


An Inventory Production Model withTime-Dependent Production Rate, Deterioration Rate and Demand Rate without Shortage



Abstract
This research article presents an inventory production model incorporating time-dependent production rate, deterioration rate and demand rate, specifically tailored for industries like sugar manufacturing. The model assumes a deterministic framework without shortages, making it highly relevant for perishable goods industries where maintaining continuous supply is crucial. The primary objective is to derive an optimal production strategy considering the dynamic nature of these factors. The mathematical formulation is developed using differential equations to model inventory behavior over time. A numerical example is provided to illustrate the model’s practical applicability, followed by a sensitivity analysis highlighting the collision of parameter variations. The findings suggest managerial insights for optimizing inventory levels, minimizing wastage, and ensuring a smooth production flow.
Keywords: Inventory production model, Time-dependent production rate, Deterioration rate, Demand rate, Perishable goods, Continuous inventory management, Sensitivity analysis.
1. Introduction:
[bookmark: _GoBack]In industries dealing with perishable goods, such as sugar manufacturing, managing inventory efficiently is critical to minimizing wastage and ensuring continuous supply. Traditional inventory models often assume constant production, demand, and deterioration rates, which may not hold in real-world manufacturing settings. This study introduces an advanced inventory-production model where all three key factors production rate, demand rate, and deterioration rate vary with time. The motivation behind this research stems from the operational challenges faced by sugar factories and similar process industries, where production is often seasonal, and deterioration is inevitable. The primary contributions of this study are:
1. Development of an inventory model considering time-dependent variations in production, demand, and deterioration rates.
2. Analytical formulation using differential equations to derive the inventory balance equations.
3. Practical applicability to industries like sugar manufacturing.
4. Numerical illustration and sensitivity analysis to examine the impact of key parameters.
The research of the paper is structured as follows: Section 2 provides a literature review of related models. Section 3 details the mathematical formulation of the proposed model. Section 4 presents a clarification methodology. Section 5 discusses a numerical example with sensitivity analysis. Section 6 concludes the study with managerial insights and future research directions of the inventory model.
2. Literature Review:
The study of inventory production models with time-dependent parameters has been a subject of extensive research in recent years. Traditional Economic Order Quantity (EOQ) models, such as those introduced by [Mishra 2010], assume constant demand and production rates, which do not adequately represent real-world scenarios. Over the past few decades, researchers have extended these models by incorporating varying demand, production, and deterioration rates to make them more applicable to industries dealing with perishable goods.
Several studies have considered inventory models with time-dependent demand. [Ghare 1963] introduced a model with an Exponential Decaying, whereas [Covert 1973] extended the come close to contain demand Weibull Deterioration. [He 2010] proposed an inventory model with exponential demand variable deteriorating items with multiple-market demand, emphasizing real-life applicability in perishable goods management.
Deterioration plays a crucial role in inventory models, particularly in the food and pharmaceutical industries. [Mishra 2011] were among the first to introduce a model incorporating time dependent demand and holding cost with partial backlogging. Later on, [Shib 2010] developed the model by considering an inventory model in an imperfect production process. [Cenk 2021] added explore perishable inventory systems, incorporating EOQ model for deteriorating items with planned backordersinto their analysis.
The importance of time-dependent production rates was highlighted by [Hung 2011], who developed a production inventory model considering a variable production schedule. Subsequently, [Sudarshan 2019] introduced an inventory model replenishment policy and preservation technology speculation for a non-instantaneous deteriorating item.
In recent studies, [Valentín 2018] projected an EOQ model incorporating quadratic demand, variable deterioration, and a finite production rat Optimal lot-size policy for deteriorating items . [Tripathi 2017] presented a model Finite Planning Horizon for Deteriorating Items of Exponential Demand less than Shortages. Additionally, [Yosef 2019] investigated three-echelon supply chain model considering carbon emission and item deterioration.
To summarize, research has evolved from simple EOQ models to complex inventory systems incorporating time-dependent variables. This study builds upon these existing models by integrating time-dependent production, demand, and deterioration rates into a unified framework, specifically tailored for perishable goods industries such as sugar manufacturing.
This review highlights the evolution of inventory production models and the necessity for more realistic assumptions. The following section develops a mathematical formulation incorporating time-dependent variations in production, demand, and deterioration rates to enhance real-world applicability.
Table 1: Summary of Related Literature
	Reference
	Key Focus/Contribution
	Findings/Conclusions

	Tripathi et al.  (2017)
	Classical EOQ model with cons Finite Planning Horizon for Deteriorating Items of Exponential Demand under Shortages.
	Limited applicability in real-world perishable inventory systems.

	Yosef et al. (2019)
	Dynamic inventory model with three-echelon supply chain model considering carbon emission.
	Useful for industries with considering carbon emission.

	Valentín et al.  (2018)
	EOQ model incorporating quadratic demand, variable deterioration.
	Key framework for perishable goods inventory systems.

	Mishra  et al. (2011)
	Inventory models with time dependent demand and holding cost with partial backlogging.
	Improved representation of cost with cost with partial backlogging effects.

	Ghare et al. (1963)
	Production-inventory model with Exponential Decaying.
	More realistic modeling of Exponential Decaying.

	Mishra et al. (2010)
	constant demand and production rates.
	Enhances decision-making in perishable inventory.

	Covert  et al. (1973)
	Inventory model with Weibull Deterioration.
	Emphasizes the role of pricing in inventory production rates.

	He et al.  (2010)
	Inventory model with exponential demand variable deteriorating items with multiple-market demand.
	Examines coordination in multi-echelon inventory systems.

	Sudarshan et al. (2019)
	Inventory model with preservation technology investment for a non-instantaneous deteriorating item.
	Emphasizes the role model replenishment procedure and conservationequipment.



3. Mathematical Framework:
a. Problem Description and Assumptions:
We consider an inventory-production system where:
· 
The production rate is time-dependent and denoted as.
· 
The deterioration rate follows an exponential decay function.
· 
The demand rate is a function of time, reflecting seasonal or market trends.
· No shortages are allowed in the system.
The objective is to develop a mathematical model describing inventory levels over time and determining optimal inventory policies.
b. Notation and Parameters:
             Symbol        Definition

 :   Inventory level at time t

:  Production rate (time-dependent)

:   Deterioration rate (time-dependent)

:  Demand rate (time-dependent)

:       Planning horizon

:  Order quantity per cycle

:  Holding cost per unit per time

Production cost per unit

 Deterioration cost per unit
c. Inventory Dynamics: Differential Equations:
The rate of transform of inventory is governed by the differential equation:

                                   (1)
where:
· 
 is the production rate.
· 
is the demand rate.
· 
 represents deterioration loss.
d. Special Cases and Solution Approach:


Case 1: Constant Production and Deterioration Rate If and , the equation simplifies to:

                                                                 (2)
Using an integrating factor, the solution is given by:

                                                        (3)


Case 2: Time-Dependent Production and Deterioration For cases where and  are functions of time, numerical methods such as Runge-Kutta or finite difference methods may perhaps be useful for solving the equation.
4. Model Solution and Optimization:
a. Solution of the Inventory Differential Equation
The common inventory differential equation is:

                                   (4)
We regard as two cases for solving this equation:
4.1.1  Case 1: Constant Production and Deterioration Rate


If and , the equation simplifies to:

                                                                   (5)

Using the integrating factor technique, we multiply by :

                                           (6)
Integrating both sides:


                                                     (7)


Solving for :

                                           (8)

4.1.2. Case 2: Time-Dependent Production and Deterioration Rate


For and as functions of time, we apply numerical methods:
· Eulers Method ,Runge-Kutta Methods, Finite Difference Methods
4.2 Optimization Model
To optimize inventory strategy, we minimize the total cost function:

                                                                              (9)

Where,Holding Cost: 

Production Cost :

Deterioration Cost :	

Optimization problem:                                                                                   (10)

Subject to:

	,	(Non-negative inventory)

	.	(Feasible production rates)
4.3 Flowchart Representation of the Solution Approach
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Figure 1:Flowchart of Solution Approach
5. Numerical Example and Sensitivity Analysis:
5.1 Numerical Example
To express the applicability of the proposed inventory-production model, we regard as a sugar factory where production, demand, and deterioration rates fluctuate over time. The following realistic data are assumed for a specific case study: Given Data:
· Initial inventory level: 5000 tons
· 
Production rate: Time-dependent, given by = 800 + 10t tons per day
· 
Demand rate: Time-dependent, given by = 500 + 5t tons per day
· 
Deterioration rate: Time-dependent, given by = 0.002 + 0.0001t per day
· Planning horizon: 30 days
· Holding cost: 2pertonperday
· Production cost:50 per ton
· Shortage cost: Not applicable (no shortage assumption)
Step-by-Step Computation:
1. Inventory Balance Equation:

                                                         (11)
2. Substituting the given functions:

                 (12)
3. Solving this differential equation numerically using an appropriate technique (e.g., Eulers method or Runge-Kutta) for 30 days.
4. Computing the total cost:

                                                            (13)
5. Final inventory after 30 days: Computed based on numerical solution.
5.2 Sensitivity Analysis
To study the effect of key parameters on the inventory system, we examine changes in:
· 
Deterioration rate : Increased and decreased by 10%
· 
Production rate : Increased and decreased by 15%
· 
Demand rate : Increased and decreased by 20%
· 
Holding cost : Increased by 25% and decreased by 10%
	Parameter
	Base
Value
	Increased
by %
	Impact on
Total Cost
	Decreased
by %
	Impact on
Total Cost

	Deterioration

Rate 
	


	+10%
	+5.2%
	-10%
	-4.8%

	Production

Rate 
	

	+15%
	-3.1%
	-15%
	+4.2%

	Demand

Rate 
	

	+20%
	+8.5%
	-20%
	-7.9%

	Holding

Cost 
	

	+25%
	+6.3%
	-10%
	-4.5%



Table 2: Sensitivity Analysis Results
5.3 Observations:
· An increase in deterioration rate leads to higher costs due to more spoilage.
· A higher production rate helps in reducing total cost, but excess production beyond optimal levels increases holding costs.
· An increase in demand rate significantly raises costs, indicating the need for efficient production planning.
· Holding cost changes have a moderate impact, but significant increases can lead to excess cost burdens.
This analysis helps in construction strategic decisions regarding production and storage policies in a sugar factory, ensuring an optimized equilibrium between supply and demand while minimizing costs.
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Figure 2: Inventory Level Dynamics in a Sugar Factory
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Sensitivity Analysis of Key Parameters
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6. Conclusion and Managerial Insights:
6.1 Conclusion
In this study, we developed an inventory-production model incorporating a time-dependent production rate, a deterioration rate, and a demand rate, ensuring no shortages. The model is principally relevant for industries similar to sugar manufacturing, where raw materials and final products are subject to spoilage and fluctuating demand.
The key findings of our study are:
· The optimal production rate must balance holding costs, deterioration losses, and demand variations to minimize total cost.
· Sensitivity analysis shows that the deterioration rate and demand rate significantly impact on the whole system efficiency.
· Ensuring zero shortages is indispensable for industries requiring continuous production, preventing supply chain disruptions.

6.2 Managerial Insights
For Factory Managers:
· Optimal Production Scheduling: Adjusting production rates dynamically based on demand fluctuations can significantly reduce costs and waste.
· Reducing Deterioration Loss: Implementing superior storage facilities and temperature control systems can minimize deterioration losses.
· Cost-Effective Inventory Management: Sensitivity analysis indicates that optimizing warehouse operations to decrease holding costs is crucial for cost efficiency. For Sugar Factory Applications:
· Seasonal Demand Adjustment: Sugar demand varies seasonally; adapting production levels accordingly improves cost-effectiveness.
· Managing Raw Material Deterioration: Sugarcane, a primary raw material, has a high deterioration rate; hence, rapid processing and improved storage conditions are necessary.
· Technology Investment: Implementing IoT sensors for real-time inventory tracking can improve production planning and reduce wastage.
6.3 Future Research Directions
The proposed model can be extensive in several ways:
· Developing multi-item inventory models where production resources are joint across different products.
· Introducing stochastic lead times to analyze the impact of supply chain uncertainties.
· Applying hybrid optimization techniques, including AI-based decision support systems, to improve cost-effectiveness in real-world manufacturing settings.
This research provides a foundation for optimizing production-inventory systems in industries with time-dependent deterioration and demand rates. Future work can  develop these models by incorporating stochastic rudiments and highly developed optimization techniques.
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