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Hyperbolic Extensions of Generalized Pandita Numbers

Abstract.In this paper, we introduce the generalized hyperbolic Pandita numbers over the bidimensional
Clifford algebra of hyperbolic numbers. As special cases, we deal with hyperbolic Pandita and hyperbolic
Lucas numbers. We present Binet’s formulas, generating functions, and the summation formulas for these

numbers. Moreover, we give matrices related to these sequences.
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1. Introduction

The hypercomplex numbers systems, [10], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,

C={z=a+ib:a,beR,i®= -1},
hyperbolic (double, split-complex) numbers, [7],
H={h=a+jb:a,beR,j>=1,j#+1},

and dual numbers, [18],
D={d=a+¢cb:a,bcR,e®>=0,¢#0},
Some non-commutative examples of hypercomplex number systems are quaternions, [29],

Hg = {q = ao + ia1 + jaz + kas : ag, a1, a2,a3 € R,i* = 5> = k* = ijk = —1},

octonions [11] and sedenions [21]. The algebras C (complex numbers), Hg (quaternions), O (octonions)

and S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the
1
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Cayley-Dickson Process. This doubling process can be extended beyond the sedenions to form what are
known as the 2"-ions (see for example [4], [16], [6]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [29] as an extension
to the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in
1848, [12]. H. H. Cheng and S. Thompson [8] introduced dual numbers with complex coefficients and called

complex dual numbers. Akar, Yiice and Sahin [17] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao + ja1) + e(az + jaz) = ao + ja1 + €az + €jas,

where ag, a1, as and az are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao + jai + €as 4+ €jas : ag,a1,a2,a3 € R, j2 =1,j# il,EQ =0,e # 0}

The base elements {1,j,e,e5} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = glj=j, e=ce=(je)*=0, j°=jj=1,

ej = Jje el(ef) =(ej)e=0, jlej) = (ej)j =,

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((je)? = 0).
The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeas and p = by + jby + €by + jebs is

qp = apby + a1by + j(aobi + a1bo) + €(aoba + azby + a1bs + azbi) + je(aobs + a1ba + azbi + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hp is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [17].

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be described as
H={:=z+hy|h¢R, h?=1,2,y € R}.

The hyperbolic ring H is a bidimensional Clifford algebra, see [14] for details. Hyperbolic numbers has been
called in the mathematical literature with different names: Lorentz numbers, double numbers, duplex num-
bers, split complex numbers and perplex numbers. Hyperbolic numbers are useful for measuring distances
in the Lorentz space-time plane (see Sobczyk [7]). For more information on hyperbolic numbers, see also

[9,13,19,20].
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Addition, substraction and multiplication of any two hyperbolic numbers z; and z, are defined by

21120 = (w1 +hy) £ (w24 hy2) = (1 £ 22) +h (11 £ y2),

21 X290 = (x1+hyr) X (x2 + hye) = z122 + 11y2 + h (192 + y122) -

and the division of two hyperbolic numbers are given by

21 _wmithyr (@t hy) (w2 —hy) - mim + Y1y 4 p Y2+ T

o @a+hys (w24 hy2) (2 —hys) 23—y x5 — Y5

It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero divisors. The

hyperbolic conjugation of z = x + hy is defined by

z=21 =2 —hy.

Note that Z = z. Note also that for any hyperbolic numbers z1, 29, z we have

z1+ 22 = Z1+ 22,
Z1 X z2 = 71 X Zg,
2> = zxz=2a?—14°

Now let us recall the definition of generalized Pandita numbers.
A generalized Pandita sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order

recurrence relations

Wy =2Wp_1 —Wypo+Wy_3—Wy_4 (11)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative

subscripts by defining

W_n=2W_n_1) = W_(no2) + W_(n_3) = W_(n_y)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pandita numbers with positive subscript and negative subscript are given in
the following Table 1.

Table 1. A few generalized Pandita numbers
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n W, w_p,

0 Wo Wo

1 Wy Wo — Wi +2Wo — W3
2 W Wi+ Wy —W;

3 W3 Wo + Wy — Wa

4 Wy — Wy — Wy + 2W5 2Wo —2W1 4+ 2Wy — Wy
5 Wi —2Wo — Wy + 3W3 3Wy — 2Ws

6 Wy — 3Wy — 2W5 4 5Ws 3Wy — 2W,

7 2Wy — 5Wy — AWy + 8Ws 3Wy —2W1

8 3Wy — 8Wy — 6Wy + 12W5 Wy — 3W1 + 6Wsy — 3W5
9 AW, — 12Wy — 9Ws 4 18W3 oWy —2Wy — Woe — Wy

10 6W; — 18Wy — 14Wy +27TWs  3Wo + Wi — 5W5 4 2Ws
11 9w = 2TWy — 21W5 +40Ws  4Wy — 8W; 4 8Wy — 3W3
12 13W; — 40Wy — 31Wo + 59Ws3  4Wq — 4Wo + 5Wo — 4W3
13 19W; — 59Wy — 46Wo + 87W5 91 — 12Ws + 4W3

If we set Wy =0, W7 = 1, Wy = 2, W3 = 3 then {W,,} is the well-known Pandita sequence and if we set
Wo =4, W1 = 2,Wy = 2, W3 = 5 then {W,} is the well-known Pandita-Lucas sequence. In other words,
Pandita sequence {P, },>0 and Pandita-Lucas sequence {S,, },,>¢ are defined by the second-order recurrence

relations
P,=2Py 1 —Py o+ Pys—Pya Po=0P =1P=2P;=3, n >4, (1.2)
and
Sp =281 —Sp—2+ Sn_3 — Sp_a, So=4,5=2,58 =2,53 =5, n>4 (1.3)
The sequences { P, },,>0 and {S,}n>0 can be extended to negative subscripts by defining
Popn =P (n1)y = P_(n2) +2P_(n_3) = P_(n-4)
and
Sn =5-(n-1) = S-(n-2) T 25-(n-3) = S-(n-),

for n =1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

We can list some important properties of generalized Pandita numbers that are needed.

e Binet formula of generalized Pandita sequence can be calculated using its characteristic equation

which is given as

et =23y —a 1= -2 - D(x-1)=0
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The roots of characteristic equation are

1/3 1/3
S S - T Y - B T
T3 54 108 54 108 ’
1/3 1/3
8 = l+w @_’_ ﬂ +w2 @_ i
T3 54 108 54 108 ’
1/3 1/3
1+ ) 29+ 31 N 29 31
U 3 54 7\ 108 54 Vios)
§ = 1,
where
_]_ y
w= %\/ﬁ = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

7o 28" 237"
W, =
3a—2 35—2  3y_2

= Ala” + Azﬁn —+ Ag"}/n —+ A4,

where 21, zo and z3 are given below

21 = (W3 —a(2—a)Ws + (= +a+ )W, — W),
2 = (BWs = B2 = B)Wa+ (=5 + B+ 1)W1 — W),
23 = (Ws—v2—)Wa+ (=7 + 7+ DHW1 = W),
zg = —Wiz+Wy+ W
and

A gy

Ay = %7

Ay = g

Ay = z4.

Binet formula of Pandita and Pandita-Lucas sequences are

an+3 Bn+3 ,}/n+3

P, = —1,
3a—2 35-2 3y_2

and
Sn:an"i_ﬁn—’_’yn"_lv

respectively.

(1.4)
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e The generating function for generalized Pandita numbers is

in”— Wo + (Wi — 2Wo)x + (Wo — 2Wy + Wo)a? + (W3 — 2Wy + Wy — Wy)a®
o A 1—2zx+22 —a3 4+ ’

For more details about generalized Pandita numbers, see [23].
S n

Next, we give the exponential generating function of » W, Z; of the sequence W),.
n=0 ’

n

W, 25 is the exponential generating function of

118

LEMMA 1. [15, Lemma 1.4]/Suppose that fw, (x) =

n=0

the generalized Pandita sequence {Wp, }.

oo n
Then »  W,%: is given by

n=0
i W ﬁ . (OéWg - 01(2 - Oé)WQ + (—Oé2 + o+ 1)W1 - Wo)eax
— n! 3a— 2
n (BW3 — B(2 — B)Wa + (—B% + B+ L)W — WO)eﬁz
35 -2
N (YW =92 =y)Wa + (= + 7+ W) — Wo) o
3y—2

+(=Ws5 + Wo + Wp)e®.
The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pandita and Pandita-Lucas numbers

n+3 Bn+3

00 n ,.)/n+3
a): E Pn% = Z ( + +
n=0

:En

adet® 63 eﬁm ,.YBnya:
—1)— = + —e
=0 3a—2 36—2 3vy-2 n! 3a—2 38-2 3v—-2

b): > S’n%} = Z(a"—i—ﬂ”—i—’y"—i—l)% = e 4 ePT LT g7,
n=0 n=0

Next, we give some information on published papers related to hyperbolic and Dual hyperbolic numbers

in literature.

e Cockle [12] presented the hyperbolic numbers with complex coefficients.
e Akar at al [17] introduced the dual hyperbolic numbers.

e Cheng and Thompson[8] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [25] introduced dual hyperbolic generalized Pell numbers given by

Vi = Vi + jViir + eViio + jeViis

where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_2, Vo = a, V4 = b (n > 2) with the initial

values Vp, V1 not all being zero.
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e Cihan at al [2] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,
DHF, =F, +an+1 +5Fn+2 +j5Fn+37

DHL, =L, +jLn+1 + E':LnJrZ +j5Ln+37

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2, Fy = 0,F} = 1,L,, =
Ly1+Lpo,Lo=211 =1

e Soykan at al [27] introduced dual hyperbolic generalized Jacopsthal numbers given by

iz = Jn +.j']n+1 + 5Jn+2 +j6']n+3
where Jn = Jn—l + 2Jn_2, Jo =a, J1 =b.

e Bréd at al [1] studied dual hyperbolic generalized Balancing numbers are

DHB,, = By, + jBny1 +€Bny2 + jeBnys
where Bn = 6Bn,1 - Bn,Q, BQ = 0, Bl = 1.

e Yilmaz and Soykan [28] introduced dual hyperbolic generalized Guglielmo numbers are

Ty = To + jTi + €Tz + jeTs
where T,, =3T,,_1 — 3T, o+ T, 3,17y =0Ty =1,T, = 3.

e Dikmen [3] introduced dual hyperbolic generalised Leonardo numbers given by

/l\o =g+ jli + ¢l + jels
where ln = 217,_1 — ln_g,lo = 1,[1 = 1,l2 =3.
In this paper, we define the dual hyperbolic generalized Pandita numbers in the next section and give

some properties of them.

2. Hyperbolic Generalized Pandita Numbers and their Generating Functions and Binet’s

Formulas

In this section, we define hyperbolic generalized Pandita numbers and present generating functions
and Binet formulas for them. We now define hyperbolic generalized Pandita numbers over Hp. The nth

hyperbolic generalized Pandita number is
HW,, = Wy, + jWy1. (2.1)
The sequence { HW,, },,>0 can be extended to negative subscripts by defining

HW_, =W_, + jW—n+17
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for n = 1,2, 3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that
HW, = W+ W,
HW, = Wi+ Wy =W+ W,
HWy = Wy+ jW3 =Wy + W3
HW3 = Wi+ jWy= W3+ j(W; — Wy — Wy + 2W3)

It can be easily shown that
HW, =2HW, 1 — HW, o+ HW,_3— HW,_4 (2.2)
and
HW_, = HWf(nfl) - HWf(n72) + QHW,(nfg) - HW,(n,4)

The first few hyperbolic generalized Pandita numbers with positive subscript and negative subscript are
given in the following Table 2.
Table 2. A few hyperbolic generalized Pandita numbers

n HW, HwW_,

0 HW, HWy

1 HW, HWy — HW, +2HWy; — HW;
2 HW, HW, + HW, — HW;

3 HWs4 HWy+ HW; — HW,

4 HW, — HWy — HWsy +2HWj5 2HWy —2HW, +2HWy — HW;
) HW; —2HWy — HWy +3HW3 3HW, —2HW3

6 HW, —3HWy —2HWy + 5HW3 3HW, —2HW,

7 2HW, —bHWy —4HW, +8HWS34 3HWy —2HW;

8 3HW; —8HWy —6HWy + 12HW; HWy —-3HW; +6HW,; —3HW;
9 4HW, — 12HWy — 9HW, + 18HW3 SHWy —2HWy — HWy — HW3

10 6HWy —18HWy — 14HWy +27THW3  3HWy+ HW7 —5HWy +2HW3
11 9HW, —27THWy — 21HWy +40HWs  4HWy — 8HW, + 8HWy — 3HW3
12 13HW; —40HW, — 31HW, +59HWs 4HW, — 4HWy + 5HWy — 4HW3
13 19HW; —59HW, — 46 HWy 4+ 8THW;3 9HW, — 12HWy +4HW3

As special cases, the nth hyperbolic Pandita numbers and the nth hyperbolic Pandita Lucas numbers

are given as

HP, = P, + jPoi1 (2.3)
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and

HS, =S5, +7Sn1 (2.4)
respectively. The sequences {H P, },>0 and {H S, },>0 can be extended to negative subscripts by defining
HP =P (1) = P_(n2)+2P_(n_3) — P_(n_4)

and
Hsfn = S—(n—l) - S—(n—2) + 25—(n—3) - S—(n—4)

for n =1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n

For hyperbolic Pandita numbers (taking W,, = P,,, Py =0,P; =1,P, =2, P; = 3,) we get

HPy = j,
HP, = 2j+1,
HP, = 3j+2,

and for hyperbolic Pandita-Lucas numbers (taking W,, = S,,, Sqg =4,51 =2,5, =2,53 =5,) we get

HSy = 2j+4,
HS, = 2j+2.
HS, = 5j+2

A few hyperbolic Pandita numbers and hyperbolic Pandita Lucas numbers with positive subscript and
negative subscript are given in the following Table 3 and Table 4.

Table 3. hyperbolic Pandita numbers

n HP, HP_,
0 J

1 2j+1 0

2 3j+2 0

3 5j+3 -1
4 8j+5 —j—1
5 12j+8  —j
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Table 4. hyperbolicPandita- Lucas numbers

n HS, HS_,
2j+4 244
1 2j4+2 —4j+1
2 5j+2 -1
3 6j+5  —j+4
4 Tj+6  45+3
5 11j++7 —3j—4

Now, we will state Binet’s formula for the hyperbolic generalized Pandita numbers and in the rest of the

paper, we fix the following notations:

a = 1+ja,

B = 1+j8,

7 o= 1+jv

5 = T:1+j,

Note that we have the following identities:

&> = 1+4a®+2aj,
3= 1482 +2i8,
aBf = 1+aB+(a+p8)]
¥ = 1+ +2j,
5 = 12-249j
76 = 14747+

THEOREM 3. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Pandita number is

HW, = A1a"a + A28" 3 + Azy"7 + TAs.

where @, B, ﬁ,g are given as (2.5)-(2.8)

Proof. Using Binet’s formula of the generalized Pandita numbers given below

Wn = Al()[n + Agﬁn + Ag’}/n + A4.

(2.9)
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where Ay, As, A3, Ay are given in (1.4) we get

aw, = W, + Wy
= A1 + Af" + Az + As+ (AT AT 4 Agy T 4 Ay)
= A" (1+ja) + A2B" (1 +7B) + Azy™" (1 + jv) + Aa(1 + j)
= A"+ AxB"B + Azy"T + 1As.

This proves (2.9). O

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic Pandita number is

34 ﬁnJrSB ,yn+3:? =R

HP, = — 2.10
3o — 2 36—2+37—2 (2.10)

and the Binet’s Formula of nth hyperbolic Pandita-Lucas number is
HS, = aa"™ + 88" + 37" +1, (2.11)

Next, we present generating function.

o0
THEOREM 4. Let fpw, () = Y. HW,a" denote the generating function of hyperbolic generalized Pan-

n=0
dita numbers is given as follows:
(oo}
=0

(HWs5 — 2HW, + HW; — HW,)z?).
Proof. Using the definition of hyperbolic Pandita numbers, and substracting = f(z), 22 f(x) and 3 f(z)

from f(z) we obtain (1 — 2z + 22 — 2° + z*) fyw, (z)

(1 -2z + 2% — 2° + 2*) fuw, (z)

= i HW,z" — 2x i HW,z" + 22 i HW,z" — 23 i HW,z" + z* i HW,z",

n=0 n=0 n=0 n=0 n=0

= i HW,z" — 2 i HW,z" ' + i HW,z"? — i HW,z"*3 4+ i HW,z" 4,
n=0 n=0 n=0 n=0 n=0

= i HW,z" — 2 i HW(n,l).%‘n + i HW(n,g)l‘n — i HW(n,;g).%'n + i HW(n,4).’L‘n,
n=0 n=1 n=2 n=3 n=4

= (HWy+ HWyz + HWaa? + HWsa®) — 2(HWox + HWix? + HWoa®) + (HWoz? + HWya®) — HWpa®

+ Z(HWn —2HW,,_y — HW_g — HW,,_5 + HW,,_4)z",

n=4

= HW0+(HW1—2HWO)IIJ+(HW2—2HW1+HWO)CC2+(HW3—2HW2+HW1—HWO).’£3

And rearranging above equation, we get (4). O

The following results are immediate consequences of the preceding Theorem.



UNDER PEER REVI EW

COROLLARY 5. For all integers n, we have following identities:
: HP,x" = .

a): Ln=o T 12w 42— % 4o
(2 +4) 4 (2] —6)x 4 (3) +2)2* + (—4j + 7)z?
B 1—2z+ 22— 23 424 '

Theorem (4) gives the following results as special cases,

(]. —21‘+ZL'2 —x3+x4)prn(x) = H.P()+ (HP1 —2HP()).’E+(HP2 —2HP1 +H.P()){E2+(HP3 —2HP2+
HPl — HP()).CC?’ :j+.’L',

(1 -2z +2% — 23+ 2Y) fus, () = HSo + (HS1 — 2HSo)x + (HSy —2HS, + HSp)x? + (HS3 — 2H S, +

HS; — HSp)x® = (25 +4) + (=2j — 6)x + (35 + 2)z? + (—4j + 7)z>.

b): >  HS,z"

(o]
Next, we give the exponential hyperbolic generating function of )  HW, % of the sequence HW,,.

n=0

o0
LEMMA 6. Suppose that faw, (x) = Zo HW,, %5 is the exponential hyperbolic generating function of the
ne

generalized Pandita sequence { HW, }.

[e.e]
Then »  HW, %+ is given by
n=0 ’

e n
ST HW, S == 416976 + A B + A3 + Age'T.
n:
n=0

where @, 3, 7,0 are given as (2.5)-(2.8)
Proof. Using Binet’s formula

W, = Aia™ + Agﬂn + A3"/n + Ay.

where Ay, As, A3, Ay are given in (1.4) we get

> " > " = "
ZHW"F = ZWnH‘i‘JZWnJﬂH
n=0 n=0 n=0
= n n xn - .- n n n xn
= ) (A1a" + AB" + Asy" + Aa)r D (Apa™ T4 A 4 Ay 4 Aa) oy
n=0 ' n=0 :

= (A1e* 4+ AseP® + Age?® + Age”) + j(Arae™ + Ay 8P + Agvye’™ + Ayge”®)
= A1e® (14 jo) + A2 (1+ jB) + Aze?™ (1 + jv) + Ase”(1 + )
= A1e°"Q + A2ePTB + Aze™F + Age™1

This proves (6). O

The previous Lemma 6 gives the following results as particular examples.

COROLLARY 7. Ezponential hyperbolic generating function of Pandita and Pandita-Lucas numbers are

adetry 636513 73€'yx:)7 o

: HP, % = _
a)y X HPw G =55 Y352 3y 2

o0 ~ ~
b): > HS,L; =e“™a+ "B+ ey + e’1.

n=0



UNDER PEER REVI EW

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized hyperbolic Pandita number { HW,,} by the use of generating

function for HW,,.

THEOREM 8. Binet’s formula of generalized hyperbolic Pandita numbers:

Qo q2" 37" qu0"
HW, = + + + :
(a=B)a=7)(a=¢)  B-a)(B=1B-0) (G-a)y=B(-96) ((—a)(d-5)0 —(;)1)
where
@ = HWoa®+ (HWy —2HWy) o® + (HWy — 2HW, + HWy)a — HWy + HW, — 2HW, + HW,
@ = HWB*+ (HW, —2HW,) 5%+ (HWy — 2HW, + HW,) B — HWy + HW, — 2HW, + HWS,
@3 = HWoy> + (HWy — 2HWy) 7?4+ (HWy — 2HW, + HWy) v — HWy + HW, — 2HW, + HW,

@ = HW + (HW, — 2HW,) 6% + (HWo — 2HW, + HWy) 6 — HWo + HWy — 2HW, + HW,.

Proof. Let

h(z) =2t — 2% 4+ 2? — 22 + 1.
Then for some «, 3,y and § we write
h(z) = (1 — az)(1 — Bz)(1 — vz)(1 — éx).

ie.,
ot =242t - 224+ 1=(1-ax)(1 - Bz)(1 —~z)(1 - 6x). (3.2)
Hence é, %, % and % are the roots of h(z). This gives «, 3, and § as the roots of

1 1 2 1 1
W)= 5=~ S+ +1=0.

This implies 2* — 23 + 22 — 22 + 1 = 0. Now, by it follows that

HW1 —HVV() —2HW2+HW5)$3+(HWQ—2HW1 +HW2)LE2+(HW1 —2HVV())SL'+HW(]
(1= az)(1—Bz)(1 —yz)(1 - dz) ’

i HW,x" = (
n=0

Then we write

(HW1 —HWO —2HW2 +HW3)$3 + (HW() —2HW1 +HW2).’172+(HW1 —2HW0)$+HW933
(1 —az)(1 = B)(1 —yz)(1 - bx) o
B1 BQ B3 B4

T (—ow) ((=fa) (=na) (-ba)

)

(3.4)
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So
(HWy — HWy — 2HWy + HW3) 2 + (HWy — 2HW, + HWs) 2? + (HW, — 2HWy) 2 + HW,
= Bi(1 - Bz)(1—yz)(1 - 6z) + Ba(1 — az)(1 — yz)(1 — o)
+B3(1 — az)(1 — Bz)(1 — dx) + Bs(1 — az)(1 — fz)(1 — yz).

If we consider z = +, we get HW, + ﬁ(HWO—2HW1+HW2) — %(HWO—HW1+2HW2—HW3) +

)

LHW, —2HWy) =-B1 (18-1) (27 =-1) (26 -1).
This gives
1 1 1
By = &*(HW,+ = (HWo — 2HW, + HW,) + = (HW, — 5HWy — 4HWo + HW3) + -~ (HW, — 2HW))

HWOOZS—F(HWl —2HW0)OL2+(HWO—2HW1+HW2)O[—HW0+HW1—2HW2+HW3
(a@—=B)(a—7)(a—-0) '

Similarly, we obtain

HWopB + (HW, — 2HW,) B + (HWo — 2HW, + HWy) 3 — HWy + HW, — 2HW, + HW3
BQ = )
(B—=a)(B—=7)(B—9)
B HWyy® + (HWy — 2HWo) 72 + (HWy — 2HW + HWy)y — HWo + HWy — 2HW, + HWS
’ (v—a)(y = B)(y—9) ’
B HWy6® + (HW, — 2HW,) 6% + (HWy — 2HW, + HW5) 6 — HWo + HW, — 2HW, + HW;
! 6—a)(0-B)(0—1) '

Thus (3.3) can be written as

> HW,a" = Bi(1 — az)™' + Ba(1 - Ba) " + Bsy(1 — ya) ™' + Ba(1 — dz) .

n=0
This gives
(oo} oo [ee] oo o0 (oo}
> HW,a" =By Y a"z"+By» B"a"+Bs Y y"a"+By Y §"z" = (Bia"+ByS"+Bsy"+Byd")z".
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coeflicients on both sides of the above equality, we obtain
HWn = Bla” + Bgﬂn + Bg’}/n + B46n

The following identity establishes a relationship between the hyperbolic Pandita numbers and the Pandita—

Lucas numbers.
COROLLARY 9. For all integers m,n the following identities holds:
HWern = m72HWn+3 + (Pm74 - Pm73 - Pm75)HWn+2 + (me(S - Pm74)HWn+1 - HWan,S.

Proof. First we assume that m,n > 0.The Theorem (9) can be proved by mathematical induction on m.

If m =0 we get

HW, = P oHW, 5+ (P_y — Py — P_5)HW, 40 + (P_3 — P_y)HW, 11 — HW,P_s.
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which is true since P_o = 0,P = —1,P_4 = —1,P_5 = 0. Assume that the equality holds for m < k. For
m=k+1, we get
HWiii4n = 2HWiqp — HWygp1 + HWygoo — HWyg g3,
Q(Pm—QHWn+3 + (Pm—4 - Pm—3 - Pm—5)HWn+2 + (Pm—3 - Pm—4)HWn+1 - HWan—Zi)
_(Pm73HWn+3 + (PM*E) - Pm74 - meﬁ)HWn+2 + (mell - Pm75)HWn+1 - HWanfél)
+(Pm—4HWn+3 + (Pm—6 - Pm,—5 - Pm—7)HWn+2 + (Pm—5 - Pm—6)HWn+l - HWan—S)
_(Pm—5HWn+3 + (Pm—7 - P’m—ﬁ - Pm—S)HWn+2 + (Pm—6 - Pm—?)HWn+1 - HWan—G)
Consequently, by mathematical induction on m, this proves Theorem 9.

The other cases of m,n can be proved smilarly for all integers m,n. O]

Taking HW,, = HP,, or HW, = HS,, in above Theorem, respectively, we get:

COROLLARY 10.
HPm+n = Pm72HPn+3 + (Pm74 _Pm73 _Pm75)HPn+2+ (mes _Pm74)HPn+1 _HPanf?n

HSnz+n = Pm—QHS71,+3 + (Pm—4 - Pm—S - Pm—5)HSn+2 + (Pm—S - Pm—4)HSn+1 - HSan—3~

4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the hyperbolic generalized Pandita numbers . This is

a special case of [22, Theorem 4.1].

THEOREM 11. (Simpson’s formula for hyperbolic generalized Pandita numbers) For all integers n we

have,
HW,ys HWpio HW,.1 HW, HW3 HW, HW; HW,
HWyio HWpp  HW,  HW,_y | | HW, HW, HW, HW_
HW,y1  HW, HW,_ 1 HW, - HW, HW, HW_; HW_,o
HW, HW,_1 HW,_5» HW,_3 HWy, HW_; HW_o HW_3

= (HWo+HWy— HW3)(—HW3 +3HWS — HWE + HW3 + (5HW, —2HW, ) HW2 + (4HWo — 5HW; —

8HW3)HW2 + (AHW, + 4AHWy — 5HW3) HW?
+(HWy—3HW,—HW3)HW2+9HW, HWy HW5—3HWoHWy HWs+5HWoHW, HWs—THWoHW, HW>)

Proof. Using Theorem 3 it can be proved by using induction use [22, Theorem 4.1]
From the Theorem 11 we get the following Corollary.

COROLLARY 12. For all integers n, the Simson’s formulas of hyperbolic Pandita numbers and hyperbolic

Pandita Lucas numbers are given as,
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HP,.3 HP,w2o HP,y2 HP,
HP, HP, HP, HP,_
a): n+2 n+1 n n—1 _ 3] + 3’
HP,.1, HP, HPF,, HP, o

HP, HP,, HP, » HP, 3

HS7L+3 HS7L+2 HSn+1 HSn
HS, HS, HS, HS,_
b): +2 i Y= 935 — 93,
HSn.1 HS, HSp,.1 HS, o
HS, HS, ., HS, o HS, s

respectively.

5. Linear Sums

In this section, we give the summation formulas of the hyperbolic generalized Pandita numbers with
positive and negatif subscripts.

Now, we present the summation formulas of the generalized Pandita numbers.
THEOREM 13. For the generalized Pandita numbers, we have the following formulas:

(a): D Wir=—-(n+3)Whis+n+4)Whi2+ (n+4)W,, + 3W3 — 4Ws — 3W,,.
k=0

(b): Z WQk = %(—3(“+2)W2n+2 + (37”L+8)W2n+1 +2W2n + (3n+7)W2n_1 +7W3 —8W2 — W1 —6W0).
k=0

(C): Z W2k+1 = %(7(3n+4)W2n+2+(3n+8)W2n+1+W2n+3(n+2)W2n_1+6W378W2+W177W0).
k=0

Proof. For the proof, see Soykan [24, Theorem 3.12]. O
THEOREM 14. For the hyperbolic Pandita numbers, we have the following formulas:

(a): S HWy = —(n+3)HWpis+ (n+ ) HWypo + (n+ 4)HW, + 3HWs — AHW, — 3HW,,.
k=0

(b): > HWap = 1(=3(n + 2)HWap o + (3n + 8) HWapyy + 2HWap + (30 + T)HWap_y + THW; —
SHWy — HW, — 6HWy).

(©): > HWapsr = L(—(3n+4) HWapso + (3 + 8) HWap 1 + HWap +3(n+ 2)HWap_y + 6HW; —
SHW, + HW, — THW,).

Proof. Use Theorem 13 and the definition of HW,,. O

As a special case of the theorem 14, we present the following Corollary.
COROLLARY 15. For n > 0, hyperbolic Pandita numbers have the following properties:

(a): > HWip=—-(n+3)HWyi3+ (n+4)HWyio+ (n+4)HW,, + 1 — 5je — 2¢.
k=0

(b): > HWay, = £(=3(n+2)HWap 42+ (3n+8) HWap 1 +2HWay+ (3n+7) HWay— 1 +3j+e—3je+4).
k=0
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(c): > HWapyr = %(—(3n—|—4)HW2,,,+2—|—(3n+8)HWQ,L_H +HWo,+3(n+2)HWy,,_1+j—3e—8je+3).
k=0
COROLLARY 16. For n > 0, hyperbolic Pandita Lucas numbers have the following properties.
n
(a): Y HSk=—(n+3)HSpy3+ (n+4)HSp 12+ (n+4)HS,, — 8j — 92 — 10je — 5.
k=0

(b): i HSy, = %(—3(11 +2)HS9, 40+ (3n+8)HSap41 + 2HSon + (B3n+ T)HS2, -1 + —125 — 166 —
155 = 7).
(€): > HSuyr = L(—(3n+4)HSnsn + (3 +8)HSn 41 + HS2 +3(n+2) H Sz + —165 — 15¢ -
19z - 12).
Next, we give the ordinary generating functions of some special cases of hyperbolic generalized Pandita

numbers.

THEOREM 17. The ordinary generating functions of the sequences HWa,,, HWa, 11 are given as follows:

oo _ HW, (a:3+3x2—a:)+HW0 (2x2+2m—1)—HW1 (xQ—x3)—HW3 (a:3+29:2)
(a)' Zn:O HWan - ( , 2) (_:)’$4 —2113 +)5U2+2.’L'—(13 ) ( s 2')
o N HWy (x° +2x°) — HW3 (z° +2“ +x) — HW; (z° —2x+ 1) + HW5 (22° + x
(b): 3o HWan 12" = —t -+ 2?4221 '

Proof. Similary, the proof can be constructed as in [4, Theorem 4].

From the last Theorem, we have the following Corollary which gives sum formula of hyperbolic Pandita

numbers (Take HW,, = HP,, whit HPy = j,HP) =2j+ 1,HP, =3j+ 2, HP; =55+ 3)
COROLLARY 18. For n > 0 hyperbolic Pandita numbers have the following properties.

: HWa,a" = :
(a): >, o 2nT 1— 22+ 22 — 23 4 24

o (2] +4) + (=2 — 6)x + (3] + 2)2* + (—4j + T)a?
b): HWapq12" = ( .
(b): Xonzo 1 1—-2z+4 22 — 23 424

6. Matrices related with Hyperbolic Generalized Pandita Numbers

In this sectiion, using hyperbolic Pandita numbers, we give some matrices related to hyperbolic Pandita

numbers.

We define the square matrix A of order 4 as

2 -1 1 -1
1 0 0 O
A:
0 1 0 O
0 0 1 0
uch that detA = 1. Note that
Pn—i—l _Pn + Pn—l - Pn—2 Pn - Pn—l _Pn
Pn _n71+Pn72_Pn73 Pnfl_Pn72 —In-1

Pnfl —lfp—2+ Pn73 - Pn74 Pn72 - Pn73 —4n-2
Pn—? —Ip-3+ Pn—4 - Pn—5 Pn—3 - Pn—4 —4n-3
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for the proof see [26].

Then we give the following lemma.

LEMMA 19. For n > 0 the following identitiy is true:

n

HW, 5 2 1 1 -1 HW,
HWas | |1 0 0 0 HW,
HW,oo | |0 1 0 o HW,
HW, 0 0 1 0 HW,

Proof. The identitiy (19) can be proved by mathematical induction on n. If n = 0 we obtain

0

HW, 2 1 1 -1 HW,
B, | |1 0 0 0 HW,
av, | o 1 0 o0 HW,
HW, 0 0 1 0 HW,

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true

k

HWiss 2 1 1 -1 HW;
HWie | |1 0 0 0 HW,
HWien | [0 1 0 o0 HW,
HW, 0 0 1 0 HW,
Forn=Fk+ 1, we get
k+1 k
2 1 1 -1 HW; 2 1 1 -1 2 1 1 -1 HW;
1 0 0 0 B, | |1 0 0 o0 1 0 0 0 HW,
0 1 0 0 aw, | o 1 0 o 01 0 0 HW,
0 0 1 0 HW, 0 0 1 0 0 0 1 0 HW,
2 1 1 -1 HWiss
10 0 o0 HWi s
lo 1 0 o0 HWyos
0 0 1 0 HW,
HWi 4
B HWiy3
| EW
HWyia

Consequently, by mathematical induction on n, the proof completed. [
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We define

HWs HW, HW; HW,

HW2 HW1 HW() HW,l
Ngw = (6.1)
HW, HW, HW_; HW_,
HW, HW_{ HW_y HW_3
HWyy3 HWyyo HW,p1  HW,
HW, o HW,y, HW, HW,_
Egw = (6.2)
HW77,+1 HWn HWn—l HWn—Q
HW, HW,_1 HW,_ o HW, 3
Now, we have the following theorem with Ngyw and Egw
THEOREM 20. Using Ngw and Egw, we get
Proof. Note that we get
Pn,+1 *Pn“i’Pn—l *Pn—Q Pn *Pn—l *Pn HWS HW2 HWl HWO
, Pn _Pnfl +Pn72 _Pnffi -Pnfl _Pn72 _-Pnfl HW2 HWl HVV() HW,1
A,LNHW —
Py —Poo+Po3—PFPoy Poo—P,3 —P, o HWy HW, HW_1 HW_ 4
Pn—2 _Pn—3 + Pn—4 - Pn—5 Pn—3 - Pn—4 _Pn—3 HWO HW—l HW—2 HW—3

a1l a2 i3 Q14
a21 Q22 (23 A24
asz1 asz G33 0as4

(41 Q42 Q43 (44

where
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a1 =
a2 =
aiz =
a4 =
az1 =
Qg2 =
a3 =
az4 =
aszr =
aza =
aszz =
a4y =
agr =
Qg2 =
43 =

Q44 =

HW, (P — Pa_y) — HWy (P — Pay + Po_y) — HWoPy + W3 Ppsy = HW, s,

HWo (P — Poo1) = HWy (P — Py + Py2) = PuHW 1 + HW Py = HW, 19,

HW_, (Py — Po_y) — HWy (P — Pa1 + Po_s) — PaHW_g + HW1 Py = HWoi1,
HW_3 (Py — Pu_y) — HW_y (Pa — Pay + Po_s) — PuHW_3 + HWo Py = HW,,

HW3 P, — HWa (Py_y — Pa_s + Po_s) + HW (Pa_y — Py_s) — HWoPy_1 = HWi 4o,

HWy Py — HW_ 1Py y — HWy (Pt — Pa_+ Pa_s) + HW (Pa_y — Pa_s) = HWny1,
HW_1 (P — Pa_s) — HW_oPy_1 + HW, Py — HWy (Pa—1 — Po_o + Pu_3) = HW,,
HW_5(Pp-1— Pn2) — HW_3P,_ 1+ HWoP, — HW_1 (P,—1 — P2+ P,_3) = HW,,_1,
HW, (P — Poy) — HWa (Po—s — Po—g + Poa) — HWoPp_o + HW3Py_y = HWp i1,
HWy (Pp—o — Py_3) — HW; (Py—o — Py—3 + P_4) — HW_1P,_o + HW,P,,_1 = HW,,
HW_1 (Py_s — Py_s) — HW_3Py_g — HWy (Pas — Po_g + Pa_s) + HWi Py = HW,_1,
HW_o(Py—o— Py_3) —HW_3P,_9 — HW_1 (Ph—2 — P_3+ Py_4) + HWyP,_1 = HW,,_o,
HW, (Pys — Po_y) — HWa (Py_s — Po_s + Po_s) — HWoPp_s + HW3Ppo_s = HW,,
HWo (P — Posa) — HWi (Pa_s — Pos+ Pos) — HW_1Py_s + HWoPp_o = HW,_1,
HW_y (Py—3 = Py_4) —HW_ 3P, 3 — HWy (Py—3 — Py + Pp_5) + HW 1 P,_5 = HW,_o,

HW_9(Py—3— Pp_4) — HW_3P,_3 — HW_1 (Py_3 — Pp_a+ Pp_5) + HWoP,,_o = HW,_3.

Using the theorem (9) the proof is done. O
By taking HW,, =HP,, with HPy, HP;, HP,, HP5 in (6.1) and (6.2)

HW, =S, with HSy, HSy, HS,, HS3 in (6.1) and (6.2)
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respectively, we get:

oj+3 3j+2 25+1
342 2j+1 4 0
Npp = ;
2j+1  j 0 0
j 0 0 -1
HP, .3 HP,» HP,;1 HP,
HPn+2 HPn+1 HP, HP, 1
Eup = ’
HPn+1 HPn HPn—l HPn—2
HP, HP,, HP, o HP, 3
6j 45 5j4+2 2+2 244
5j 42 2742 2544 4j+1
Nus = :
2j+2 2j+4 —4j+1 j-—1
2j+4 —4j+1 j—1 —j+4
HSnis HSpis HSn1 HS,
HSnio HSpi1 HS, HSn
Ens =
HSnJrl Sn HSn,1 HSn72

HSTL HSn—l HSn—Q HSn—3

From Theorem [20], we can write the following corollary.
COROLLARY 21. The following identities are hold:

a): AnNHp = EHP-
b): ATLNHS = EHS-
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