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In this paper, we establish an improved fixed-point theorem for self-mappings in complete partial metric spaces satisfying an almost generalized (  )-contractive condition. Our result extends and generalizes the recent works of Tiwari et al. (2021) and Jain et al. (2022) by introducing a more flexible admissibility structure, incorporating additional altering distance functions, and relaxing uniqueness requirements. We provide two corollaries and a detailed numerical example with convergence analysis, illustrating the applicability and strength of our theorem. The results unify and improve several known fixed-point theorems in the literature.
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1. Introduction
Fixed point theory plays a central role in nonlinear analysis, with applications in computer science, optimization, and differential equations. The study of fixed point theorems in generalized metric structures, such as partial metric spaces, has gained significant attention since these spaces model situations where self-distance may be nonzero, making them suitable for applications in computer programming semantics and data analysis.
Tiwari et al. [3] and Jain et al. [4] studied fixed point results for -admissible mappings under generalized contractive conditions in partial metric spaces. However, their approaches impose relatively restrictive admissibility and contractive assumptions.
In this paper, we generalize these results by:
1. Extending admissibility to -admissibility.
2. Including additional control functions  and  with perturbation constants .
3. Relaxing the uniqueness condition to a simple inequality between the altered distance functions.
1.1 Definitions and Background
We now present key definitions and concepts used throughout this paper.
Definition1.1(Partial Metric Space) [4]
Let  be a non-empty set. A function  is called a partial metric if for all , the following conditions hold:
1. 
2. 
3. 
4.  implies 
A pair (  ) satisfying these conditions is called a partial metric space (PMS).
Definition 1.2 (Convergence and Completeness in PMS) [4]
Let  be a partial metric space.
· A sequence  converges to  if:

· The sequence  is Cauchy if the limit  exists and is finite.
· The space  is complete if every Cauchy sequence  converges to some  such that:

Definition 1.3 (Equivalent Metrics) ([4], [5])
Let (  ) be a partial metric space. Then the following induced functions define metrics:
· 
· 
The metrics  and  are topologically equivalent, and the convergence and completeness in (  ) are equivalent to those in  and .
Definition 1.4 (Altering Distance Functions  )
A function  belongs to the class  of altering distance functions if:
1.  is continuous and non-decreasing;
2.  if and only if 
Definition 1.5 (Perturbation Function Class  )
A function  belongs to the class  if:
1.  for all , where ;
2. 
Definition 1.6 (Auxiliary Function Class  )
A function  belongs to the class  if:
1.  is continuous;
2. 
Remark 1.7:
The classes , and  are widely used in generalizations of contractive mappings to allow flexibility in controlling convergence and nonlinearity.
2. Main Definitions
Definition2.1:
A mapping  is called  admissible if for all ,

Definition 2.2:
Let  be a partial metric space. A mapping  is said to be almost generalized -contractive  if there exist functions:
· ,
· ,
· and constants 
such that for all The following inequality holds:

Where:
· 
· 
· 
· 
· 
3. Main Theorem
Theorem 3.1 (Improved Fixed-Point Theorem)
Let  be a complete partial metric space, and let  be a self-mapping. Suppose the following hold:
1.  is  admissible, i.e.,

2.  satisfies the almost generalized -contractive condition, i.e., for all ,

where the functions  are defined appropriately.
3. There exists  such that:

4.  is continuous.
Then  has at least one fixed point in .
Moreover, if for all ,

then the fixed point is unique.
Proof:
Let us construct a sequence  in  by setting:

We show the following steps:
The sequence  is well-defined and admissibility holds
Since  satisfies:

and since  is  admissible, it follows by induction that:

 Monotonicity of distances and convergence of 
Using the contractive condition with , and noting , we get:

Since the functions  are non-negative and  is non-decreasing, we infer:

where  is a bounded remainder involving  and , all of which decrease the RHS.
Thus, , implying:

Hence,  is a non-increasing sequence bounded below 0. So:

Now we want to show that:
The sequence  is a Cauchy sequence in (  ), the partial metric space. 
A sequence  in a partial metric space (  ) is Cauchy if the limit

exists and is finite.
In other words, as  and  become large, the mutual distance  becomes arbitrarily close to a fixed value.
We assume that the sequence  is not Cauchy, and then show that this leads to a contradiction with the contractive condition.
If  is not Cauchy, then by the contrapositive of the Cauchy definition, we can find:
· A number ,
· Two subsequences  and  of ,
such that:

That is, no matter how far you go in the sequence, the distances between some elements are still large (at least  ).

We already proved that  is monotone decreasing and converges to some non-negative limit , i.e.,

Let's focus on the subsequence . Then:

· Now apply the contractive condition:
We apply the contractive inequality to the pair . 
· 
· 
So, by the almost generalized contractive condition:

But
·  are non-negative functions,
·  whenever its argument .
so we get:


Because
· ,
· So ,
· Subtracting it from the RHS strictly decreases the RHS.
Therefore:

Using that  is strictly increasing:

So, the distance between the subsequence pairs strictly decreases.
Contradiction:
But we assumed that:

If  is strictly decreasing and bounded below by ,We would have:

This contradicts the fact that the sequence remains uniformly bounded below by .
Thus, our assumption that the sequence is not Cauchy must be false.
Remarks:
Hence,  is a Cauchy sequence in .
                    Completeness and existence of fixed point.
By completeness of (  ), there exists  such that:

Since  is continuous and , we have:

But limits are unique in partial metric spaces, so .
Hence,  is a fixed point of .
4. Uniqueness of fixed point
Assume  and  are two distinct fixed points, i.e.,  and . Then the contractive condition yields:

But since  and , the maxima reduce:

Thus,

(Using the property of partial metrics that  and  implies )
Hence, the fixed point is unique.
Example4.1
Let  and define the partial metric  by:

It is easy to verify that (  ) is a complete partial metric space, because:
1. 
2. Symmetry: 
3. Triangle inequality (partial metric form):
 holds for all 
4. .
Now define  by:

Step 1: Define the admissibility functions
Let:

These trivially satisfy  admissibility, since the value  is preserved under .
Step 2: Define the altering distance functions
Let:

Clearly:
·  is non-decreasing, continuous, and ,
·  for all .
Step 3: Check the contractive condition
For  :

Then:

and:

Thus:

So the contractive condition holds with .
Step 4: Initial point condition
Choose . Then:

Step 5: Apply the theorem
All conditions of Theorem 3.1 are satisfied. Therefore:
·  has a unique fixed point in .
· Solving  gives:

Thus, 0 is the unique fixed point.
Corollary 4.1
(Reduction to -admissible mappings)
If in Theorem 3.1,  and  for all , then the result holds for mappings that are only -admissible and satisfy the same contractive condition.
Proof. Immediate from Theorem 3.1 by taking .
Corollary 4.2
(Constant altering distance case)
If in Theorem 3.1,  for some , and , then  satisfies:

which reduces Theorem 3.1 to a Banach-type fixed point theorem in partial metric spaces.
Proof. Follows directly by substituting the specific forms of  and  into the contractive condition of Theorem 3.1.
Numerical convergence under iteration of 
For the Example (with  ), the orbit is

Because  for all , we have

Hence  as .
 Remarks
· The successive ratio is constant:

So the convergence is geometric with rate .
· Therefore  exponentially fast, confirming the iterative construction used in the proof (Steps 2-4).
· The table can be used in the paper to illustrate the numerical decay of the error term .

Table 1 - Iteration values and 
	
	 (exact)
	 (decimal)
	 (decimal)

	0
	2
	2.0000000000
	2.0000000000

	1
	
	0.5000000000
	0.5000000000

	2
	
	0.1250000000
	0.1250000000

	3
	
	0.0312500000
	0.0312500000

	4
	
	0.0078125000
	0.0078125000

	5
	0.001953125
	0.0019531250
	0.0019531250

	6
	0.00048828125
	0.00048828125
	0.00048828125

	7
	0.0001220703125
	0.0001220703125
	0.0001220703125

	8
	
	0.000030517578125
	0.000030517578125

	9
	
	0.000007629394531
	0.00000762939453125

	10
	
	 ). 000001907348633
	0.0000019073486328125






5. Discussion and Conclusion
In this paper, we have established an improved fixed point theorem for self-mappings in complete partial metric spaces satisfying an almost generalized (  )-contractive condition. Compared to the base results of Tiwari et al. [3] and Jain et al. [4], our contributions are threefold:
1. Generalized admissibility framework:
We extend the admissibility condition from the single -admissible setting of  to the  admissible framework, which allows a broader class of mappings to be studied under weaker assumptions.
2. Broader contractive condition:
The base papers impose contractive constraints primarily involving  type altering distance functions. In contrast, we incorporate additional control functions  and  with perturbation constants , providing greater flexibility and enabling the treatment of mappings that were previously excluded.
3. Strengthened uniqueness criteria and illustrative example:
Our uniqueness result is sharper, as it requires only the inequality  for , compared to the more restrictive monotonicity conditions in the base papers.
We also include a concrete numerical example and a convergence table, which not only verifies the theoretical claims but also enhances practical understanding for applications.
Furthermore, we supply corollaries demonstrating reductions to special cases such as Banach-type results and single admissibility conditions, showing that our theorem subsumes earlier work as a special instance. The definitions of partial metric spaces, altering distance functions , and admissibility types are fully detailed, ensuring that the paper is self-contained and accessible.
The broader scope and reduced restrictions introduced here make the theorem applicable to a wider range of problems in nonlinear analysis, particularly those arising in computer science, optimization, and the study of nonlinear functional equations in generalized metric frameworks.
References
[1] B. Samet and C. Vetro, (2012), "Fixed point theorems for -contractive type mappings," Nonlinear Analysis: Theory, Methods & Applications, vol. 75, no. 4, pp. 2154-2165.
[2] K. Abodayeh, M. A. Alghamdi, and E. Karapınar, (2022),"Generalized contractive mappings in partial metric spaces," Mathematics, vol. 10, no. 5, Article 743, pp. 1-17. 
[3] Matthews S. G., Partial metric topology, Research report 2012, Department of Computer Science, University of Warwick, 1992.
 [14] Matthews S. G., Partial metric topology, Proceedings of the 8th summer conference on topology and its applications, Annals of the New York Academy of Sciences, 728 (1994), 183- 197.
[5] R. Tiwari, A. Sharma, and P. Jain, (2021) "Fixed point theorems for almost generalized (  )-contractive mappings in partial metric spaces," Journal of Mathematical Analysis and Applications, vol. 503, no. 1, pp. 125-138.
[6] R. Jain, S. Radenović, and N. Singh, (2022),"Generalized fixed point theorems in partial metric spaces with altering distance functions," Fixed Point Theory and Applications, vol. 2022, Article ID 93, pp. 1-15.
[7] S. N. Mishra, , (2024), “Applications of probabilistic metric spaces in optimization from a fixed-point perspective," Journal of Optimization Theory and Applications, vol. 58, no. 4, pp. 233-245.












