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STABILITY OF GENERALIZED QUADRATIC FUNCTIONAL
EQUATION IN 2-BANACH SPACES

ABSTRACT. In this paper, we investigate the general solution of functional
equation

oz +y) + f(@—by) = (b* + 1) f(x) + 0% + 1) f(y)

for each x,y € X, b € N and we prove the generalized Hyers-Ulam stability of
above equation in 2-Banach spaces.

1. INTRODUCTION

Stability of a functional equation for a function from a normed space to a Banach
space has been studied by Hyers [2]. Stability of a functional equation for a function
from a normed space to a 2-Banach space have been studied by B.M. Patel and
A B. Patel in [5], [6], [7]. Skof [9] has proved Hyers-Ulam stability of the functional
equation
(1.1) fle+y)+ fle—y)=2f(x) +2f(y).

He proved that for a function f: X — Y, a function between normed space X to
Banach space Y satisfying
If(@+y)+ flz—y) —2f(z) = 2f (W) < 0
for each z,y € X and 6 > 0, there exists a unique quadratic function
Q : X — Y such that
0
I7(2) ~ Q) < &

Definition 1.1. Let X and Y be real vector spaces. A function f: X — Y is
said to be quadratic function if it satisfies (1.1) Every solution of function f is said
to be quadratic functional equation.

Consider the functional equation

(1.2) Fbx +y) + f(x —by) = (b> + 1) f(x) + (0" +1)f(y)
for each z,y € X,b € N.
Our aim is to study Hyers-Ulam stability of the functional equation (1.2).
Definition 1.2. Let X be a linear space over R with dim X > 1 and let
I, <] : X x X — R be a function satisfying the following properties:

(1) ||z, y|| =0 if and only if x and y are linearly dependent,
@) Mz, yll = lly, =l
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(3) laz, yl = lalllz,yl|,
@) llz,y + 2l < llz,yll + [z, 2]|

for each x,y,z € X and a € R. Then the function ||-,-|| is called a 2-norm on X
and (X, ||-,-]|) is called a 2-normed space..
We introduce a basic property of 2-normed spaces as follows. Let (X, ||-,-]|) be

a 2-normed space, z € X and ||z,y| = 0 for each y € X. Suppose = # 0, since
dim X > 1, choose y € X such that {z,y} is linearly independent so we have
|z, y|| # 0, which is a contradiction. Therefore, we have the following lemma.

Lemma 1.3. Let (X, |-,-||) be a 2-normed space. If x € X and ||z,y|| = 0 for each
y € X, then x =0.

Remark 1.4. Let (X, ||-,-||) be a 2-normed space. Note that the conditions (2) and
(4) imply that

[z +y, 2] < llz, 2] + |y, |

for each x,y,z € X. Putting w = x + y, we get |w, z|| < ||z, z|| + ||w — z, 2| for
each x,y,z € X. So ||w,z| — ||z, || < ||w —z,z| for each z,z,w € X. Replacing
w by x and x by w in the above inequality, we get ||z, z| — ||w, z|| < ||l — w, 2|| for
each x,z,w € X. Thus, we have

(1.3) s 2l = Ny, 2l < llz =y, z]|

for each x,y,z € X. Hence the function x — ||x,y|| is continuous from X into R
forye X.

In the 1960s, S. Gahler and A. White introduced the concept of 2-Banach spaces.

Definition 1.5. A sequence {z,} in a 2-normed space X is called a 2-Cauchy
sequence if

lim |zn — 2m,y[| =0
m,n— oo

for each z € X.

Definition 1.6. A sequence {z,} in a 2-normed space X is called a 2-convergent
sequence if there is a z € X such that

lim ||z, —z,z|| =0
n—oo

for each x € X. If {z,} converges to z, we write lim,,_,, z, = z.

Definition 1.7. A 2-normed space (X, ||-,-||) is a 2-Banach space if every 2-Cauchy
sequence in X s 2-convergent in X.

Following shows that ||, || is continuous in each component.
Lemma 1.8. [5] For a convergent sequence {zn} in a 2-normed space X,
lm ||z, z|| = || lim z,, x|
n—oo n—oo

for each z € X.
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2. General Solution of Equation (1.2)

Theorem 2.1. Let X and Y be vector spaces over R. A mapping f : X — Y
satisfies equation (1.1) if and only if f : X — Y satisfies equation (1.2).

Proof. First assume that f: X — Y satisfies equation (1.2), that is
(2.1) fbz +y) + f(z —by) = (b* + 1) f(a) + (b* +1)f(y)
Take b =1 in (2.1), we get
flety) + fl@—y) =2f(x) +2f(y)
Therefore f satisfies equation (1.1).
Conversely assume that f satisfies (1.1). Therefore f(z +y) + f(z —y) = 2f(x) +
2f(y). We show that f satisfies (1.2).We shall prove the result by principle of
mathematical induction on b.
Let b =1 then (1.2) reduces to (1.1).
Let b = 2 then
fRr+y)+fle—2y) =fla+y+a)+flz-y—y)
=2f(z+y)+2f(z) - fy) +2f(x —y) +2f(y) — f(x)
=2[f(z+y)+ fle =y + f(z) + f(y)
=4f(x) +4f(y) + f(z) + f(y)
=5f(x) +5/(y)
for each x,y € X. Therefore f satisfies (1.2), for b = 2.
Next assume that f satisfies equation (1.2), for all b < m. For m € N
fma +y) + f@—my) = flm - Da+y+ ]+ flo - (k- 1y ]
= 2f((m — D)z +y) + 2 (@) — f((m — 2z +y)
+2f(x— (m—1)y) +2f(y) — f(z — (m —2)y)
—2[f((m — D)+ 1) + f(z — (m— 1)y)
+2f(@) +2f(y) = [f((m = 2)z +y) + flz = (m - 2)y)]
=2[((m =1+ 1) f(2) + ((m = D)* + 1) f(y)] +2f(2) + 2/ (y)
= [((m =2)* + 1) f(z) + ((m - 2)* +1) f(y)]
=[2m-12%+2+2—(m—2)*—1]f(z)
+[2m =12 +2+2—(m—2)> 1] f(y)
= (m* + 1) f(z) + (m* + 1) f(y)
for each z,y € X. Therefore by the principle of mathematical induction, f satisfies
(1.2), for each b € N, for each z,y € X. |
3. Stability of Functional Equations for Functions
FoX D) — (XD

Throughout this section, consider X a real normed space, Y a 2-Banach space.
For function f: X — Y, define Dy : X x X — Y by

Dy(z,y) = flax +y) + f(z —ay) — (a® + 1) f(x) = (@® + 1) f(y)
for each z,y € X,a € N.
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Theorem 3.1. Let G: X x X xY — [0,00) be a function such that

(3.1) H(z,y,2) = nz::o ainG(“"w’ @™y, z) < oo

foreach z,y e X,z € Y,aeN. Let f: X — Y be a function satisfying
(3.2) D5z, y), 2[| < G(x,y, 2)

foreachz,y € X,z €Y. Then there exists a unique quadratic function @ : X — Y
such that

(33) 17@) ~ Q). 2]l < — H(x,0,2)
foreachz e X,z€Y.

Proof. Letting y = 0 in (3.2), we get

(3.9 If(02) = a*f (). 2] < G(2,0.2)

for each x € X,z € Y. Therefore

(3.5) H@ — f(z),2

for each z € X,z € Y. Replacing x by azx in (3.5), we get

f(a*z)

a?

(3.6) H —f(ax),z” < %G(am,(),z)

for each z € X,z € Y. By (3.5) and (3.6), we get

Hf(zix) TR ‘ _ Hf(zix) 3 f(ao;x) N f(;f) —f(:c),z’
< 752 - rtao o]+ |22 - 004

171 1
< — | — —
< Lz? G(ax,O,z)} + GQG(x,O,z)

1711
== {;G(am, 0,z) + G(x,0, z)]

for each x € X,z € Y. By using induction on n € N, we get

(37) Hf(a"z)

a2n —f(.I),Z
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foreach x € X,z €Y. For m,n e N

f m—+n ) f(amx) f m—+n ) .
’ a2(m-+n) o a2m ’ZH = a2m H - f(a x)aZH
n— 1
1 71 )
m+
- a2m [? Z a2] G( ]xvoaz)]
7=0

1 1 .
_ m+
= 2 2 S 02)
m+'
< a2 Z a2(m+j) jx,O,z)

ZCLQZGTJGa:EOz)

j=m

—>0asm—>oo

for each z € X,z € Y. Therefore {%} is a 2-Cauchy sequence in Y, for each

x € X. Since Y is a 2-Banach space, {f (;;:f) } 2-converges, for each x € X. Define
Q: X —Yas

for each z € X. Now, by (3.7), we get

fla™z) f(m),zH < %iiG(aJ—x,O,z)

m—oo H a2m

for each € X,z € Y. Therefore

1
(3.8) If(2) = Q). 2] < —5 H(2,0,2)
for each z € X, 2 € Y. Next we prove that @ satisfies (1.2), for z,y € X.

|1 Dg(z,y), 2| = lim —||Df(a x,a"y), z||

n—oo @2

1
< lim aTG(a z,a"y, 2)

=0

for each z € Y. Therefore Dg(z,y) = 0, for each z,y € X. Next we show that @ is
unique. Let Q' : X — Y be another quadratic function satisfying (3.3). Since @
and Q' are quadratic functions, Q(a"z) = a®"Q(z), Q'(a"z) = a*"Q’(x), for each
reX.

Q@) ~ Q' (@), 2l = —5: Q") ~ @'(a"z). ]

< i Q") — fla™@), 2l + || f(a"2) — Q'(a"), 2]]]

2 1

< g —H(a"z,0,z)

—0asn— o
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for each z € Y. Therefore Q(z) = Q'(x), for each z € X. O

Corollary 3.2. Let (X, | -||) be a real normed linear space and |-, -|| be a 2-norm
on X such that (X, ||-,||) is a 2-Banach space, 0 < p,q < 2. (X, ||-|) — (X, ||,-]])
be a function satisfying

(3.9) 1D (2,y), 2| < [l 2[[” + [y, (|7

for each x,y € X,z € Y. Then there exists a unique quadratic function @ : X —
X such that

[, z[|”

(3.10) 1f(z) = Q(z), 2| <

a? — ap

for each x,z € X.
Theorem 3.3. Let G: X x X xY — [0,00) be a function such that

X y
3. 1 F[ .Y, . 2n ( ) , )
( ) (3? y Z) = E a’"G T z ] < oo

n=0

foreachz,ye X, z€ Y, aeN. Let f: X — Y be a function satisfying

foreachz,y € X,z €Y. Then there exists a unique quadratic function @ : X — Y
such that

z
(3.13) () = Q). < H(Z.0.2)
foreachze X,z€Y.
Proof. Letting y =0 in (3.12), we get
(3.14) 1f(az) —a?f(z), 2]| < G(z,0,2)

for each z € X,z € Y. Replacing = by £ in (3.14), we get

o fior-1(5) | 220
for each » € X,z € Y. Replacing by £ in (3.15), we get
oo bC) - s() A 200509

for each z € X,z € Y. By (3.15) and (3.16), we get
@)=t () ol < o =t (0) o]+ 21 (3) -2 ()
< G(%,O,z) —&—aQG(%ﬂ,z)

for each x € X,z € Y. By using induction on n € N, we get

(3.17) Hf(x)—aznf(;—n),z §§a2jG<C;H,O,Z>
§=0
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foreach x € X,z €Y. For m,n e N

|21 () = (G ) 2] = oo () = 1 (5 ) <]
am+n am™ aern am

n—1 z
2m 2
a g a G(amﬂ.ﬂ,o,z)
j=0

n—1
_ 2(m—+j) L
_Za G(iamﬂ.ﬂ,o,z)

Jj=0

2(m+j) z
SZ“ G(am+j+1’0’z)

Jj=0

IN

—0asm— o0

x
am™

for each x € X,z € Y. Therefore {asz( )} is a 2-Cauchy sequence in Y, for

each x € Y. Since Y is a 2-Banach space, {asz(%>} 2-converges, for each
x € X. Define @: X — Y as

Q(x) := lim a2"f<£)

n—o00 a™

for each z € X. By (3.17), we get

(oo}
; _anr( 2 2j (L )
dm |rt@) = as (35) o] < D a¥e (0.2
=
for each x € X,z € Y. Therefore

1£(2) = Q@) 2l < H(Z,0,2)

for each x € X,z € Y. The further part of the proof is similar to that of the proof
of Theorem 3.1. O

Corollary 3.4. Let (X, || -]|) be a real normed linear space and ||-,-|| be a 2-norm
on X such that (X, ||-,||) is a 2-Banach space, p,q > 2. f: (X,]-|) — (X, ]|,-])
be a function satisfying

(3.18) 1Ds(x,y), 2|l < [, 2" + lly, 2|7

for each x,y € X,z € Y. Then there exists a unique quadratic function Q : X —
X such that

(3.19) 1f(z) = Q(z), 2| <

for each z,z € X.

[, z[|”

aP — a?
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