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Equations of motions of a rigid aircraft involves the analysis of kinetic and kinematic of a rigid aircraft which discuses forces acting and the resulting motions of in-flight aircraft. In dynamics, pure motion of rigid particles or bodies are translation and rotation hence, derivation of equation of motion of rigid aircraft in translation and rotation is the subject of this paper. From the point of view of control theory aerospace vehicles are typical non-linear and non-steady controlled plant as reported by (Panferous et al., 2011). Derivation of these equations with its dynamic parameters are carried out in body-fixed coordinate system with reference to earth - fixed reference frame. The equations can be linearised at the neighbourhood of trimmed operating point (nominal trajectory) to obtain a simplified algebraic equations, written in form of transfer function of input and output for trajectory stability analysis and control system synthensis (Flight dynamic’s lecture note, 2010).
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 Introduction
Kinematic and kinetic of rigid aircraft
Fundamental problem in the design of a mechanical system is based on the understanding of its kinematics, which is the study of motion without taking cognizant of the forces which produce that motion while kinetic is the study of its forces. Holistically, kinematics is the study of position, displacement, rotation, speed, velocity, and acceleration. Study of dynamic systems such as, locomotives, road vehicles, flying vehicles e.g., aircraft, rocket, planetary or orbital motions are rooted in kinematics problem. (John J. Dicker, Jr., et al., 2003)
Generalisation of equation of motion of any vehicle with it velocity vector guaranteed its complete characterisation hence, time integral of the vector is the path of the vehicle also called its trajectory through space (McRuer et al., 1973). Use of a rigid body concept in aerospace vehicle’s analysis is to eliminate the need to consider the forces acting between the individual elements of mass to eliminate the effect of aero elasticity (Matthew Adebayo and Charles Attah Osheku, 2012). Furthermore, describing aircraft as a rigid body in apace ensures six degrees of freedom: three associated with angular motion about the aircraft's centre of gravity and three associated with the translation of the centre of gravity Control of aircraft is more complicated due to more freedom of motion than other vehicles also, stability of dynamic systems such as aircraft can be defined as its inherent properties to resist any change of its velocity vector in either direction or its magnitude or both. Also, a body is in equilibrium when it is at rest or in uniform motion (i.e., has constant linear and angular momenta). The most familiar examples of equilibrium are the static ones; that is, bodies at rest. The equilibrium of an airplane in flight, however, is of the second kind; that is, uniform motion. Because the aerodynamic forces are dependent on the angular orientation of the airplane relative to its flight path, and because the resultant of them must exactly balance its weight, the equilibrium state is without rotation; that is, it is a motion of rectilinear translation. (Bernard Etkin and LIoyd Duff Feid 1996).
There is a direct relationship between the change of its velocity vector and the aircraft's quality of control which facilitates maintenance of steady, unaccelerated flight and aircraft manoeuvres (McLean, Donald. 1990).
Control surfaces
Control surface is an electromechanical devise used by aircraft to generate the forces and moments necessary to produce the accelerations which cause the aircraft to be steered along its three-dimensional flight path to its predetermined destination. A conventional aircraft is represented in Figure 1. It is shown with the usual control surfaces, namely elevator, ailerons, and rudder. Also, there is a fourth control called thrust vectoring obtain from the engines (McLean, Donald. 1990).
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Fig.1. Conventional aircraft (Blakelock, 1991)
Primary flying controls
 Pitch control, roll control and yaw control. are the main primary control, the effect of these primary flight controls is felt principally about the transverse, the longitudinal, and the normal axes respectively, it can also has effect on motion about  other axes. 
Flight control systems
Aircraft is provided with motion sensors that takes the measurement of changes in kinematic variables i.e., the outputs of pilot’s commands and corresponding aircraft’s responses or some disturbances. The signals from these sensors provides virtual display for the pilot and feedback signals for the Automatic Flight Control System AFCS) while, controller compares the commanded motion with the measured kinematic variables hence, generates any discrepancy if it exists in line with designed control law. This gives the command signals to the actuator to produce the control surface deflections that is appropriate to the control force or moment being applied. 
The choice of a body-fixed system of coordinates fixed at the centre of gravity of the aircraft in an equilibrium (or trimmed) state of motion along a nominal flight path gives room for linearization of the equation of motion hence, the coefficients of these equations of motion can be regarded as constant, for short period motion so that transfer functions can sometimes be conveniently used to describe the dynamics of the aircraft. The main feature of an aircraft's dynamic response is how it changes with forward speed, height, and the aircraft's mass. In slender rocket and aircraft with flexible features, problem of damping occurs as a result of oscillation of modes of motion, at excessive development of elastic oscillations, instability arises which may result in structural deformation (Adebayo Matthew, 2010). One of the approaches to solve these problems is the use of a stability augmentation system (SAS), a feedback control system designed to augment the relative damping of a particular mode of the motion of the aircraft. Mathematically, this could be achieved by augmenting one or more of the coefficients of the equations of motion by imposition of appropriate forces or moments on the aircraft thereby actuating the control surfaces in response to feedback signals derived from appropriate motion variables (McLean, Donald. 1990).
Application of Newton’s law of motion facilitates the analysis of the equation using appropriate reference frame.
Equation of motion
Assumption of rigid body is made at the inception of the derivation, although the complete synthesis of aircraft equation involves flexible oscillation of the airframe which is a subject of another paper. The assumption of rigidity considers six degree of freedom of the plant’s motion hence, application of Newton's Second Law of motion to rigid body in structural mechanics results in pure translation and rotation. However, to be specific on the atmosphere in which the aircraft is moving, assumption of inertial frame of reference which does not accelerate in space and body-fixed axis is employed. The derivation of equations 1-33 closely follow (Blakelock John H., 1991) pattern.
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Fig. 2. Earth axis system (Blakelock, 1991)
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Fig. 3. Body axis system (Blakelock, 1991)
The summation of all external forces and the time rate of change with respect to inertial space are expressed by two vector equations in this form:
 										(1)
and
 , 											(2)
where] depicts, the time rate of change of the vector with respect to inertial space. Eq. 1 is applicable to only constant-mass system. For variable mass systems such as rockets, Lagrange's equation must be used. Summation of external forces are represent by equilibrium or steady-state forces and moments and its variations as a result of disturbances from equilibrium condition. 
Thus, 
and
 									(3)
Where,  and  are the summations of the equilibrium forces and moments. However, dynamic analyses always considered the vehicle to be in equilibrium before a disturbance is introduced hence,  and  are identically zero. The equilibrium forces are: lift, drag, thrust, and gravity, and the equilibrium moments consist of moments resulting from the lift and drag generated by the various portions of the aircraft and the thrust. Therefore, the aircraft is initially in unaccelerated flight, and the disturbances in general arise from either control surface deflections or atmospheric turbulence. Under these conditions, Eqs. 1 and 2 can be written in the form of:
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and
 										(5)
The following assumptions are also made in this derivation:
2. The dynamic analysis assumes a constant mass of the aircraft
3. Thus, Any two points on or within the airframe remain fixed with respect to each other hence, the aircraft is a rigid body which significantly simplifies the equations and is quite valid for fighter aircraft.
4. The earth is an inertial reference, also valid for analysing automatic control systems for both aircraft and missiles, and it greatly simplifies the final equations. The validity of this assumption is based upon the fact that normally the gyros and accelerometers used for control systems are incapable of sensing the angular velocity of the earth or accelerations resulting from this angular velocity such as the Coriolis acceleration.
The motion of an aircraft with respect to the Earth is given in this form: 
Expansion of Eq. 4 is given in this form:
 										(6)
With constant mass and invocation of the fourth assumption, Eq. 6 reduces to:
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With steady flight along a straight path, the linear velocity vector relative to fixed space is invariant, and the angular velocity is zero. Thus, both Fo and Mo are zero. The rate of change of VT relative to the Earth axis system is given by:
 										also cast in this form:
 								(8)
where,
   is the change in the linear velocity, is the total angular velocity of the aircraft with respect to the earth, and multiplication sign (signifies the cross product. and  can be written in terms of their components, so that:
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									           (10)
Where, i, j, and k are unit vectors along the aircraft's X, Y, and Z axes respectively. Then from Eq. (8)
 							           (11)
 								           (12)
Expanding,
 				           (13)
can be written in terms of its components as follows:
 						           (14)
Equating the components of Eqs. 14, 11 and 13, translational motion equations ensued in this form:
 
 
 								           (15)
Equations of angular motion obtained from Eq.5 hence:
 									           (16)
Angular momentum, or moment of momentum H, of a revolving body of the element of mass dm due to the angular velocity is equal to the tangential velocity of the element of mass about the instantaneous center of rotation times the elemental mass and the tangential velocity is expressed by cross product of the vector: 
 										           (17)
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Fig. 4. IIustration of a body with a tangential velocity V, angular velocity  at about
its center of gravity (Blakelock, 1991)
Hence, the incremental momentum resulting from this tangential velocity of the element of mass ensues in this form:
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The moment of momentum is the product of momentum and the lever arm hence; 
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But  over the entire mass of the aircraft. Thus
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In evaluating the triple cross product, if

and
						
then,
 									           (21)
Expanding,
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Expanding,
 										           (24)
Substituting Eq. 24 into Eq. 20, it becomes
 									           (25)
Defining  to be the moment of inertia , and  as the product of inertia , the remaining integrals of Eq. 25 are similarly defined. From the first assumption,, Eq. 25 is recast in component form as:
 
 
 									           (26)
However, Eq. 16 shows that the time rate of change of H is necessary. There is tendency for H to change in magnitude and direction hence, Eq. 16 is rewritten in this form:
 								           (27)
The components of   are
 
 
 									           (28)
With the assumption of rigidity and constant mass of the aircraft, the time rates of change of the moments and products of inertia are zero hence;
 								           (29)
Expanding,
  			           (30)
Also   can be written as
  					                       (31)
By equating components of Eqs. 28, 30, and 31 and substituting for   ,  and   from Eq. 26, the angular equations of motion are obtained:
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 + 
 + PQ (-) + 						           (32)
Translational motion equations from Eq. 15 are
 
 
 								           (33)
Equations 32 and 33 are the complete equations of motion for the aircraft. 
.

CONCLUSIONS
The form of the equations of motion of an aircraft depends upon the choice of axis system and reference frame.  Also, derivation of these equations is pivoted on the assumptions that:
1. OX and OZ are in the plane of symmetry.
2. The mass of the aircraft is constant.
3. The aircraft is a rigid body.
4. The earth is an inertial reference.
These assumptions simplified the analytical synthesis of the equations of a rigid aircraft and facilitates the design of control system for the vehicle. Furthermore, by inspection, it can be seen in eq. (33), how angular motion has been coupled into translational motion, making the equations nonlinear hence, it is necessary to linearize the equations.to simplify it further (McLean, Donald. 1990).  Although, increasing requirements of the manoeuvrability of flying vehicles and weight restriction results in the appearance of flexible properties which are significant for motion control. One must take into account all these effects which are essentially important for control of space stations, probes, airplanes and other mobile objects having the considerable dynamic loads because of functioning of engines and resistance of the air environment. Presence of flexibility determines the appearance of oscillations in control system at different resonant frequencies as stated by (Nebulov et al. 2005c and Panferous et al. 2008). Designing of control system for aerospace vehicles requires equations of flexible oscillations of the plant and its rigid counterpart in form of translation and rotation, this is the subject of another paper. 
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