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	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript offers a concise comparative analysis of deterministic Newton--Cotes quadratures (trapezoidal, midpoint, Simpson) versus stochastic Monte Carlo integration, combining standard convergence results with small-scale Python experiments. The work is pedagogically valuable for readers seeking a unified view of order-of-accuracy versus dimension-dependence, and it highlights the curse of dimensionality that penalizes tensor-product rules while leaving the Monte Carlo convergence rate dimension-agnostic. With better rigor in the experimental design, more consistent notation, and improved presentation (tables/figures/references), the paper could serve as a useful introductory reference for students/practitioners comparing quadrature and Monte Carlo in low- and moderate-dimensional settings.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The title is broadly suitable. To reflect scope and results more precisely, consider one of:

- Deterministic versus Monte Carlo Quadrature: Theory, Experiments, and the Role of Dimension

- Convergence and Efficiency Trade-offs between Newton--Cotes and (Quasi-)Monte Carlo Integration
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract states the intent and key conclusion (deterministic wins in low dimension, Monte Carlo gains in higher dimensions or reduced regularity). Suggested improvements:

- Briefly state the experimental protocol: (i) classes of test functions; (ii) equalized cost measured in total function evaluations (or CPU time), and (iii) metrics (absolute error, wall-clock, and variability/error bars for Monte Carlo).

- Avoid claims that are not supported by displayed figures/tables; add quantitative outcomes (e.g., â€œIn $d$ Monte Carlo achieves median absolute error $$ at $N=$ with $$ evaluationsâ€�).

- Replace general statements with precise qualifiers (regularity class $C^2/C^4$, singular/oscillatory cases) to match the theory sections.
	

	Is the manuscript scientifically, correct? Please write here.
	The derivations of standard error bounds for composite trapezoidal, midpoint, and Simpsonâ€™s rules are correct in structure and assumptions. The presentation of the Monte Carlo estimator, unbiasedness, variance, and CLT is appropriate. However, several issues require attention before publication:

- Internal consistency: Some notation is unclear or appears inconsistent. For example, the definition â€œ$^d(x)=(f_i(x))^d$â€� and the way multidimensional benchmarks are built from 1D functions need explicit clarification (domain, product/separable structure, true reference integrals, and how the reference values were computed).

- Experimental design: Ensure fair cost matching across methods. For deterministic rules, â€œ$N$â€� typically denotes panels per dimension; the total function evaluations scale as $O(N^d)$ for tensor-product rules. For Monte Carlo, evaluations scale linearly in the total sample size. Please report total function calls and/or CPU time for each method and condition.

- Statistical reporting: Monte Carlo results should include uncertainty quantification (standard error or $95$ CI) and, when multiple runs are used, median and interquartile range (IQR). Add error bars to plots and variability columns to tables.

- Reproducibility: Provide the Python scripts or a public repository, list random seeds, and document the numerical tolerances used for â€œreferenceâ€� integrals.

- Missing/placeholder items: Placeholder labels (e.g., â€œTable ??â€�) and repeated â€œUNDER PEER REVIEWâ€� stamps should be removed; all figures/tables cited must appear with correct numbering and captions. Mathematical typos (e.g., â€œinttegralâ€�, spacing in formulas) should be corrected.

- Scope: Because the text mentions Quasiâ€“Monte Carlo (QMC) and variance reduction, at least one representative QMC experiment (e.g., Sobolâ€™ sequences) would substantially strengthen the claims in moderate dimensions.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	
The list covers classical sources but shows duplication (e.g., Metropolisâ€“Ulam is cited twice; Dahlquistâ€“Bjorck duplicated) and omits several modern, widely used references. Please (i) remove duplicates; (ii) correct incomplete entries; and (iii) enrich with recent authoritative texts, for example:

- Art B. Owen, Monte Carlo Theory, Methods and Examples, 2013â€“2024 (online monograph).

- J. Dick and F. Pillichshammer, Digital Nets and Sequences, Cambridge, 2010 (QMC theory).

- L. N. Trefethen and S. J. Chapman (or Trefethen  Weideman) on the exponentially convergent trapezoidal rule for periodic/analytic integrands.

- M. Griebel and M. Holtz on dimension-adaptive sparse grids (Smolyak) as a competing high-dimensional deterministic strategy.

Also, adjust 2010 MSC codes to match the topic (e.g., 65D30 Numerical
	

	Is the language/English quality of the article suitable for scholarly communications?


	Understandable but needs moderate copyediting: Several grammatical errors, capitalization inconsistencies, and typos remain; equation punctuation and spacing should be standardized. Unify notation ($h$, $n$, $N$; dimension $d$; norms and expectations).
	

	Optional/General comments


	
- Provide a clear problem statement specifying the exact families of test functions (smooth, oscillatory, singular), domains, and regularity assumptions used in the theorems.

- Report errors versus total function evaluations (and CPU time) to enable fair efficiency comparisons across $d=1,,5$.

- Add Monte Carlo variability (SE/CI) and, if multiple runs, median and IQR; discuss bias/variance trade-offs and the impact of variance reduction (antithetics/control variates) when applicable.

- Include at least one Quasiâ€“Monte Carlo baseline (Sobolâ€™/Halton) and discuss when QMC outperforms standard MC for moderate $d$ and bounded-variation integrands.

- Consider adding Gaussâ€“Legendre and sparse-grid (Smolyak) baselines to represent more competitive deterministic methods in higher $d$.

- Fix all cross-references (no â€œTable ??â€�), ensure figures are present with legible axes and captions, and provide a reproducibility appendix with code and seeds.
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	Are there ethical issues in this manuscript? 
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