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A Note on Hyperbolic Generalized Pierre Numbers

Abstract.In this paper, we introduce the generalized hyperbolic Pierre numbers defined over the bidi-
mensional Clifford algebra of hyperbolic numbers. As special cases, we examine the hyperbolic Pierre and
hyperbolic Pierre Lucas numbers. We derive Binet formulas, construct generating functions, and establish
summation identities for these sequences. Furthermore, we present matrix representations associated with

the proposed number sequences.
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1. Introduction

Hypercomplex number systems, as introduced in [14], constitute algebraic extensions of the real numbers.

Among the commutative examples are:

¢ Complex numbers
C={z=a+ib:a,beR,i’>=—1},
e Hyperbolic numbers (also known as double or split-complex numbers)[24]
H={h=a+jb:a,beR,j*=1,j#+1},
¢ Dual numbers [10]
D={d=a+¢cb:a,bcR,e?>=0,¢#0},

In contrast, non-commutative hypercomplex systems include:

e Quaternions [11]

Hg = {q¢ = ao + ta1 + jas + kas : ag,a1,a2,a3 € R,i? :j2 = k2 =ijk = —1},
1
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e Octonions [3]

¢ Sedenions [26].

The algebras C (complex numbers), Hg (quaternions), O (octonions), and S (sedenions) are real algebras
constructed from the real numbers R via a recursive doubling procedure known as the Cayley—Dickson
process. This process can be extended beyond the sedenions to generate higher-dimensional algebras referred
to as 2"-ions (see, for instance, [4], [12], [19]).

Quaternions were introduced by the Irish mathematician W. R. Hamilton (1805-1865) [11] as a four-
dimensional extension of complex numbers. Hyperbolic numbers with complex coefficients were first proposed
by J. Cockle in 1848 [6]. Later, H. H. Cheng and S. Thompson[5] extended the concept of dual numbers
to the complex domain, referring to them as complex dual numbers. More recently, Akar, Yiice, and Sahin
introduced the notion of [1] dual hyperbolic numbers, further enriching the landscape of hypercomplex

number systems.

A dual hyperbolic number is a type of hypercomplex number defined as
q = (ao + ja1) + e(az + jaz) = ao + ja1 + €az + cjas,
where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers is denoted by

Hp = {ap + ja1 + €as + €jas : ag,a1,a0,a3 €R, j2 =1,5 # +1,62 =0, # 0}.

The basis elements{1, j,e,£;5} satisfy the following commutative multiplication rules:

le = elj=j 2 =ce=(je)?=0, j2=jj=1,

ej = je eled) = (ef)e =0, j(e) = (e)i ==,

Here, ¢ denotes the pure dual unit (2 = 0,& # 0), j is the hyperbolic unit (52 = 1), and &j is the dual
hyperbolic unit

(with (je)? = 0).

The product of two dual hyperbolic numbers g = ag + ja; + cas + jeasp = bg + jby + €bg + jebs is given
by

gp = aobo + a1b1 + j(aob1 + a1bo) + e(aobz + azby + a1bs + azbi) + je(aobs + aibs + azby + boas).

Addition of dual hyperbolic numbers is defined componentwise.
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The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hp is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be described as

H={z=2+4+hy|h¢R, h®=1,z,y € R}.

Here,h is the hyperbolic unit satisfying h2 = 1, and z,y are real components.

The hyperbolic ring H constitutes a bidimensional Clifford algebra; for further details, see [17]. In
the mathematical literature, hyperbolic numbers have appeared under various names, including Lorentz
numbers, double numbers, duplex numbers, split-complex numbers, and perplex numbers. These numbers
are particularly useful in modeling distances within the Lorentz space-time plane (see Sobczyk [24]). For
additional insights into the structure and applications of

hyperbolic numbers,refer to [13,16,20,25] .

Addition, substraction and multiplication of any two hyperbolic numbers z; and z, are defined by
Zl:l:ZQ = (£E1+hy1):|:($2+hy2): ($1i$2)+h(y1 :l:yg),
z1 Xz = (21 +hyr) X (22 + hy2) = 2122 + Y192 + b (2192 + y122)

and the division of two hyperbolic numbers are given by

21zt hyr (x4 hy) (w2 — hye) _ T1Z2 + Y12 4ty + Y122

zp wa+hys  (z2+ hys) (z2 — hyo) x5 —y3 x5 — 3

It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero divisors. The

hyperbolic conjugation of z = x + hy is defined by
z=z =2 —hy.

Note that Z = z. Note also that for any hyperbolic numbers z1, 29, 2 we have

z1+ 22 = Z1+ %2,
z1 X z2 = 21 X Zg,
Iz = zxz=a%-1¢>

Let us now revisit the definition of generalized Pierre numbers.
A generalized Pierre sequence {W,,}n>0 = {Wy(Wo, W1, Wa, W3)},,>0 is defined by the fourth-order
recurrence relations
W, =2Wy_1 — Wiy, (1.1)
with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
Won =2W_(n-3) = W_(n_a),
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The initial values of the generalized Pierre numbers for both positive and negative subscripts are pre-
sented in Table 1.

Table 1. A few generalized Pierre numbers

n W, W_n,

0 Wo Wo

1 Wi 2Wy — W3

2 Wy 2Wy — Wa

3 Ws 2Wo — Wy

4 2W3 — Wy AWy — Wy — 2W3

5 AWs — Wy — 2Wy AW, — 4AWs + W3

6 8Ws3 —2W1 — Wsy — 4W, AWy — AW + Wy

7 15W3 — 4W; — 2Wy — 8W) W1 — AWy + 8Ws — AWy
8 28Ws — 8Wy — 4Ws — 15W) Wo 4+ 8W7 — 12W5 + 4Ws
9 52W3 — 15W; — 8Wy — 28W, 8Wo — 12W1 + 6Wo — W3

10 96Ws5 — 28W; — 15Wy — 52W) 6W1 — 12Wy + 16Wy — 8Ws3

11 177TW3 — 52W1 — 28Wy — 96Wy  6Wo + 15W; — 32W5 4- 125
12 326Ws5 — 96W; — 52Wo — 177TWo  15Wo — 32W5 + 24W5 — 6W3
13 600W3 — 177TW; — 96Wo — 326W,  24W; — 32W4 + 24W, — 15Ws

If we set Wy = 0, Wy = 1, Wy = 2, W3 = 4 then {W,,} is the well-known Pierre sequence and if we set
Wo =4, Wy = 2,Wy = 4, W5 = 8 then {W,} is the well-known Pierre -Lucas sequence. In other words,
Pierre sequence {P,},>0 and Pierre -Lucas sequence {C),},>0 are defined by the second-order recurrence

relations

Pn = 2Pn,1 — Pn,4, Po = 0,P1 = 1,P2 = 2, P3 = 47 n 2 4, (12)

and

Cn = 2Cn71 — Cn74, C(] = 4, Cl = 2, CQ = 4, 03 = 8, n 2 4. (].3)
The sequences { P, },,>0 and {Cy}n>0 can be extended to negative subscripts by defining
P, =2P_(,_3y — P_(_4),

and

Con= 207(7173) - Cf(n74)7

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

We can list some important properties of generalized Pierre numbers that are needed.
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e Binet formula of generalized Pierre sequence can be calculated using its characteristic equation

which is given as
284 1=(P -2 -2 -1)(z—1)=0.
The roots of characteristic equation are

1+ 319+ 3v33+ /19— 3v33

3
5 = 1+wV/19+ 3v33 +w?V/19 — 3v/33
= ; ,
1+ w?V19 4+ 3v33 +w/19 - 3v/33
0 - 3 )
s = 1,
where
—1 )
w= %\/g = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

pra” n p2B" n p3y" N pad”
(a=B)la=y(a=0)  B-a)B-NB-38) (-a)y=B)—-08) —-a)d—-H07)

n

pra” n 23" n D37 n D4
(a=PB)a=7)(a=1) B-a)B-=7)B-1) OG-a)-0H-1) @T-a)d-p5)1-7)
= Ala" —+ Agﬁn + A3’7n + A4

where p1,p2, p3 and py are given below

pr = Ws—=(B+7+8Wa+ (By+ B0 +70)Wr — BrvéWo, (1.5)
p2 = Wi—(a+v4+0)Ws+ (ay+ ad +v0) W1 — aydWy,

ps = Wi—(a+8+§Wa+ (af+ ad+ B6)W1 — aBSdWy,

pa = Wy =Wy -W; —Wy

and

A4 = Wi — (B+7+8)Wa + (By + B +v0) W1 — ByéWo (1.6)
b (= B)(a—)(a—9) ’ '

Ws — (a+ v+ 0)Wa + (ary + ad +70) W1 — aydWy

A = CEDICEDICED) /
Ay — Ws — (a+ B+ )Wa + (aff + ad + SO W1 — afdWy
(v=a)(y = B)(y—9) ’

Wz — Wy — W, — Wy

A4 = .

-2
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Binet formula of Pierre and Pierre Lucas sequences are

a2 g2 A2 1
e A0 T E-0B-6-0  G-a0-Ph-0 2
and
Ch=a"+ 8" +9" +1,
respectively.

The generating function for generalized Pierre numbers is

(1.7)

f: g Wort (W = 2Wo)a + (Wa — 2W1)a? + (W5 — 2Wa)a”
s e 1—2x + a4 '

In the following section, we introduce the dual hyperbolic generalized Pierre numbers and investigate

several of their fundamental properties.

[&.°]
Next, we give the exponential generating function of Zo W, %5 of the sequence W,.
n=

[e ]
LeEMMA 1. /21, Lemma 1.4]. Suppose that fow, (x) = Eo W, %y is the exponential generating function
=

of the generalized Pierre sequence {W, }. Then

iW L (aW3—a(2—a)W2+(—a2+a+1)W1—Wo)em
o "nl 202 + 20 — 2
+(BW3 —B2—B)Wa+ (=8 + B+ W — WO)eﬁm
26% 428 — 2
(W3 =2 =) Wo+ (= +7+ DW= W) ., W —=Wot W =W, ,
+ 5 e’ 4+ ( )e®.
274+ 2y -2 -2

The previous Lemma gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pierre and Pierre-Lucas numbers are

(@®>+a+1a” (BP+B+1)8" (P+y+1)y" 1.a"

a): Y Piy= %

n=0 n=o 2(a?+a-—1) 203 +5—1) 2y2+~v-1) 2°nl
_@tatl) oo (BB 4 Pyt . 1,
2(e? +a—1) 2(8°+ 58— 1) 212+ - 1) 2
e " ] x"
b): 3 Cnm = Y (" + 8" +7" 1) = e + 7 477 4"
n=0 1l =0 n!

Next, we provide an overview of selected publications in the literature that pertain to hyperbolic numbers.

e Cockle [6] presented the hyperbolic numbers with complex coefficients.
e Akar at al [1] introduced the dual hyperbolic numbers.
e Aydm [2] ntroduced the concept of hyperbolic Fibonacci numbers, defined by the following expres-

sion:

ﬁrb = Fn + th—i—l:

where Fibonacci numbers are given by Fj, 42 = Fj, 11 + F,, with the initial conditation Fy =0, F; = 1.
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e Soykan and Tagdemir [23] studied hyperbolic generalized Jacobsthal numbers given by

‘777, =V, + hVnJrl
where generalized Jacobsthal numbers are V;, 2 = V41 4+2V,, with the initial conditation Vy = a, V1 = 0.

e Dikmen and Altinsoy, [8] introduced On Third Order Hyperbolic Jacobsthal Numbers are

= 3

= s,
i = 0P+ kil

where Jacobsthal numbers, respectively, given by I = J7(13_)1 + J,(lg_)Q + 2J,(13_)3, J(gs) =0, Jl(?’) =1,

I =18 = 50 50+ 230 567 =2 0 =1, 58 =5,
e Yilmaz and Soykan , [22] studied hyperbolic generalized Guglielmo numbers given by

HW,, = Wn + jWni1

where generalized Guglielmo numbers are W,, = 3W,,_; — 3W,,_o + W,,_3 with the initial conditation
W03W17W2 (n22)
e Ayrilma and Soykan , [9] introduced On Hyperbolic Edouard Numbers are
HE, =7THE, | —THE, s+ HE, 3
where generalized Edouard numbers are F, = TE,,_1 — TE,_2 + E, _3 with the initial conditation
Ey=0,E1=1,F, =7
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Demirci and Soykan, [7] studied dual hyperbolic generalized Adrien numbers given by

An = 312177,71 —Ap_2—Ap_y4
where generalized Adrien numbers are A,, = 34,,_1 — A,,_2 + A, _4 with the initial conditation
A():O,Al :1,A2:3,A3:8, TLZ4

e Kalca and Soykan , [15] studied dual hyperbolic generalized Pandita numbers given by

PnZQPn—l_Pn—2+Pn—3_pn—4
where generalized Pandita numbers are P, = 2P,,_1 — P,,_o + P,,_3 — P,,_4 with the initial conditation
P() :07P1 = l,Pg :2,P3 :3, 7124
In this paper, we define the hyperbolic generalized Pierre numbers in the next section and give some

properties of them.
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2. Hyperbolic Generalized Pierre Numbers and their Generating Functions and Binet’s

Formulas

In this section, we introduce the hyperbolic generalized Pierre numbers and derive their corresponding
generating functions and Binet formulas. We now define the hyperbolic generalized Pierre numbers over the

algebra Hpof dual hyperbolic numbers.The nth hyperbolic generalized Pierre number is

HW, = W, + jWni1. (2.1)

The sequence {HW,, },,>0 can be extended to negative subscripts by defining

HW_,=W_, + jW7n+17

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that

HWy = Wo+ Wi =Wo+ Wi,
HWy, = Wi+ W =Wy +jHW,,
HWy; = Wy+ jW; =Wa+ jHWS,
HW;5 = W3+jW4:W3+j(2HW37HWO).
It can be easily shown that
HW, =2HW, 1 — HW,,_4 (2.2)

and

HW_,, = 2HW_(,, gy — HW (5, 4.

The initial values of the hyperbolic generalized Pierre numbers for both positive and negative subscripts

are listed in Table 2.

Table 2. A few hyperbolic generalized Pierre numbers
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Table 2. A few hyperbolic generalized Pierre numbers
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n HW, HW_,

0 HW, HW,

1 HW, 2HW; — HW3

2 HW, 2HW; — HW;3

3 HW; 2Wo — W

4 2HW3 — HW), 4HWy — HWy — 2HW3

) 4HWs3 — HW; — 2HW), AHW, —4HWsy + HW3

6 SHWs — HWy — 2HW, — AHW, AHW, — 4AHW, + HW,

7 15HW3 —2HWy —4HW, — 8HW) HWy —4HW,+8HW5; —4HW;
8 28HW3 —4HWy — 8HW, — 15HW, HWy+8HW; — 12HWy + 4HW;5
9 52HW3 —8HWy — 15 HW; — 28HW) SHWy — 12HW; + 6HWo — HW3

10 96HWs — 16HW, — 28HW; — 52HW), 6HW; —12HW, 4+ 156HWy — 8HW3

11 17T7THW3 — 156HWo — 28HW; —96HW,  6HW, + 156HW; — 32HW, + 12HW3
12 326HWs3 — 52HW, — 96HW, — 177THW,  156HW, — 32HW, + 24HW5 — 6HWS3
13 600HW3 —96HW, — 17TTHW; — 326HW, 24HW; — 32HW, + 24HWy — 15HW3

As special cases, the nth dual hyperbolic Pierre numbers and the nth dual hyperbolic Pierre Lucas

numbers are given as

HP, = P, + jPui1 (2.3)
and

HC, =0Cy+jCpnta (2.4)
respectively. The sequences {H P, },>0 and {HC), },>0 can be extended to negative subscripts by defining

HP_, = 2P—(n—3) - P—(n—4)7

and
HC_, =2C_(,_3) — C_(n_4),

for n =1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n.

For hyperbolic Pierre numbers (taking W,, = P,, Py =0,P, =1, P, =2, P; = 4,) we get

HPy = j,
HP, = 2j+1,
HP, = 4j+2,
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and for hyperbolic Pierre Lucas numbers (taking W,

HCy = 2j+4,
HC, = 452,
HC, = 8j+4.

:Cn, 00:4,01 :2702:4,03:8,) we get

Selected values of the hyperbolic Pierre numbers and hyperbolic Pierre Lucas numbers for both positive and

negative subscripts are presented in Table 3 and Table 4, respectively.

Table 3.Hyperbolic Pierre numbers

n HP, HP_,
0 J J
1 2j+1 0
2 45+2 0
3 8j+4 -1
4 155 +8 —J
5 28j+15 0
Table 4. Hyperbolic Pierre- Lucas numbers
n HC, HC_,
0 2j+4 25 +4
1 4542 45
2 8j+4 0
3 125+8 6
4 225+12 —-4+6j
5 405 +22 —4j

We now present the Binet formula for the hyperbolic generalized Pierre numbers, and for the remainder

of the paper, we adopt the following notational conventions.

) 2 @ Q)
I

I+ ja,

L+36,

Il
—
_|_
.
3
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Note that we have the following identities:

a’ = 1+a®+2aj,
~2 9 .
= 1+8 4258,
ap = l1+aB+(a+p)j
7= 1+ 42,
~2 ~
= 12=2+42j,
76 = l+vy+j+757

THEOREM 3. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Pierre number is
HW, = aA1a" + BAyS" +FAsy" + 6 A, (2.9)
where @, B, ﬁ,g are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pierre numbers given below
W, = A1 + A" + Asy" + Ay
where A, As, A, Ay are given (1.6) we get

aw, = W, +jWn+17

Ala”+A25"—|—A37"—|—A4+(A1a”+1+A2ﬁ"+1+A3'y"+1—|—A4)j

OéAlOén + BAQBTL + :)/\Ag’}/n + SA4

This proves (2.9).

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic Pierre number is

gp _ @ tatra"a (B4 5+ DB (Paytyy 1 (2.10)
T 2et+a—1) 2(8% + 5 —1) 22 +y-1) 2 '
and the Binet’s Formula of nth hyperbolic Pierre Lucas number is
HC, = @™ + Bp" + 37" + 1. (2.11)

Next, we present generating function.

THEOREM 4. The generating function for the hyperbolic generalized Pierre numbers is

HWO + (HWl — QHWO).’L‘—F (HW2 — 2HW1)J}2 + (HWg — 2HW2)$3
1— 22+ x4 ’

fHW,L (ZL') = Z HWna?" =

n=0
Proof. We assume that frw, () is the generating function of the hyperbolic generalized Pierre numbers

and then we can write

n=0
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Then, using the definition of the hyperbolic generalized Pierre numbers, and substracting = f(z) and

22 f(x) from f(z), we obtain (note the shift in the index n in the third line)

o0 o0 o0
(1—2x+ a:4)fHW" (2) Z HW,z" — 2x Z HW,z" + z* Z HW,z"

n=0 n=0 n=0
= i HW,z" — 2 i HW,z" Tt + i HW,z"
n=0 n=0 n=0

o0 o (o)
= Y HWpa"—2> HWy_pa"+ Y HW;_ga"

n=0 n=1 n=4

= (HWy+ HWyx + HWaa? + HWia®) — 2(HWoz + HWi2? + HWo2®)
+ Z(HWn —2HW,,_y + HW,,_4)z"

n=4
= HWo+ (HW) — 2HWy)x + (HWy — 2HW,)2? + (HW3 — 2HW;)2®.

As special cases, the generating functions for the hyperbolic Pierre and hyperbolic Pierre Lucas numbers

are
T; Hbwe =1 j;; i ot
and
R
respectively.

o0
Next, we give the exponential generating function of )  HW), 75 of the sequence HW,,.
n=0

o0
LEMMA 5. Suppose that faw, (xz) = Zo HW,, % is the exponential hyperbolic generating function of the
n—=

generalized Pierre sequence { HW,, }.

Then > HW,Z: is given by

n!
n=0

e n
S HW, S == 416976 + Ase® B + A3 + Age'T.
n:
n=0

where a, 3, ﬁ,g are given as (2.5)-(2.8)

Proof. Using Binet’s formula

Wn = Al()[n + Agﬁn + Ag’}/n + A4.
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where Ay, As, A3, Ay are given as in (1.6) we get

L~z > z" > z"
D Wty = D Walr i) Wany
n=0 n=0 n=0
o0 :L‘n o0 / ‘«rn
= ) (A1a" + AB" + Asy" + A+ > (Aramt 4 AT 4 Agyn i As)
n=0 ’ n=0 :

= (A1e™" 4+ AsePT 4+ Age?® + Age®) + j(A1ae™ + Ay + Agve’™ + Age®)
= A1e® (14 ja) + Ase™ (14 jB) + Az (1 + jy) + Ase”(1 + j)
= Ae*a + Ageﬁ‘”B + Ase?* + Aye®1

This proves (5). O

The previous Lemma gives the following results as particular examples.

COROLLARY 6. FEzponential generating function of hiperbolic Pierre and hiperbolic Pierre-Lucas numbers

are
a):
- " (@ta+l) o BB+ 5 P+ 1,
;)HPF' = Garaon Ta@iso ¢ Tarea-nt 2
ca(@®atl) o BBPHB+D) 5 (P Hr+D 1,
e ramn Ty rson T 29
b):

e n
ZHC"% =™ 4 P L T e 4 j(ae®® + BePT 4 4T+ e”).
n=0 ’

3. Obtaining Binet Formula From Generating Function

Next, we derive the Binet formula for the generalized hyperbolic Pierre numbers {HW,,} by utilizing

their corresponding generating function.

THEOREM 7. Binet’s formula of generalized hyperbolic Pierre numbers:

i R oy B R e s Rl e v =N
where

g = HWoa®+ (HW, —2HWy) o® + (HWy — 2HW)) oo + HW3 — 2HW,,

@ = HWoB* + (HW, —2HW,) B> + (HWy — 2HW,) + HW3 — 2HW,,

@3 = HWoy> + (HW, — 2HWy)v* + (HWy — 2HW,) v + HW3 — 2HW,,

@ = HWuo + (HW, — 2HW,) 6% + (HWy — 2HW,) 6 + HW3 — 2HW,.
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Proof. Let

h(z) = 2* — 2z + 1.
Then for some a, 3,~ and § we write
h(z) = (1 — az)(1 — Bx)(1 — yz)(1 — 6z).
ie.,
2t =20 +1=(1-az)(1—-Bx)(1—~z)(1 - dx). (3.2)

Hence é, %, % and % are the roots of h(x). This gives «, 3, and ¢ as the roots of

1 2 1

h(i):h(x)zl—;erj:O.

This implies 2 — 2z + 1 = 0. Now, by it follows that

i HW. 2" — (HW3 — 2HW,) 23 + (HWy — 2HWy) 2% + (HW, — 2HWy) . + HW)
= (1—az)(1 - Bz)(1 —~z)(1 — oz) :
Then we write

(HW?,—2HW2).T3+(HW2—2HW1)J}2—|—(HW1—QHWO)CI?—FHWO o B]_ + B2 + Bg + B4

(1 —ax)(1 - pz)(1 —yz)(1 - dz) (1-az) (1-pBz) (I-7z) (1-0z)
So
(HW3 — 2HW:) 2® + (HWy — 2HW,) 2* + (HWy — 2HW,) 2 + HW,
= Bi(1-Bz)1 —vz)(1 - 6z) + Ba(1 — az)(1 — yz)(1 — 6z)

+B3(1 — az)(1 — Bz)(1 — 6z) + B3(1 — az)(1l — fz)(1 — yz).

If we consider z = X, we get HWy + L (HW, — 2HWy) + & (HW> — 2HW,) + X5 (HW;3 — 2HW)
— B (15-1) (by-1) (20-1).
This gives

1 1 1
By = &G(HW,+ — (HWy — 2HW1) + = (HW3 — 2HW;) + -~ (HW, — 2HW))

HWOQ3+(HW172HWO)Q2+(HW272HW1)Q+HW372HWQ
(a@—pB)(a—7)(a—19) '

Similarly, we obtain

HWoB% + (HWy — 2HW,) B> + (HWy — 2HW,) B+ HWy — 2HW,

B = B-a@-)B-0) |

B, = HWory? + (HWy — 2HW) 2 + (HWo — 2HW,) vy + HWs — 2HW,
(v =)y =B)(v—9) ’

B, — HW,6° + (HW, — 2HW,) 6% + (HWo — 2HW,) 6 + HW;3 — 2HW

(0 —a)(6 =)0 —7)
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Thus (3.3) can be written as

> HW,a" = Bi(1 - az)™" + By(1 - fz) ! + Bs(1 — yz) ' + Ba(1 - 6z) .

n=0
This gives
Z HanrL =B Z aTL$7L+BQ Z /anTL+B3 Z’Ynxn‘i‘Bz; Z St = Z(Blan“1‘326”4‘337”4‘345?1)15”-
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
HW, = Bia" + Bo" + B3y™ + B4d".
THEOREM 8. For all integers m,n the following identities holds:
HW, iy = Py o HWy 43 — Py s HWyyo — Py gy HWy i1 — Py sHW,,.

Proof. First we assume that m,n > 0 theorem 8 can be proved by mathematical induction on m. If

m =0 we get
HWy, =P HW,  ,— P sHW, ., — P 4 HW, 1 — P 3HW,.

which is true since P_o = 0,P_3 = —1,P_4 = 0, P_5 = 0. Suppose that the equality holds for m < k. For
m =k + 1, we obtain

HWk+1+n = 2HWn+k + _HWn+k—37

2(Py—oHWp43 — Py_s HWyyo — Po s HWy 1 — Po_3 HW),)
— 2Py s HWy i3 — P HWy 2 — Pr ¢ HWp 1 — P HW,,)

by mathematical induction on m, this proves Theorem 8.
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking HW,, = HP,, or HW, = HC,, in above Theorem, respectively, we obtain:
COROLLARY 9.
HPm+n = Pm—2HPn+3 *Pm—5HPn+2 *Pm—4HPn+1 *Pm—SHPnJ
HCern = Pm72HCn+3 - Pm75HCn+2 - Pm74HCn+1 — P _3HC,.

4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the hyperbolic generalized Pierre numbers, which

constitutes a special case of [29,Theorem 4.1].

THEOREM 10. (Simpson’s formula for hyperbolic generalized Pierre numbers) For all integers n we have,
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HWyys HWyio HW,.1 HW, HWs HW, HW, HW,
HWyyo HW,y1 HW, HW, HW, HW, HW, HW_,
HW,,1 HW, HW,_ 1 HW,_ , HW, HW, HW_, HW_,
HW, HW,_, HW, o HW,_; HW, HW._, HW_, HW_s

= (HW3 — HWy — HW; — HWo)(HW3S — HW$ — HW — HW + (-=5bHWy + HW, + HWo)HW2 +
(THW3 — 3HWy — HW,)HW3

+(BHW3+HWo—HWo) HWE+(HW3+HWo+HW1) HWE+4(— HWoHW3—HWoHW3+HWoHWo) HWY).

Proof. Using Theorem 10 it can be proved by using induction or use [29,Theorem 4.1]

From the Theorem 10 we get the following Corollary.

COROLLARY 11. For all integers n, the Simson’s formulas of dual hyperbolic Pierre numbers and dual
hyperbolic Pierre Lucas numbers are given as,
HP,;3s HP,.» HP,.1. HP,
a): HP,,» HP,,1 HP, HP,; PPy
HP,., HP, HP, 1 HP, ,

HP, HP, , HP, 5 HP, 3

HCn+3 HCn+2 HCn+1 HCTL
HC HC HC HC,_
b): n+2 n+1 n n—1 — 359 _ 352]7
HC,y1 HC, HC, 1 HC, -
HC, HC,_, HC,_o HC,_s3

respectively.

5. Linear Sums

In this section, we present the summation formulas for the hyperbolic generalized Pierre numbers corre-

sponding to both positive and negative subscripts.

We now present the summation formulas for the generalized Pierre numbers.

THEOREM 12. For the dual hyperbolic Pierre numbers, we have the following formulas:
(a): kﬁ:() Wi = 2(=(n+3))Wass+ (n+4) Wi o+ (n+3) Wi i1 + (n+4) W, + 3Ws —4Wo — 3W; —2Wy).
(b): é@ Wt = (= (n4+2) Wan o+ (1n3) W1+ (13) W+ (11+-2) Wap_y +2W3—2Wo — 3W; — Wp).

(C): Z W2k+1 = %(—(n + 1)W2n+2 + (n + 3)W2n+1 + (’I’L + 2)W2n + (TL + 2)W2n_1 + 2W3 — 3Wy —
k=0
Wy — 2Wy).

Proof. For the proof, see Soykan [27, Theorem 3.10 ]. O

THEOREM 13. For the hyperbolic Pierre numbers, we have the following formulas:
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(a): > HW; — L=+ 3)HW,ys + (n+ 4)HWyyo + (n+ 3)HWyyy + (n+ 4)HW,, + 3HW; —
4]1?171/92 —3HW; —2HW,).
(b): > HWap = L(—(n+2)HWapsa + (n+3)HWap s + (n+3) HWap + (n+2) HWap_ +2HW; —
2ﬁﬁ% — 3HW, — HW,).
(©): > HWapsr = 3(—(n+ 1) HWap o+ (n+3) HWap 1 + (0t 2) HWay, + (n+ 2) HWap_y + 2HW; —
311];17192 — HW, — 2HW,).
Proof. Use Theorem 12 and the definition of HW,,. O

As a special case of Theorem 13, we state the following Corollary.
COROLLARY 14. For n > 0, dual hyperbolic Pierre numbers have the following properties:

(@): > HPy=3(—=(n+3))HPyi3+ (n+4)HPyi2+ (n+3)HPy 1 + (n+4)HP, +1).
k=0

(b): > HPy, = %(—(n +2)HPopio+ (n+3)HPypy1+ (n+3)HPop, + (n+2)HPy—1 +j+1).
k=0
(C): Z HP2k+1 = %(—(TL + 1)HP2n+2 + (’/l + 3)HP2,L+1 + (n + 2)HP2” + (n + 2)HP27L_1 + 1)
k=0
As a second special case of the above theorem, we obtain the following summation formulas for the

hyperbolic Pierre Lucas numbers:
COROLLARY 15. For n > 0, the hyperbolic Pierre Lucas numbers satisfy the following properties.
(a): é HCy, = 3(—(n+ 3)HCps + (n+ ) HCp oz + (0 + 3)HCpyy + (n + 4)HC,, — 12 — 6).
(b): éo HCop, = L(—(n+ 2)HCopiz + (n+ 3)HCapy1 + (n+ 3)HCay + (n + 2)HCyp_y — 6] — 2).

(C): Z HCQk-+1 = %(—(n + 1)H02n+2 + (7’L + 3)H02n+1 + (n + 2)H02n + (7’L + Q)HCanl - 8] - 6)
k=0
Next, we present the ordinary generating functions corresponding to selected special cases of the hyper-

bolic generalized Pierre numbers.

THEOREM 16. The ordinary generating functions of the sequences HWa,,, HWa, 11 are given as follows:

HWs(2z2)+HWs (22 —42+2)—HW; (223)+ HWo (2% —4z+1
(a): Yoosg HWana™ = : o r4+2r)2—4z+11( ) of )
HWs (a3 +2)—HW, (223)—HW; (22 —42+1)— HWy (222)
(b): 30l HWapiqa” = o ) 2(I4+)2:£2—4:1L'S-1 ) - .

Proof. Similarly,the proof can be constructed as in[4]

From the preceding theorem, we derive the following Corollary, which provides a summation formula for
the hyperbolic Pierre numbers. (Take HW,, = HP, with HPy = j, HP, = 2j+1, HP, = 4j+2, HP; = 8j+4
)

COROLLARY 17. n > 0 the hyperbolic Pierre numbers exhibit the following properties.

. oo n __ j+2z+jm2
(a): >, HPapa" = 31222 —dzt1”

LS n —25—1)+(84165)x+(—4j—1)z>
(b): >, HPopi1 = (2 );r4(+;x2jj4:4£1 il
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6. Matrices related with Hyperbolic Generalized Pierre Numbers

We define the square matrix A of order 4 as

2 0 0 -1

100 O
A:

010 O

0 01 O

such that detA = 1. Note that

Prz+1 —4In-2 TIn-1 _Pn

Pn —4'n-3 —In-2 *Pn—l

A" =
Pnfl ~—4In—-4 —4In-3 —In-2
Pn—2 ~—4tn-5 —In-4 —In-3

for the proof see [28].

Then we give the following lemma.

LEMMA 18. For n > 0 the following identitiy is true:

HW, s 20 0 -1 HW;
HW,o | [ 100 0 HW,
HW,er | |0 1 0 o0 HW,
HW, 001 0 HW,

Proof. The identitiy(18) can be proved by mathematical induction on n. If n = 0 we obtain

HW, 2 1 1 -1 HW,
Hv, | |1 0 0 0 HW,
av, | o 1 0 o0 HW,
HW, 0 0 1 0 HW,

which is true. Assuming that the given identity holds for n = k, the following identity is consequently valid.

HWiys 2 0 0 -1 HW,
HWiz | | 10 0 0 HW,
HWer | |01 0 o0 HW,
HW, 001 0 HW,
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Forn=Fk+ 1, we get

k+1
2 0 0 -1 HWs 2 0 0 -1 2 00
1 0 0 O HW,y B 1 0 0 O 1 0 0
010 0 aw, | o 10 o0 010
0 01 O HW, 00 1 O 0 0 1
2 0 0 -1 HWiys
100 o0 HWiso
o100 o HWyoa
00 1 O HW,,
HWi 44
B HWiy3
| BEW
HWi 1
Thus,the proof completed .00
We define
HWs HW, HW, HW,
Ny — HWy; HW; HWy, HW_4 7
HW, HW, HW_; HW_,
HWy HW_{ HW_o HW_j5
HW,ys HWnio HWnoi HW,
oo | W HWaor HWL HW
HW, 11 HW, HW, 1 HW, o
HW, HW, . HW, o HW, 3

Now, we have the following theorem with Ngyw and Egw,

THEOREM 19. Using Ngw and Egw , we get

A"Npw = Egw.

HW3
HWs,
HW,
HW,

(6.2)
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Proof. Note that we get

PnJrl —4dn-2 —In-1 _Pn HW3 HW2 HW1 HWO
P, —-P,3 —-P,2 —-P, HW, HW, HW, HW_,
AnNHW =
Pn—l _Pn—4 _Pn—S _Pn—2 HWl HWO HW—l HW—2
Pn—2 —4In-5 —In-4 —ILn-3 HWO HW—l HW—2 HW—3
@11 A2 @13 Aai14
. az; Aa22 a3 424
a3y asz G33 0434
G41 Q42 @43 Q44
where
a1; = Pn+1HW3 — P, _oHWy; — P, _1HW — P,HW, = HWnJer
a2 = Pn-l—lHWQ - PrL—Qle - PrL—lHWO - PrLHW—l = HWI1,+27
a3 = Py HW1— P, oHWy— P, 1HW 1 — PLHW 5= HW, 1,

algy = Pn+1HW07Pn_2HW_1 7Pn_1HW_27PnHW_3 :HWn,

a1 = PoHW;3— Py sHWy — Py oHW; — Py 1 HWy = HW4o,
azs = PoHWy — Py gHW; — Py oHWy — Py 1HW_1 = HWp 1,

ass = PoHW, — Py _sHWy— Py oHW_| — Py 1HW_5 = HW,,

a4 = PoHWy— Py sHW_1 — Py_yHW_y — Py _tHW_3 = HW,_1,
az1 = Po 1 HW;3— Py yHWy— Py_sHW) — Py_sHWy = HW, 1,

az2 = Po 1HWs— Py yHW, — Py_3sHWy — Py_sHW_; = HW,,,

as3 = Po 1 HW,— Py yHWy— Py sHW_y — Py_oHW_5 = HW, _1,
aza = Po 1 HWo— Py yHW_1 — Py sHW_ o — Py _oHW_5 = HW, _o,
4y = Po_oHWs— Py sHWy — Py yHW) — Py_sHWy = HW,,

a2 = Po_oHWs— Py sHW, — Py yHWy — Py_sHW_, = HW,_1,
43 = PooHWi — Py sHWy— Py yHW_1 — Py_sHW_o = HW,_o,

agyy = P oHWy— P, sHW_ 1 — P, 4HW 5 — P, 3HW_3=HW,_3.

Using the theorem (8) the proof is done. O

By taking HW,, =HP, with HPy, HP,, HP,, HPs in (6.1) and (6.2)
HW, =C,, with HCy, HCy, HC5, HC5 in (6.1) and (6.2)
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respectively, we get:

83+4 457+2 25+1 3
49+2 257+1 i 0
Npp = ;
27 +1 j 0 0
J 0 0 -1
HP,,s HP,.» HP,;y HP,
HP,yo HP,+; HP, HP,_,
Eup = ;
HP,.. HP, HP, . HP,
HP, HP, . HP, o HP, 3
127 +8 83+4 4j+2 2544
83+4 47+2 2j+4 45
NHC = )
45+2 2j+4 45 0
27+ 4 45 0 6
HC,.s HC,,», HC,.,. HC,
HC,,2 HC,,1 HC, HC,
Enuc =
HCnJrl Cn HCnfl HCn72

ch ch—l HO’IL—Q HCn—S

From Theorem [19], we can write the following corollary.
COROLLARY 20. The following identities are hold:

a): AnNHp :EHP-
b): A”NHC ZEHc.
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