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[bookmark: _Toc483200970]Abstract
Multicollinearity poses a significant challenge in econometric modeling, particularly when analyzing economic indicators that are inherently interrelated. This study investigated the efficacy of Ridge Regression (RR) and Bayesian Regression (BR) as alternatives to Ordinary Least Squares (OLS) in the presence of multicollinearity. Using both simulated datasets and Nigerian economic data spanning 1995 to 2016, including GDP, oil revenue, education, agriculture, manufacturing, trade, and construction, we compared the predictive and inferential performance of the three methods. Model performance was evaluated using Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Mean Squared Prediction Error (MSPE). The findings revealed that while OLS exhibited superior model fit under AIC and BIC, BR outperformed both OLS and RR in predictive accuracy, as indicated by the lowest MSPE. These results underscore the importance of prior distribution assumptions in Bayesian estimation and highlight the need for careful model selection when handling multicollinearity in economic data.
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1. Introduction
Recently, the interest in evaluating economic growth through key economic indicators has been on the increase (Amalare et al., 2020). Among these, Gross Domestic Product (GDP) stands out as a critical measure of a nation’s economic performance (Ekum et al., 2013; Ekum & Farinde 2014; Mohammed, 2024). Monitoring GDP growth in an economy like Nigeria, particularly during periods of economic downturn, is essential for informed decision-making within the economic and financial sectors. GDP is influenced by a multitude of factors rather than a single variable. Notably, Nigeria revised its economic analysis framework to reflect emerging sectors such as telecommunications, banking, and the entertainment industry, leading to a substantial 89% upward adjustment in its GDP estimate (Ekum et al., 2015; Groner & Moradi, 2024). When the relationship between a dependent variable and an independent variable is analyzed, it is referred to as simple linear regression. In contrast, multiple linear regression extends this framework by incorporating two or more explanatory variables. Multiple regression has become a fundamental tool in econometric analysis due to its robustness and adaptability (Ekum et al., 2018; 2020; Gregorich et al., 2021; Iluno et al., 2021; Okunnu et al., 2017). 

According to Ayinde et al. (2015), the general form of a multiple linear regression model with p explanatory variables is expressed as:

One key assumption of this model, particularly when employing the Ordinary Least Squares (OLS) estimation method, is the absence of linear dependence, or collinearity, among the explanatory variables. Violation of this assumption results in a condition known as multicollinearity. This assumption is essential to ensure that the individual contribution of each predictor to the response variable is both identifiable and interpretable. If multicollinearity is presence, however, it becomes challenging to distinguish the isolated effect of each predictor on the response variable (Ekum et al., 2023; Starbuck, 2023).
Furthermore, parameter estimates can become highly unstable with even minor changes in the dataset, making the model unreliable for predictive purposes (Arowolo et al., 2016; 2017; Montesinos et al., 2022). To address multicollinearity, many researchers (Vatcheva et al., 2016; Lindner et al., 2020; Gregorich et al., 2021) often resort to eliminating one or more of the correlated predictors. However, this approach may not always be appropriate, particularly when the excluded variables are essential to the model's explanatory power. In economic modeling, for instance, predictors are frequently highly correlated yet critically important. Despite this, some researchers continue to apply Ordinary Least Squares (OLS) estimation, leading to potentially misleading interpretations. This is due to inflated variances, poor identification of individual predictor contributions, and distorted values of the coefficient of determination. A more robust alternative for addressing multicollinearity is Ridge regression, which introduces a bias term during parameter estimation to stabilize the results, though this comes at the cost of introducing bias.  Additionally, Bayesian regression techniques that employ non-Gaussian prior distributions may offer improved parameter estimates compared to OLS (Hu, 2024; Ogunsanya et al., 2020).
In this research, simulated as well as real data are employed for the analysis. The GDP of Nigeria, from year 1995 to 2016, spanning 22 years, was used as the dependent variable while income from agriculture, oil, construction, trade, transport and education are used as explanatory variables. The OLS, ridge and Bayesian techniques were adopted in estimating the parameters of the two models and their results were compared. The simulation study was conducted, comparing the performances of the Ordinary least squares (OLS), Ridge Regression (RR) and Bayesian Regression (BR) using four criteria: Absolute biased, Variance, root mean square error (RMSE), standard deviation. Thereafter, we apply the same techniques to real life data.
1.1 Gauss-Markov Theorem
An OLS estimator   is said to be a best linear unbiased estimator (BLUE) of , if and only if it is a linear estimator ,that is ,  , unbiased estimator , that is,  and has the minimum variance among all other linear unbiased estimators, that is, , where  is any other linear unbiased estimator, Markov (1900).
1.2 Consequences of Multicollinearity
Multicollinearity may occur if more than one predictors have high correlation or if one variable is well approximated by a linear function of other predictor variables. Multicollinearity is a feature of the XIX matrix. With centered data, XIX equals n times the variance covariance matrix of X. Multicollinearity is a common phenomenon in real-world datasets, particularly in economic data. When Ordinary Least Squares (OLS) estimation is applied when multicollinearity is perfect, the parameter estimated are indeterminate, and their standard errors tend toward infinity. In cases of high but not perfect multicollinearity, coefficient estimates remain computable but are often accompanied by large standard errors (Gujarati et al., 2012). This undermines the reliability of coefficient interpretation, as inflated sampling errors adversely affect both statistical inference and forecasting accuracy (Chatterjee et al., 2000). Although OLS estimators remain unbiased under multicollinearity, they become inefficient.
Several scholars, including Maddala (2002) and Fomby et al. (1984), have documented scenarios where multicollinearity is prevalent and outlined its adverse consequences on OLS estimators. To address this issue, a range of alternative estimation techniques has been developed, such as, the estimator of Ridge Regression estimator proposed by Hoerl and Kennard (1970) and later refined by Hoerl et al. (1975) and Liu (1993). Another notable approach is Principal Component Regression (PCR), as proposed by Massy (1965), Marquardt (1970), Naes and Martens (1988), and Ayinde et al. (2012), which reduces the dimensionality of predictor variables before applying OLS to the transformed data.
OLS estimators are also highly sensitive to specification errors, often resulting in statistically insignificant coefficients or signs contrary to theoretical expectations. Consequently, making valid inferences becomes challenging in the presence of multicollinearity.
2. METHODS AND MATERIALS 
2.1 Ordinary Least Square (OLS)
Simple Linear Regression Analysis
The simple linear regression model is expressed as:

Where Y is the dependent or response variable, X is the independent or explanatory variable. 0 and 1 are the unknown parameters to be estimated. Specifically, 0 is the constant, which is the expected value of Y when X = 0, 1 is the slope of the regression model. It is the value Y will change by if X is changed by a unit.eis the random or disturbance or stochastic term in the model. It is usually minimized and equated to zero for the parameters to be estimated. (Evans, 2012). 
2.2 Multiple Linear Regression Analysis
The k-variable linear equation model is used to study the relationship between a dependent variable and k independent variables (k > 1). If k = 1, it is a simple linear regression as discussed in 2.1. However, if k is greater than 1, then it is referred to as a multiple linear regression model, provided that the method for analyzing data described by the model are linear in the parameters and variables. The specification of multiple linear regression model is given by:

where Y is the response variable, X1, …, Xk are the covariates; 0, 1, …, k are the regression coefficients, i is the random term, and k is the number of covariates.
In matrix form

where

Y is a column vector of size n representing the response variable, X is a matrix of size (n  k) representing the covariates and assumed to be of full rank,  is a (k ) vector of unknown parameters to be estimated,  is an (n 1) vector of random error with mean zero and variance 𝜎2 assuming to have the same distribution as Y.
There are several techniques available for estimating the parameters of equation (2.3). Among these, the least squares method has traditionally been the most widely used. Even when alternative estimation methods are deemed more suitable in certain scenarios, least squares often serves as the standard for comparison and, in many instances, the alternative methods can be seen as adaptations of the least squares approach.
Let 

Recall (2.3), so that 

The sum of squared residuals is



(Note: )
Differentiate  with respect to  and equate it to zero, we have 



Equation (2.10) is called the least squares estimate.
2.2 Ridge Regression
Ridge regression is a type of regularisation. Hoerl and Kennard (1970) first proposed the idea of ridge regression. This technique provides a biased linear estimation approach that often outperforms the Ordinary Least Squares (OLS) estimator in the presence of multicollinearity. Ridge regression addresses multicollinearity by introducing a tuning parameter, K, to the diagonal elements of the matrix 𝑋𝑇𝑋, which represents the correlation structure of the predictors. 
The ridge estimator is expressed as  

where K ≥ 0 is a diagonal matrix. The mean,  and the variance . The Mean Square Error is given by

Since  is a positive definite matrix, there exists an orthogonal matrix Q such that , where T = diag (t1, t2,…,tp)and t1,t2,…,tp are the eigen values of  . Now let α = , MSE () becomes:

where αi is the ith element of the vector 
For this transformed model, MSE, the OLS estimator is the trace of the variance covariance matrix


Ridge regression is based on introducing a biasing parameter, 𝐾, which helps achieve parameter estimates with a reduced mean squared error (MSE). From equation (2.11), the ridge estimator is given by , where 𝐾 is a diagonal matrix containing non-negative elements (𝐾1, 𝐾2, . . ., 𝐾𝑝), and these values do not have to be identical. This estimator mitigates the adverse effects of multicollinearity by stabilizing the solution when explanatory variables are highly correlated. As 𝐾 increases from zero toward infinity, the estimated coefficients gradually shrink toward zero. While the estimator introduces some bias, an appropriately chosen value of 𝐾 can lead to a lower MSE than that of the least squares estimator. 
The concept of generalized ridge regression was also developed by Hoerl and Kennard (1970), who proposed methods for determining the optimal value of 𝐾.

Since σ2 and  are generally unknown, the Ki needs to be estimated. Hoerl and Kennard (1970) suggested the replacement of σ2 and  by there corresponding unbiased estimators  and .
Therefore, (2.16) becomes (2.17) 

where .							
Hoerl and Kennard (1970) introduce Ki = K for all i, is the best method for estimating (K) such that:

In this research, we estimate K using (2.18)
2.3 Bayesian Linear Regression
Bayesian linear regression applies the principles of Bayesian inference to the linear regression framework. In cases where the model errors follow a normal distribution and a specific prior distribution is chosen, it is possible to derive analytical expressions for the posterior distributions of the model parameters. Bayesian multivariate linear regression extends this concept to situations where the outcome variable consists of multiple correlated components rather than a single value. For a more comprehensive discussion, see the MMSE estimator as described by Dey and Ghosh (2000).
Consider estimating a regression line based on observations of two random variables, 𝑥𝑖  and 𝑦𝑖, where 𝑥𝑖 represents the ith value of the predictor and 𝑦𝑖 is  the corresponding response. The regression model can be expressed as , with  as parameters to be estimated (Albert and Chib, 1993). To include the third unknown parameter, we assume the error terms 𝑒𝑖 are independently and normally distributed, i.e., 𝑒𝑖∼𝑁(0, 𝜎2) (Gelman, 2013). This formulation leaves us with three parameters to estimate: .
Let
e
Then, the likelihood function becomes


Ignoring the constant in the proportionality above and choosing a non-informative prior density, gives

where 

With the likelihood function and the prior density isolated, the Bayes' Theorem  can then be used,

Furthermore, multiplying (2.20) and (2.22) gives (2.23), which is the posterior density,


Taking the estimates of  to be unbiased under the posterior distribution and  and 
Rewrite  

=
Thus we have	

Together, both follow a bivariate Student's t-distribution. The marginal distribution of 𝛽0 is characterized by a univariate Student’s t-distribution with 𝑛 – 2 degrees of freedom. Similarly, 𝛽1 also follows a univariate Student’s t-posterior distribution with  𝑛 – 2 degrees of freedom (Gelman, 2013).
When dealing with multiple regression, the computations tend to become more complex. To manage this, matrix notation is often employed to streamline the process. However, this alone may not sufficiently reduce the complexity of the calculations. Therefore, computational tools such as R, used in conjunction with WinBUGS (a Windows-based Bayesian inference tool using Gibbs Sampling), are typically applied to implement Markov Chain Monte Carlo (MCMC) techniques, which help handle these intensive calculations more effectively (Chatterjee, 2000).
2.3.1 Markov Chain Monte Carlo (MCMC) Methods
Increasing k makes evaluating and analyzing the posterior distribution increasingly complex. This is where MCMC techniques prove highly effective. These techniques allow for the simulation of posterior distributions, making them more accessible for analysis. The simulated results can be used to make inferences on the parameters and the model its estimating. A wide range of MCMC algorithms is available for such purposes (Dellaportas & Smith, 1993).
2.3.2 Gibbs Sampling
Gibbs Sampling is a widely used MCMC algorithm, particularly valuable in Bayesian inference applications. It offers a way to generate random variables from a target distribution without requiring the computation of the full joint density. Instead, it simplifies the process by breaking it down into a series of conditional distributions, which are easier to handle computationally. The core idea behind the Gibbs sampler is to iteratively sample from the conditional distribution of each variable while holding the others constant (Congdon, 2003). In essence, this approach involves working with univariate conditional distributions to approximate the marginal densities of interest.
,

when working with a joint probability density function  one might initially attempt to compute the marginal distribution f (x) to derive quantities such as the mean or variance (Bedrick, 1996).

However, calculating f(x) 

directly can often be very complex, making alternative methods necessary. One such method is the Gibbs sampler, which generates a random sample 𝑋1, . . ., 𝑋𝑛 without explicitly evaluating 𝑓(𝑥). With a sufficiently large simulated sample, one can estimate properties of 𝑓(𝑥) with high precision. For frequentist statisticians, the Gibbs sampler can be a tool for evaluating likelihood functions and related estimators. In Bayesian analysis, its primary function is to produce samples from posterior distributions. As the dimensionality of a problem increases, this technique becomes particularly valuable by eliminating the need to compute challenging integrals in high-dimensional spaces (Gelman, 2013)
2.4 Multicollinearity Detection
Recall the k linear regression model in (1.1), collinearity is the linear dependency among the columns of matrix X (X has n  k dimension).  One of the major measures of collinearity is called Tolerance.
For every covariate ), the tolerance is calculated as , where  represents the coefficient of determination calculated from every k auxiliary regression of the form.

Thus,  shows the proportion of variance of  that is not accounted for by the remaining k-1 regressors and can be used to measure the degree of collinearity associated to  .
In this research, another measure of collinearity is used of  , called Variance Inflation Factor (VIF) , and can be obtained as a measure of the increment of the sampling variance of the estimated regression coefficient of  ( due to collinearity . VIF is calculated as the  diagonal value of the inverse of the R correlation matrix among the covariatess’ or alternatively as:

VIF measures how fast variances and covariances increase. Note that if VIF < 10, it is considered to be acceptable and if it is greater than 10, there is severe multicollinearity (Marquardt, 1970).
3.  SIMULATION AND DATA ANALYSIS
In this research, data were simulated using gamma distribution, with 100 units of each of the six (6) explanatory variables (x1, x2, x3, x4, x5, x6) in 1000 replications. The real life application data were collected from the Central Bank of Nigeria (CBN) Statistical Bulletin on Gross Domestic Products as response variable and other six explanatory variables. We formulated two different regression models using various regression techniques, which includes, least square (LS), ridge regression (RR) and bayesian regression (RR). The explanatory variables for the real life data are revenue generated from Agriculture, Oil, Construction, Trade, Transportation and Education. 
3.1 Description of Simulated Data 
Data were simulated using gamma distribution (since the real life data are mostly positively skewed) using Statistical tool R version 3.4.3. The gamma distribution serves as proxy to non-Gaussian distributions. The simulated data are positively skewed as depicted in the histogram in Figure 1(a) and 1(b). 
Table 1 shows the summary statistics, that is, the five num and mean of the variables used. The table shows that the variables, that is, dependent and explanatory variables are asymmetric, that is, they are not normally distributed. They are positively skewed and are leptokurtic. The skewness and the kurtosis are depicted in Figure 2. 
The histograms displayed in Figure 2 depict different distributions that are positively skewed, like Gamma, Weibull, Exponential, Rayleigh, and so on. Unfortunately, we only have the code for “family = Gamma” in R among these different non-gaussian distributions. So, Gamma distribution will be used and the result will be compared with the real life data on GDP later in the research work.  
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	   Figure 1(a)                                                                 Figure 1(b)

FIG 1. Graphs showing simulation data
[bookmark: _Toc511069818]Table 1: Summary Statistic of Simulated data
			y	 x1	    x2	       x3	            x4               x5                x6	
  Min.      	0.000000    0.06271   0.3910    0.00000    0.0007976   0.0006812     0.000000  
  1st Qu.   	0.001151    0.49879   1.2160    0.04094    0.1300841   0.1096955     0.005658  
  Median  	0.136697    0.84714   2.0520    0.16640    0.2778729   0.3393697     0.050869  
  Mean     	1.108792    1.05829   2.0970    0.33378    0.4082205   0.4953278     0.158416  
  3rd Qu.   	1.114484    1.42057   2.8580    0.41696    0.5306663   0.6444117     0.186691  
  Max.       	12.97211    5.78610   5.4300    3.44314    2.2492268   2.7152097     0.869271  
 Skewness 	3.046883    2.26277   0.6819    3.45629    1.9750589   1.9490296     1.677194
  Kurtosis       	  13.9335    12.63107 2.9287    18.9721    7.7787000   7.0069000     4.595820
[image: ]
Figure 2: Histogram showing all the explanatory variables of the Simulated data
Table 2: Correlation Coefficient (Simulated data)
	 
	Y
	X1
	X2
	X3
	X4
	X5
	X6

	Y
	1
	-0.117
	0.169
	-0.043
	-0.040
	0.953
	0.926

	X1
	
	1
	-0.051
	-0.077
	-0.060
	-0.108
	-0.118

	X2
	
	
	1
	-0.103
	-0.257
	0.120
	0.131

	X3
	
	
	
	1
	0.080
	-0.030
	-0.048

	X4
	
	
	
	
	1
	-0.049
	-0.009

	X5
	
	
	
	
	
	1
	0.963

	X6
	
	
	
	
	
	
	1


Table 3: Variance Inflation Factor (VIF)
	Explanatory Variables
	Collinearity Statistics

	
	Rj2
	VIF = 1/1-Rj2

	
	X1
	0.013680
	1.01387

	
	X2
	0.020520
	1.02095

	
	X3
	0.001815
	1.00182

	
	X4
	0.000156
	1.00015

	
	X5
	0.909000
	10.9890

	
	X6
	0.857900
	7.03729


Where Rj2 is the Coefficient of determination of jth covariates respectively
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Figure 3: Scatter Plots showing the Relationship between response variable y and covariates 
Table 2 shows that there are high correlations among the explanatory variables. We have to detect the major cause of the multicollinearity. This will help us form two models, the first model  is the one with less explanatory variables, having lower multicollinearity, while  the second model is the one with all the explanatory variables included, showing high level of multicollinearity. Table 4. shows that the VIF of explanatory variable X5 is the highest, meaning that it is the major cause of Multicollinearity. So, model 1 will not include X5 while model 2 will include X5.
Table 4: Normality Test (Shapiro-Wilk Normality Test)
	Variables
	W
	p-value

	Y
	0.57609
	1.55e-15

	x1
	0.82841
	2.042e-09

	x2
	0.94966
	0.0007881

	x3
	0.63855
	2.47e-14

	x4
	0.80693
	6.30e-09

	x5
	0.7798
	6.21e-11

	x6
	0.70663
	7.72e-13



Condition: if p-value > 0.05, then normality is assumed or otherwise.
Thus, by the condition of the above, the Shapiro-Wilk normality test shows that all the variables are significant at 5% (p < 0.05), concluding that the simulated data are not normally distributed. 
[image: ]
Figure 4: Scatter Plots showing the relationship between the response variable and the covariates 
3.2. Model Selection and Model Performance for Simulated Data
Table 5: Model Summary of Multiple Linear Regression using Least Square
	Model                       AIC
	BIC
	
	R2
	MSPE
	MSPE	RMSE
	


Model 1 LS1                      206.2547         224.4909                     0.9127            3.2607            0.215
Model 2 LS2                       207.68            228.5213                     0.9076	  3.8727              0.215   

Table 6: Ridge Modified Estimators
	Models
	MSPE
	Modified HKB Estimators
	Modified 
L-W Estimators 
	GCV

	Model 1  RR1
	21.02493
	0.002556979
	0.0006708685
	0.019

	Model 2  RR2
	11.93405
	0.00315153
	0.0007664604
	4


Table 6 shows the mean square predictive error (MSPE), modified HKB estimators, modified L-W estimators and GCV. Model 2 is better than model 1 because it has severe or high multicollinearity compared to model 1 by comparing their mean square predictive error values in Table 5. However, Ridge regression estimates perform better when there is severe multicollinearity. Figure 5 shows the ridge plot at different GCV values for model 2. 
[image: ]
Figure 5a: Model 1: lambda = seq(0, 0.1, 0.001))	     Figure 5b: Model  2: lambda = seq(0, 0.1, 0.001))
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     Figure 5c: Model 2: lambda = seq(0, 1, 0.1))   Figure 5: Model  2: lambda = seq(0, 10,  0.01))
                                                 Figure 5: Ridge Plot of Models
The regression plot in Figure 5a shows that model 1 has so much variation even more than model 2 in Figure 5b with the same values of lamda. The variation in model 2 as shown in Figure 5b and Figure 5c reduce with the introduction of the bias in the system, and stable for very high value of K. So they are solid to work with, we include them in the model. Model 1 does not have good predicting power but model 2 has good predicting power as the values of lamda improved. Model 2 becomes more stable and has good predictive power. 
Table 7: Predictive Estimate of BR
	Models
	MSPE
	Dispersed Parameter
	Null Deviance 
	Residual Deviance
	AIC

	Model 1BR with Gamma
	1.268462
	2.216689
	795.79
	679.94
	-205.63

	Model 2 BR with Gamma 
	8.63368
	1.796684
	795.79
	630.46
	-215.21


Table 7 shows the mean square predictive error (MSPE), dispersed parameters, null deviance and AIC of each model. Model 1 is better than model 2. The MSPE clearly shows that Bayesian regression using Gamma with Model 1 is far better than using Model 2. Likewise, AIC also shows that Model 1 with gamma is better than Model 2. So, in the model comparison, we shall present Bayesian using Gamma with other regression estimation method.
[image: ]             
Figure 6: Histogram and Density Plots Model 1 and Model 2 with Gamma

4. REAL LIFE APPLICATION DATA
4.1 Data Presentations
Table 8: Data on GDP and other Economic Indicators Contributing to GDP of Nigeria 
	YEAR
	GDP
	AGRIC
	OIL
	CONSTRUCTION
	TRADE
	TRANSPORT
	EDUCATION

	1995
	2895201
	790142
	444017
	54869
	529869
	68702
	49650

	1996
	3779133
	1070515
	670737
	63856
	690700
	88096
	51132

	1997
	4111641
	1211462
	619222
	74737
	758967
	101670
	55376

	1998
	4588990
	1341041
	426800
	99027
	859832
	129200
	90777

	1999
	5307362
	1426974
	593436
	109574
	939496
	152855
	104151

	2000
	6897482
	1508409
	1266668
	121819
	1020392
	169494
	205954

	2001
	8134142
	2015422
	966794
	162183
	1243263
	189969
	260169

	2002
	11332253
	4251521
	1041995
	191007
	1494237
	234836
	273215

	2003
	13301559
	4585926
	1588086
	234474
	1783849
	269487
	300565

	2004
	17321295
	4935264
	2460553
	311850
	2871534
	310438
	336660

	2005
	22269978
	6032332
	3281468
	414761
	3614030
	357732
	383815

	2006
	28662469
	7513298
	4044969
	551632
	5303852
	414832
	437570

	2007
	32995384
	8551981
	4363627
	733670
	5889949
	478378
	491611

	2008
	39157884
	10100325
	5270007
	975781
	6776713
	548655
	580592

	2009
	44285561
	11625442
	4297073
	1297789
	7897086
	633126
	694098

	2010
	54612264
	13048893
	8402676
	1570973
	8992650
	694772
	826672

	2011
	62980397
	14037826
	11039408
	1905575
	10325565
	779354
	1110721

	2012
	71713935
	15815998
	11315033
	2188719
	11843529
	917316
	1252722

	2013
	80092563
	16816553
	10296327
	2676284
	13702835
	1051222
	1549934

	2014
	89043615
	18018613
	9616490
	3188823
	15704127
	1197436
	1804405

	2015
	94144960
	19636969
	5990417
	3472255
	18028895
	1361065
	2116348

	2016
	101489492
	21523513
	5367323
	3606560
	20675860
	1573520
	2445951


Source: Central Bank Statistical Bulletin, 2017
Table 8 shows the data collected on Nigeria’s GDP and six economic indicators that contribute to GDP from year 1995 to 2016. The GDP shows an upward trend in the period under review.

Figure 7: GDP of Nigeria 1995 to 2016
Table 9: Summary Statistics for Real Life Data
	 
	GDP
	AGRIC
	OIL
	CONSTRUCTION
	TRADE
	TRANSPORT
	EDUCATION

	Minimum
	2895201
	790142
	426800
	54869
	529869
	68702
	49650

	1st Qu
	6499952.00
	1488050.25
	892779.75
	118757.75
	1000168.00
	165334.25
	180503.25

	Median
	25466223.50
	6772815.00
	3663218.50
	483196.50
	4458941.00
	386282.00
	410692.50

	Mean
	36323525.45
	8448109.95
	4243778.45
	1091191.73
	6406692.27
	532825.23
	701004.00

	3rd Qu
	65163781.50
	14482369.00
	6593481.75
	1976361.00
	10705056.00
	813844.50
	1146221.25

	Maximum
	101489492
	21523513
	11315033
	3606560
	20675860
	1573520
	2445951


Table 9 shows the summary statistics, that is, the five num and mean of the variables used. The data are positively skewed as depicted in the histograms in Figure 8.
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Figure 8: Histogram showing the Economic Indicators
Table 10: Correlation Coefficient
	 
	GDP
	AGRIC
	OIL
	CONSTRUCTION
	TRADE
	TRANSPORT
	EDUCATION

	GDP
	1
	.993
	.840
	.991
	.994
	.991
	.978

	AGRIC
	.993
	1
	.849
	.971
	.984
	.983
	.958

	OIL
	.840
	.849
	1
	.785
	.779
	.766
	.727

	CONSTRUCTION
	.991
	.971
	.785
	1
	.992
	.990
	.990

	TRADE
	.994
	.984
	.779
	.992
	1
	.998
	.989

	TRANSPORT
	.991
	.983
	.766
	.990
	.998
	1
	.993

	EDUCATION
	.978
	.958
	.727
	.990
	.989
	.993
	1


Table 11: Variance Inflation Factor (VIF) for Real Life Data
	Explanatory Variables
	Collinearity Statistics

	
	Tolerance
	VIF

	
	AGRIC
	0.004
	252.110

	
	OIL
	0.089
	11.231

	
	CONSTRUCTION
	0.008
	126.687

	
	TRADE
	0.003
	362.799

	
	TRANSPORT
	0.001
	1326.338

	
	EDUCATION
	0.003
	377.187
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Figure 9: Scatter Plot showing the Relationship between GDP and other Economic Indicators
4.2 Model Selection for Application Data
Table 12: Summary of MSPE Result of all the Models used in the Analysis
	
	
	MSPE for Model 1
	MSPE for Model 2

	Multiple Linear
	Least Square
	42,316,233,283
	352,475,862,780

	
	Ridge
	175,047,407,379
	36,631,451,325

	
	Bayesian
	6.662499
	9.494999



Table 13: Forecast Performance Criteria: (On Application Data)
	Multiple Regression Techniques
	Models Formulated
	R2
	Selected Model
	MSPE
	Selected Model

	Multiple Linear Regression
	Model 1

Model 2
	0.9998
  0.9999
	Model 2
	42,316,233,283

352,475,862,780
	Model 1

	Ridge Regression
	Model 1

Model 2
	NIL
	
	175,047,407,379

36,631,451,325
	Model 2

	Bayesian Regression
	Model 1

Model 2
	0.9895

0.9894
	Model 2
	       6.662499**

9.494999
	  Model 1**



Table 14: Model Performance Criteria (On Application Data)
	Multiple Regression Techniques
	Models Formulated
	AIC
	Selected Model
	BIC
	Selected Model

	Multiple Linear Regression
	Model 1

Model 2
	642.7821 

645.5996
	Model 1*
	651.5104

653.2369
	Model 1**

	Ridge Regression
	Model 1

Model 2
	NIL
	
	175,047,407,379

36,631,451,325
	Model 2

	Bayesian Regression
	Model 1

Model 2
	781.3833 

 783.1569
	Model 1
	789.0206 

791.8852
	  Model 1*


[bookmark: _Toc511069827]Table 10 reveals substantial correlations among the explanatory variables, indicating the presence of multicollinearity. To address this, it is necessary to identify the primary contributor to the multicollinearity. This step enables the construction of two distinct models: Model 1, which excludes variables contributing heavily to multicollinearity, and Model 2, which includes all explanatory variables, thereby retaining the high multicollinearity structure. According to Table 11, the variable Transport exhibits the highest Variance Inflation Factor (VIF), identifying it as the principal source of multicollinearity. Consequently, Model 1 excludes the Transport variable, while Model 2 includes it. Table 12 demonstrates that the Bayesian regression model offers the most effective predictive performance for Nigeria’s Gross Domestic Product (GDP) during the study period. It outperformed both the Ordinary Least Squares (OLS) and Ridge regression models, even under conditions of mild and severe multicollinearity, as assessed using the Mean Squared Predictive Error (MSPE). Notably, the Bayesian regression model employed in this study is based on the Gamma distribution, as the Gaussian-based Bayesian model yielded results nearly identical to OLS.
Table 13 presents the forecasting performance criteria based on application data, again confirming the superiority of the Bayesian regression model over the OLS and Ridge models when evaluated using the MSPE. However, Table 14, which focuses on model selection criteria using application data, shows that the OLS model outperforms Bayesian regression in terms of both the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC), with OLS achieving the lowest scores in both metrics, followed closely by the Bayesian model.
5. Conclusion
This study has explored various parameter estimation techniques for regression models in the context of both the presence and absence of multicollinearity, using economic data from Nigeria. The findings confirm the existence of multicollinearity among the explanatory variables in the dataset. Through comprehensive analysis, it was demonstrated that while OLS provides the most efficient estimates in terms of AIC and BIC, the Bayesian regression model delivers superior forecasting performance, particularly under conditions of multicollinearity. The results were validated using both simulated and empirical economic data. Based on these outcomes, it is recommended that researchers first evaluate the distribution of the error terms—whether Gaussian or otherwise before selecting an appropriate regression approach. Bayesian methods are particularly advantageous in this context, as they allow for flexibility in specifying prior and error distributions. Nonetheless, in situations where multicollinearity is minimal or absent, OLS remains a robust and efficient choice for parameter estimation.
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