) - ( aQ [fvg]) +N( 7Q [fvg]) +O(1)
1 1 x
i.e., m(r, Q*[f,g])ﬂLN(ﬁ Qi3 g]) = m(r, BT, g])+N(T7Q [f,9)+S(r, [)+5(r,g)
1 X 1 1
€., m(r, Q*[f,g]) = N<T7Q [f7 g])—N(r, Q11 g])—i-m(r, P[f’g])""s(rv f)"’_S(Ta g)'

(2.29)
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Using (2.28) and (2.29) in (2.27) we can write

m(r, P[f,g]) < nd(Q2)[m(r, f) + m(r, g)] + N(r,Q"[f, g]) — N(r, o g])
+ m(r, ﬁ) +S(r, f)+ S(r,9). (2.30)

Now using (2.13) and (2.15) in (2.30) we get

Ll )+ 2 m(r, ) < nd(@a)lm(r, £) + mir, )] + N Q[f, )
1
— N(r, Q*[ﬁg]) + m(r, P[f,g]) +S(r, f)+ S(r,9).
) l - m - N 1
1.€., [5 - nd(QQ)]m(T7 f) + [5 - nd(QQ)]m(T’ g) < N(rv Q [f7 g]) - N(Tv m)
+ m(r, P[;, g]) + S(r, f)+ S(r, 9).
(2.31)

Obviously, from (2.24) we can say that the poles of Q*[f, g] occurs possibly only
from the zeros of F and P[f, g], the poles of f and g and the zeros and poles of
the coeflicients. Also it can be noted that the zeros of F and P[f, g] are poles
of Q*[f,g] of order atmost one.

Now if f and g have a pole at zy of respective order p and ¢ and it is not a zero
or a pole of the coefficients of P[f,g], Q1[f,g] and Q2[f, g] then from (2.1) we
can say that P[f, g] has a pole at zg of order pl + gm.

Also by using Lemma 2.8 on (2.25) we can say that Q[f, g] has a pole at zg of
order atmost (p + ¢ — 2)d(Qz2) + g, .

Now from (2.23),

O

[f, 9]
P[f,g]

and hence we can say that if zg is a pole of @*[f, ¢], it will be a pole of Q*[f, g]
of order atmost

Q*[f, 9] =

(p+q—2)d(Q2) +T'q, — (pl + qm)
=g, — 207(@2)] —pll = J(QZ)] —q[m — J(Qz)}-

Thus we obtain

N(T’ Q*[f7 gD < N(T7 %) + N(T’ ﬁ) + [FQz - QCZ(Q2)][N(Ta f) + N(Ta g)}
- [l - J(QZ)]N(rv f) - [m - (i(QQ)]N(T,g) + S(Ta f) + S(’I‘, g)'
(2.32)

Again (Q1[f,g]) is a differential polynomial of order v + 1. Now if f and g
have zero at zp with respective multiplicities u1(> v + 1) and ua(> v + 1)
then by Lemma 2.2, we can say that it is a zero of @Q1[f, g] with multiplicity

(P[ﬁg])']

> (n—v)d(Q1) where p = min{u1, u2}. Also zp may be a pole of [% — Pt
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of order atmost 1. Hence 2 is a zero of [% —
> (4= )d(Q1) — 1.

Again, since d(Q}) = d(Q1), from Lemma 2.2 it follows that zo is a zero of
(Q11f. g)" with multiplicity > (4 — v — 1)d(Q1).

Hence, assuming d(Q) > 1, from (2.24) we can say that zg is a zero of Q*[f, g]
with multiplicity > (u — v — 1)d(Q1).

Thus if N(r, mv,g = 0,> v + 1) denotes the counting function of those
poles of Q*[f,g], counted with proper order, which are zeros of f and g with
multiplicities greater than v+1; N(r, %| > v+1)and N(r, %| > v+1) denote the
counting functions of those zeros of f whose multiplicities are greater than v+1,
counted according to its multiplicities and ignoring its multiplicities respectively,
then

(1;[{’9;]) 1Q11f, g] with multiplicity

1 1
N(ﬁm)zN(ﬂm|f’9:0,>V+1)
> d(Qu)[N <r,}|>u+1>+N<rf|>u+ 1)
—d(@Q)(v+1)[N ( |>1/—|—1)+N(7" f|>1/+1)}
S(r, f) + S(r.g)
— d(Qu)IN <§> {N<r7\<u+1>+<u+1> V(r, |>u+1>}]
1

+Q(Q1)[N(r7§) - {N(rvgl Sv+ 1)

+¥+1) (r7$| >v+1D)H+ S f)+S(rg)

— d(Qu)IN <§>—Nyﬂ<r D+ d@UING ;>—Nu+l<ré>1
+S(r, f) + S(r. 9) (2.33)

If d(Q1) = 0, (2.33) obviously holds.
Now using (2.32) and (2.33) in (2.31) we get

[y~ nd(@)m(r, £) + [~ nd(@2)}m(r,g)
U 1 _ _ _
< N(Tv F) + N(T P[f, g]) + [FQz - 2d(Q2)HN(’I’7 f) + N(r7 g)]

— [~ d(@)IN(r, £) — [m — d(Q2)IN(r, g) — d(Q1)N(r, }) — Ny, })}

—d(QUN(r, $> — Ny, gn +m(r, =)+ S(r, f) + 5(r, 9)

1
PIf, gl
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l - m -

i.e., [5 —nd(Q2)]m(r, f) + [5 —nd(Q2)]m(r, g)
- 1 _ 1 _ _ _
< N(T’ F) + N(Tv m) + [FQZ - Qd(QQ)HN(T7 f) =+ N(Tv g)]
-3~ nd(@ING ) - [ - nd(@IN(rg) ~ d(QUIN(r )

1 1 1
= Nealr P = d@QOING ) = Noaar, 2]+ mir 37

+5(r, )+ 5(r,9)

e I3 = nd(Q)IT(r,f) + [y~ nd(@)]T(r,9)
< N(r ) + N0 ) + Faw = 2(Qu))IN . ) + N 9)
1 1 1 1
—d(Q1)[N(r, ?) = Nysa(r, ?)] —d(Q1)[N(r, ;) = Nyya(r, 5)]
i, o)+ 50.) + 509).
Next let us suppose that Q*[f, g] = 0, then from (2.23) we have

Qlf,91 =0,
which implies from (2.25),

(@l o) ~ 2 Qals g =0

L @l P
T Qaf 4 P
Integrating we get
F= ClQQ[f7g]
ie, PUf,glQilf gl + Qalf. 9] = C1Qa[f.g],  using (2.20)
ie., Plf,glQi[f gl = CQa[f 4], (2.34)

assuming C; — 1 = C(# 0) is a finite complex number.

Now using the Lemma 2.1 and assuming that the coefficients of Q[f,g] and
Q2[f, g] are small functions of f and g, we get

m(r Qilf.a) = m(r, o) + S(r. ) + S(r.9) (235)
Again from (2.34) we have
— m(r Q2[fa g]
m<T7P[f7g])_ ( 7CQl[f,g])
1
< m(r, Q2[f, g]) +m(ram)+0(1)- (2.36)
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Using (2.13) and (2.15), we can rewrite (2.36) as following

l m 1
5 X m(rvf) + 5 X m(r,g) < m(r7Q2[f7g]) +m(T’M) +S(T’f) +S(T7g)'
(2.37)

Again if Qs[f,g] consists n arbitrary meromorphic coefficients then applying
Lemma 2.5 and using the hypothesis that the coefficients of Qs[f, g] to be small
functions, we get

(. Qalf, ) < nd(@)m(r, ) + mir,g)] + S(r, /) + 5(rg). (2.39)
Also, by the Nevanlinna’s Theorem and using (2.35) we have
T(r. o) = T Qilf.a) + 0
e m(r, ) N o) = mln Qi) + N Qilf.g) + O
e m(r, G N0 o) = N Qi) m(r, o450 £)+5(0)
e m(r, ) = N QIS )N g, o450 450 9)

(2.39)

Now using (2.38) and (2.39) in (2.37)

S X mlr f) 4 x m{r,g) < nd(Qa)lm(r, f) + m(r,g)] + N(r, il )

1 1
SN T B D)
i[5 = nd(@)m(r, £)+ [~ nd(@2)}m(r,)
1 1
< N(T7Q1[f7g]) - N(rvm) —l—m(n P[f,g]) +S(T’ f) +S(7",g)

(2.40)

It is clear that a pole of Q1[f,g] is either a pole of f or g, or a pole of the
coefficients of @1[f, g]-

Now let f and g have pole at zy of respective order p and ¢ and it is not a zero
or a pole of the coefficients of P[f, g], Q1[f, g] and Q2[f, g]. Then from (2.1) we
can say that zg is a pole of P[f, g] of order pl + gm.

Also from Lemma 2.8 we can say that zg is a pole of Q2[f,g] of order atmost
(p+4q—2)d(Q2) + ',

Now from (2.34) we have

Q2[fvg]
P(f.q]

and hence, we can say that zg is a pole of Q1[f, g] of order atmost

Ql[fag] =C

(p+q—2)d(Q2) +Tg, — (pl + qm)
= [FQ2 - 26?(@2)] —pll — CZ(Qz)] —q[m — Ci(Q2)]~
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Thus we obtain

N(r,Qulf,9]) < [P, = 2d(Q)I[N(r, f) + N(r,9)] = [l = d(Q2)IN(r, f)
—[m = d(Q2)IN(r,9) + S(r, f) + S(r, 9). (2.41)

Again if 2 is a zero of f and g with respective multiplicities uq (> v 4+ 1) and
pu2(> v + 1) then by Lemma 2.2, it follows that it is a zero of Q1[f,g] with
multiplicity greater than (u — v — 1)d(Q1) where p = min{u1, p2}-

Thus we have

1 1
N o 2N G g e 0
Zd(Ql)[N(’r,%| >I/+1)+N(7‘,$| >v+1)]

—d(Q1)(v + 1)[N(r, %| >v+1)+ N(r, $| >v+1))
+S(r, f)+ S(r,9)
— d(Q)N(r, %) - {N(r,% <v+D) 4w+ 1>N<r,}| > v+ 1))
1 1
QNG )~ (NG 2 S v+ 1)

v+ )N §| > v+ D)+ S(r )+ S(r,g)

1 1 1 1
= d(QUIN(r 7) = Nosa(r 1)) + QDN 2) = Nosalr, )
+S(r, f)+ S(r,9) (2.42)
Now using (2.41) and (2.42) in (2.40) we get
5~ nd(@)lm(r 1) + [y~ nd(@2)mr,o)
< [FQz - Qd(QQ)HN<T7 f) + N(r? g)]
— 1= dQuIN (1) = [ = d(QIN(r,) = d(QVIN(r ) = Nosa(r, )]
1 1 1
— d@QUIN(r. ) = N 2)] + v i) + S(r.f) + S(r.9)
e, [y~ nd(@a))m(r. 1) + [’ —nd(@)mr,o)
- 1 _ 1 - _ _
S N(Tv F) + N(T’, P[f, g}) + [FQz - 2d(Q2)HN(T7 f) + N(T, g)]
~ 5~ nd@ING, )~ 5 ~ nd(@IN(r.g) ~ d(Q)IN(r, )
1 1 1 1
~ Neaa (P = dQUINr ) = N 2)] + i =)

+S(r, f)+ S(r,9)
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ice., [5 = nd(@Q)IT(r, f) + [~ nd(@)IT(r.9)
< N(r )+ Nlr. ) + [P = Q)N r. 1) + N(r.o)]
— QN 7) = Noga(r )] = dQUING ) = N (=)
1
+ m(r, P[f,g]) +S(r, f) + S(r,g).

Hence the proof is complete.
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