


A Dual to Difference-Cum-Product Type Exponential Estimator of Population Mean in Stratified Random Sampling
Abstract 
This paper aims to enhance the estimation of population mean of study variable through the use of an ancillary variable in stratified random sampling. This paper, we have suggested a combined type estimator to estimating population mean  by dual transformation of ancillary variable under stratified random sampling. The bias and mean square error (MSE) expressions of the suggested estimator have been obtained, up to the terms of degree two.  The optimum values of constant have also been obtained and using these optimum values, the minimum MSE has been found. The mean square error (MSE) of the recommended estimator has been compared theoretically with that of other previous estimators of this category it has been observed and shown that proposed estimator perform better than other existing estimators. The numerical study has also been done with actual data set and found that the suggested estimator is more appropriate. The percent relative efficiency (PRE) has been reported in the table which clearly indicates that proposed estimator has high PRE.
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1. Introduction 
In situation, where the population size is considerably large, sampling is the only possible option in place of full enumeration, since it is a time and cost effective technique of data collection that can provide reliable estimates regarding population parameters. When auxiliary information is used in sample surveys, the accuracy of estimators of population parameters is significantly increased. In order to find the most efficient estimator of parameters, the researchers aim to use the auxiliary information that is readily available during data collection process. Ratio method of estimation is used to obtain efficient estimates when correlation coefficient between study variable and ancillary variable is high and positive, however when correlation coefficient is high and negative, the product method of estimation is preferred. In many circumstances we see that all populations are not homogeneous and therefore simple random sampling is less effective, stratified random sampling is typically chosen in these circumstances to estimate the population parameters of heterogeneous populations, and different authors have proposed a number of estimators of population mean and/or variance under stratified random sampling.
Srivenkataramana (1980) proposed dual to ratio estimator and Bandyopadhyaya (1980) proposed dual to product estimator for estimating the population mean  .
Hansen et al. (1994) suggest “a combined ratio type estimator in stratified random sampling”. Kadilar and Cingi (2003), motivated by Sisodia and Dwivedi (1991), Upadhyaya and Singh (1999) and Singh et al. (2004) suggested some ratio estimator of mean  in stratified random sampling. Later on Kadilar and Cingi (2005), motivation from Prasad (1989), presented another category ratio type estimator in sampling. Shabbir and Gupta (2006) suggested the regression cum ratio type estimators in sampling by using transformation suggested by Bedi (1996). Motivated by Bahl and Tuteja (1991), Singh et al. (2008) developed ratio and product type exponential estimator in stratified random sampling estimator. Koyuncu and Kadilar (2009) suggested combined ratio type of Khoshnevisan et al. (2007) estimator whereas Koyuncu and Kadilar (2010) proposed combined estimators in line of Gupta and Shabbir (2008) estimators. Further Singh and Solanki (2013) proposed “an efficient ratio and product type estimators in stratified random sampling using ancillary information”. Tailor et al. (2013), suggested dual to ratio and product exponential estimators in stratified random sampling using two auxiliary variables. Yadav et al. (2014) introduced “an improved ratio and product exponential type estimators for finite population mean in stratified random sampling”. Yadav and Shukla (2014) suggested “improved product cum dual to product estimator of population mean in stratified random sampling”. Koyuncu (2016) introduced an improved exponential type estimator for finite population mean in stratified random sampling. In continuation to the work, Shahzad et al. (2018) developed a new estimator for mean and Bhushan et al. (2021) introduced “some efficient classes of estimators under stratified sampling. Rather et al. (2022) suggested some modified version of ratio cum product type exponential estimator of mean in stratified random sampling”. Tiwari et al. (2023) suggested a general class of estimators in stratified random sampling. Sharma and Malik (2024) presented “some exponential type ratio and product estimator of population mean in stratified sampling”. Further, Hussain et al. (2025) suggested “difference-cum-exponential type estimators to estimating the population mean in sampling”.
In this research work considering stratified sampling design we introduced a dual to difference cum product type exponential estimator of population mean. It is observed that the performance of the suggested estimator is better than similar other existing estimators in the literature. 
2. Some Notations
Consider  a population mean consisting N units, which is presented into k strata with   stratum having Nh units  such that . Let a simple random sample of size  is taken from  stratum using simple random sampling without replacement(SRSWOR) such that . Let y be the study variables and x ancillary variables such that  and  be the observed values of the variable y and x in   stratum at   unit, where  and  respectively. Further we define,
  is stratum weight,   is a finite population factor, 
  and  are the overall sample means of study variable y and ancillary variable x for the  stratum respectively , 
 and  are sample means of study variable y and ancillary variable x respectively,
 and  are the overall population means of study variable y and ancillary variable x for the  stratum respectively,
 and  are population means of study variable y and ancillary variable x respectively,
  and    are the variance of study variable y and ancillary variable x for the  stratum respectively,
  is the covariance between study and ancillary variables for the stratum,
 is corr. coefficient between study and ancillary variables for the stratum,
  and   are coefficient of variation for study variable y and ancillary variable x for the stratum respectively,
  is coefficient of kurtosis for ancillary variable in the  stratum, 
 is a general notation to obtain variances and co-variances term.
3. Some Existing Estimators
The classical estimator of population mean under stratified random sampling is, 
                                                         (1)
The variance is given as,
                                                          (2)
The combined ratio estimator under stratified random sampling was suggested by Hansen, Hurwitz, and Gurney (1946) 
                                                                (3)
where,   and 
The MSE expression is given as,
                                           (4)
Kadilar and Cingi (2003) motivated by Sisodia and Dwivedi (1991), Upadhyaya and Singh (1999) and Singh et al. (2004) presented some ratio type estimator of population mean ,
                                                              (5)
The MSE expression is given as,
 Where,   (6)
                                                                        (7) 
The MSE expression is given as,
                                 (8)
Where,  
                                                   (9)
The MSE expression is given as,
                                (10)
Where,  
                                                           (11)
The MSE expression is given as,
                           (12)
Where,  
Shabbir and Gupta (2006) presented the regression-cum-ratio estimator utilizing the Bedi (1996) transformation, which is as follows:
                                                 (13) 
where   ,  ,  is the population total.
The MSE expression is given as,
                                   (14)

Motivated by Bahl and Tuteja (1991), Singh et al. (2008) developed exponential ratio and exponential product type estimator of population mean, given as
                                       (15) 
The MSE expression is given as,
                        (16)
                                        (17)
The MSE expression is given as,
                                          (18)
Koyuncu and Kadilar (2009) presented a class of estimators based on Khoshnevisan estimator (2007) of population mean, given as, 
                                          (19)
The MSE expression is given as
                                                  (20)
Koyuncu and Kadilar (2010) proposed a combined type class of estimators of population mean, given as 
                                                   (21) 
where   ,   and  are suitably chosen scalers, also a and b are either the function of ancillary variables of constant
The MSE expression is stated as
               (22)
Shabbir and Gupta (2010) presented the regression-cum-exponential type estimator is given as,
                                    (23) 
where 
The MSE expression is given as,
                                          (24)
Yadav and Shukla (2014), suggested an improved version of product cum dual to product estimator of population mean in stratified random sampling 
                                     (25)
The minimum MSE expression is given as,
                    (26)
where,
 
 



4. Proposed Estimator
Motivated by Yadav & Kumar (2025) we proposed some efficient new combined type of estimator for estimation of population mean with dual transformation in stratified random sampling, the estimator takes the form, 
                                                                     (27)
  
 Where,                                                                                                                                    
is dual transformation,  is mean of study variable,  mean of auxiliary variable. Further  and   unknown constant which are required to obtained under optimum condition.
Now consider that,
  ,    
such that                          
E()  =   E() =  0
from equation (1), we have 
 
 

Where  is standard deviation of study variable Y in  stratum and  is standard deviation of ancillary variable X in  stratum.   is correlation coefficient between Y and X variable in  stratum and   .
The recommend estimator can be stated as
                                                                      (28)
Where,  
 ,    ,   ,  and  
such that,
  
 
 
 
 
                                                             (29)
    (30)
Taking expectations on both side and considering the terms of maximum higher order up to order two, we get bias of the recommended estimator
                                         (31)
Now, squaring both sides of eq. (31) and taking expectations, we get the expression for MSE of recommended estimator
                                             (32)
Where, 
           
 
]                      
    
                                              

Partially differentiating w. r. t. w1 and w2 we get the optimum values as,
                    
Using the optimum value of and , we get the minimum MSE(t) 
                                    (33)
                                                       (34)
5. Theoretical Efficiency Comparison

I.  is more appropriate than  if     
                                                                       (35)
II.  is more appropriate than  if  
                                                  (36)
III.     is more appropriate than  if   
                                          (37)
IV.  is more appropriate t than  if   
                                                  (38)
V.  is more appropriate t than  if   
                                          (39)
VI.  is more appropriate t than  if       
                                                 (40)     
VII.  is more appropriate than  if    
                                               (41)
VIII.  is more appropriate than  if       
                             (42)                                                 
In accordance to the conditions mentioned above, the recommended estimator is more appropriate and hence shall be used.
6. Numerical illustration
To observe the performance of recommended estimator, compare to previous estimators, we take into consideration the following real data set.
Population I: [Source: Japan Metrological Society]
y = Rainy days,  
x =Total annual sunshine hours,  
Table 1: Real data set for empirical study
	N = 10
	
	
	n=4
	

	
	 =142.80
	=102.60
	= 1630
	=2036

	 
	 =103.26
	 = 102.17
	 =103.26
	 = -239.30

	 = -655.30
	
	
	
	



Table 2: PRE of proposed and some previous estimators of real population 
	Estimators
	PRE

	
	100

	
	47.78

	
	114.18

	
	61.67

	
	107.96

	
	79.54

	
	102.52

	
	110.63

	
	263.18



7. Conclusion

In this paper, we proposed an efficient estimator of population mean  using an auxiliary variable X and dual transformation in stratified random sampling. The expression of Bias and MSE of recommended estimator obtained up to the terms of degree two and it is shown that the recommended estimator is more appropriate than some other existing estimators theoretically as well as empirically with real data set. Hence it is recommended for use in practice.
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