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Value distribution of differential

polynomials

Abstract

In this paper we deal with the value distribution of those differential poly-
nomials which involve two distinct transcendental meromorphic functions and
obtain analogous results of I. Lahiri [7] for these kind of differential polynomials.

Keywords and Phrases : Differential polynomials, monomials, transcenden-
tal meromorphic functions, small functions, value distribution.

1 Introduction, Definitions and Notations
We first consider the following definition.

Definition 1.1. Let f(z) be a transcendental meromorphic function in the
complex plane and let m(r, ), N(r, f), T(r, f) have the usual meaning of Nevan-
linna Theory. Let S(r, f) denotes any quantity satisfying S(r, f) = o(T(r, f))
as r — 0o except possibly a set of finite linear measure. Then for a positive
integer j, by a monomial in f(z) we mean an expression of the form

M;[f] = [f()]™0 [f D) (2)]™9 . [f B (2)] 0

where ngj, n1j, ... , ng; are non-negative integers. We define d(M;) = Zf:o Nij
as the degree of M;[f] and 'y, = Zfzo(i + 1)n;; as the weight of M;[f].
Next, let a;(z) be meromorphic functions in the plane satisfying T'(r,a;) =
S(r, f) for j =1,2,...,n. We define a differential polynomial in f(z) as

Also, we define

and
FP = maX{FMj 01 S j S Tl}

as the degree, the lower degree and the weight of P[f] respectively. Also, k, the
highest order derivative of f in P[f] is called the order of P[f].

If in particular, d(P) = d(P), then P[f] is called homogeneous and otherwise it
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is called non-homogeneous.
In [11], H.X. Yi proved the following theorem.

Theorem 1.1. Let f be a transcendental meromorphic function in the complex
plane and Q1[f], Q2[f] be differential polynomials in f satisfying Q1[f] # O,

Q2[f] £ 0, and
Plf] = anf™ +anaf" ' +..+ay (a, Z0). (1.1)
Now if
F = PIAIQ:f] + Qulf] (12)
then
= d(Qu)IT(r. 1) < N(r. 1)+ N(r. 5755) + [Cu = (@) + 1IN (. )+ S(r. ).

Here it can be noted that the influence of Q1[f] on the value distribution of
F is ignored. Later, in [7], I. Lahiri showed that Theorem 1.1. can further be
improved if the influence of Q1[f] is taken into consideration and he proved the
following theorem.

Theorem 1.2. Let f be a transcendental meromorphic function in the open
complex plane, and Q1[f](£ 0), Q2[f](# 0) be two differential polynomials in f
such that k and d(Q1) be the order and lower degree of Q1[f], respectively and
P[f] is given by (1.1) where a, (£ 0),an_1, ..., ao are small functions of f. Now
if F'is given by (1.2), then

- - 1 - 1 - - 1
[n=d(Q2)]T'(r, f) < N(r, f)‘FN(Ta W)+[FQ2_d(Q2)+1]N(T7 f)=dIN(r, 7
where d = d(Q1) if n > d(Q2) and d = 0 if n < d(Q2) and Ny 1(r, %) denotes
the counting function of poles of f where a pole of f with multiplicity u is
counted g times if g < (k+1) and (k + 1) times if pp > (k4 1).

S0 1),

) =Nt (r, 7

The proof of Theorem 1.2 is based on the following lemmas.

Lemma 1.1. [5] Let Q*[f] and Q[f] denote differential polynomials in f with
arbitrary meromorphic coefficients ¢1*, ¢2*, ..., ¢,* and q¢1, q2, ..., qx respectively.
Suppose that P[f] is given by (1.1). If P[f]Q*[f] = Q[f] and v¢ < n, then

k

m(T7Q*[f]) < Zm(r’ qi*) + Zm<r7 qi) + S(T’ f)

i=1

Lemma 1.2. [7] Let P[f] = Z?:l a;(z)M;[f] be a differential polynomial
in f of order and lower degree k and d(P), respectively. If zy is a zero of f
with multiplicity p(> k) and zg is not a pole of any of the coefficients a; (j =

1,2,...,n), then zg is a zero of P[f] with multiplicity at least (u — k)d(P).
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Lemma 1.3. [3] For a differential polynomial P[f] = >77_, a;(2)M;[f] the
following inequality holds:

N(r, P[f]) < d(P)N(r, f) + [Cp — d(p)IN(r, f) + S(r, ).

Lemma 1.4. [9] Let P[f] be given by (1.1) where a,(# 0), an_1, ..., ag are small
functions of f. Then

m(r, P[f]) = nm(r, f) + S(r, ).

Lemma 1.5. [5] If Q[f] is a differential polynomial in f with arbitrary mero-
morphic coefficients g;, 1 < j < n, then

m(r,Q[f]) < d(Q)m(r, f) +>_m(r,q;) + S(r, f).

Jj=1

Lemma 1.6. [10] Let P[f] be given by (1.1) where a,(# 0),an—1,...,a0 are
small functions of f and N(r, f) = S(r, f). Then

T(r, P[f]) = nT(r, f) + 5(r, f).

Now we introduce the following analogous definition for homogeneous differen-
tial polynomials formed with two transcendental meromorphic functions f and
g and try to prove analogous results of Theorem 1.2 for such kind of differential
polynomials.

Definition 1.2. Let f(z) and g(z) be two transcendental meromorphic func-
tions. Then we define a monomial in f(z) and g(z) as an expression of the
form

M;(f.g] = [F&) [fO @) [f P @))% [g ()]0 (g™ ()] ™ g™ (2)]

where loj, 115, ... , lkj, moj, M1y, ... , Mp; are non-negative integers. We define
k h
d(Mj) = b+ my
i=0 i=0
as the degree of M;[f,g] and
k h
Tary = (4 Dl + Y _(i+ 1)my;
i=0 i=0

as the weight of M;,[f, g].

Again, let a;(z) be meromorphic functions in the plane satisfying T'(r,a;) =
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S(r, f) and T(r,a;) = S(r,g) for j = 1,2,...,n. Now we define a differential

polynomial in f(z) and g(z) as
Plf, g1 = a;(2)M;[f. g).
j=1

Here also we define

and
Ip=max{l'y; : 1 <j<n}

(1.3)

as the degree, the lower degree and the weight of P[f, g] respectively. Also,
max{k,h} = v, the highest order derivative of f and g involved in P[f,g| is

called the order of P[f,g].

If in particular, d(P) = d(P), then P[f,g] is called homogeneous and otherwise

it is called non-homogeneous.

In addition, for our convenience we define the followings:

k
ds(P) = maX{Zlij :1<j<n};
=0

k
dp(P)=min{) 1 : 1< j <n}

=0

_ h

dy(P) = max{z mi; 01 <j<n}
i=0

and

h

dg(P) = min{z mi; 11 <j<n}.
i=0

In particular, if there exists atleast one j(= j1, say) such that

k
dp(P)=> lj and

1=0

h
dy(P) =Y mij,
1=0

then ~ ~ ~
d(P) = d(P) + dy(P).
Similarly if there exists atleast one j(= ja, say) such that

k

dp(P) = i,

h
and  d,(P)= Zmiﬂé’
i=0 =0

then
d(P) = d;(P)+d,(P).

To clarify this scenario we refer [1].

(1.5)

We do not explain the standard notations and definitions of the value ditribution

theory as those are available in [6].
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2 Main Results

In this section we present our main results of the paper. And to do that we first
need the following lemmas.

Lemma 2.1. Let Q*[f, ¢g] and Q[f, ¢g] denote differential polynomials in f and g
with arbitrary meromorphic coefficients q1*, ¢2*, ..., ¢,* and q1, go, ..., qx respec-
tively. Suppose that

Plf,g)=fg" + a1 f 9" + b1 flg™ +arof g™
+bm_2flgm72 + ..+ apg™ + b()fl. (21)

If
P[f,91Q%[f, 9] = QIS 9], (2.2)

where d¢(Q) < I, dy(Q) < m (ie., d(Q) < I+ m) and on the circle |z| = r,
[ (re®)| = |g(re®®)| , then

TQ*fa <Zm7n% Zm(rvqi)+m(

2 [f) ])+5( 2 )+ 5(r,9).

Proof : We first prove the case when
aj—1 = 0a—2 = ... =ag = 0= bm,1 = bm,Q = ... = bo.

In this case we can rewrite (2.2) as

Flg™Q*(f,9] = Qlf. 9]- (2.3)
Now we suppose
k
g9l = Z%‘Mz’[f, gl (2.4)
i=1

where
Mi[ﬁ g] = foo (f(l))ail“.(f(j))ai]gﬁio <g(1))ﬂi1“.(g(h))gih, for i=1,2,...k;

with a0, 41, .., @45, Bios Bits -, Bins, 3, b being non-negative integers, and

9l=> a4 M;[fg] (2.5)
i=1

where

M (f, g] = fro(fM)sa  (f@)simgtio(gMyta (g0t for § =12 .,n

with s;0, 851, -++, Sius tio, tils -+ tiv, U, U being non-negative integers.

First we consider |f(re?)| = |g(re?)| > 1.
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Then from (2.3) and (2.4) we have

Q*[f, 9]l = f g~ QLS. 4]l

k
=g Z qi M,
i=1

k .
f(l) 1 f(J) 0 g(l) Bi1 g( ) Bin £(X7 _o qiw—1) (Zh Biw—m)
- qz — o — W — . z f w=0 1w w=0 Piw
|;(f) (f)(g) (g) |
k 1 j 1 h .
< Z| ||f( )‘a“”.‘ﬁ aij £‘6,1|£ Bin f|(ZfU:0am—l)|g|(z1’;:05,iw_m)
= / f g
k & F0) ™ (h) ; :
A Qij 9 i g i - —-m
§Z|qz||—\ el I B |9 B (A (@)=D) | g (A (@)=m)
i=1 9 g
k ,
7O O
gZ|qz||i\au...\—|%|7\6u...|7Bm,
i=1 f g g
since |f(re’)| = |g(re)| > 1 and dp(Q) —1<0, d,(Q)—m<O0.
Hence,
1 1 [ @ g g
_ log"" |Q*[f7 g”d@ < 7/ log |QZH Qi1 |aij|7|6i1'“|7 ﬁ”’)d@
21 J)fl=lg1>1 27 Jo Z f 9 g
k ,
1 / N I C I
<25z log™ (|g: i | L—jeis | 2— B 12— |fin)dh + O(1
2 5 (ol o Do £ 2 pyas + o)
k 2w 1)
1 / 1 o
= — log™ |¢;|do + / log® |[£—|%1df + ...
;277 ! Z 0 | f
2 2 1
y 1 g
wt— | logt|=—|*9d0+ — [ log"|=—|""df + ...
+2ﬂ_/0 oglf\ +27r/0 0g|g| +
1 27 g(h)
vt o= [ logh|F=—|P"de) + 01
e A R ORI
: d M ()
= Zm(r, gi) + Z[Oéﬂm(?“, L) + o A agym(r, f—)
i=1 i=1 f f
1 ()

+ Birm(r, 97) + .. + Banm(r, 97)] +0(1)

|

s
Il
-

k
7‘ Qz Zazls ~+aijs(r7f)
i=1

+ BuS(r,9) + ... + BinS(r, 9)] + O(1),
using Millouz's Theorem

m(r,q;) + S(r, f) + S(r, g). (2.6)

I

&
Il
_
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Next we consider |f(re??)| = |g(re?)| < 1. From (2.5) we have
Q£ gl = 1> a; M [f. 9]l
i=1

_ | Z q;kfsio (f(l))s'il ._.(f(u)>smgti0 (g(l))tu ”.(g(v))tiu‘

<Z|£"|I

tiv

311 . f(u)|sw|ﬂ‘tu‘ﬂ
f g g

Hence,

1 1 2m fu) g(l) g(y)

9 log™ |Q*[f, glld6 < */ log™ q; [%i.. Siu|d__ |ty tiv)dg
27 ) s1cigien |Q7[f,9lldd < 5 ZI || I il S

IN

n 1 2 fl s f(u) . g(l) . g(v) ,
S o [ g i S e 2 a0 + o)

1271' f g

n 1 /27r 1 27 f(l)
— log™ |qF|d6 + / log™ |&+—
>, o7 /. g7 Z ; | 7

=1
27 27 1
f“ y 1/ g
ot — logT | Z— % df + — log™ |[Z—t1df + ...
+27T/0 oglfl +27T00g\g| +

<.

Sitdl + ...

<.

1 271’ g( )
P logt |Z—[tivdp
+3r [ tort 1l dn) + 0()

n n (1) (u)
=S b a) + 3 (sam(r, o) + o+ sim(n, )
=1 =1 f f
ey 4@
—l—t“m(r,T)—i-...—i—twm(n 7 ) + O(1)

= Z m(r, qz —|—Z 8115 + +3iuS(raf)
i=1

+t115(r,g)+ +th( ))+O(1)7
using Millouz's Theorem

=Y m(r,q)) +S(r, f) + S(r,9). (2.7)
i=1
Adding (2.6) and (2.7) we get
n k
1 + * 1 + * * .
oo [ o alees [ s Q717,40 < 3T mr )Y mC 00+ ) 500)
J L . gl= =1 i=1
ie.,

2m n k
%/0 log" |Q*[f,g)ld0 <Y _m(r,q}) + > _m(r,q:) + S(r, ) + 5(r,9)
=1 i=1
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ie.,
n k

i=1 i=1

Now we consider the general case when a;_1,a;—2, ..., a0;bm—1,bm—2, ..., by are
any arbitrary meromorphic functions with smaller growth than f and g respec-
tively. Then from (2.2) we can write

Flam (g a1 fr g™ b1 flg™ e aog™ +bo fHQY(F, 91) = FLa™Qlf, 9]

or, flgmR*[f,g] = R[f, 9], say where R*[f,g] and R|[f, g are differential polyno-
mials in f and g with meromorphic coefficients ¢} (1+a;—1+bm—1+ ... +ao+bo),
Ga(l+a—1+bp_1+...+a0+bo), .. ,q (14 aj—1+bn-1+..+ao+by) and
q1, q2, --- , Qi respectively.

Hence by first case

m(r, R*[f, g]) < zn; m(r,q; (1 + a1 +bp1 + ... + a0 + bo)) + Zk;m(r, qi) +S(r, f)+S(r,9)
< imm )+ Zklmm @) + 5(r. £) + 5(r,9).

So, ) _

m(r.Q"[f.g]) < mr R g) + . )
< émm @)+ émm @)+ m(r, )+ S(r. 1) + S(r.g).

Hence the proof is complete.

Lemma 2.2 Let P[f,g] = Z?Zl a;(2)M;[f, g] be a differential polynomial in f
and g of order and lower degree v and d(P), respectively and let P[f, g] satisfies
the condition (1.5). If zg is a zero of f and g with multiplicities p; (> v) and
p2(> v) respectively and zp is not a pole of any of the coefficients a;(j =
1,2,...,n), then zy is a zero of P[f,g] with multiplicity at least (1 — v)d(P)

where p = min{u1, ua}.

Proof : Since zj is a zero of f and g with multiplicities p1(> v) and ps(> v)
respectively, from Definition 1.2 we can clearly say that zy will be a zero of
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M;[f, g with multiplicity
= [prloj + (p1 — Dlyj + oo 4+ (p1 — k)lgg] + [namoj + (p2 — D)maj + .. + (p1 — h)mpg]

k k h h

=1y lij— D ilij+p2 Yy mi— > imy;

1=0 . =1 . =0 =1 X X
= (m+ 1Y L= G+ Dl + (pa+1) > miyy = > (i+1)my

i=0 i=0 i=0 i=0

= (1 + 1)dp(M;) + (p2 + 1)dg(M;) — Ty,
= mid (M) + pady(M;) + d(M;) — Tay,
= (1 = v)dg(M;) + (2 — v)dg(M;) + (v + 1)d(M;) — Tag,
> (= v)dy(Mj) + (2 — v)dy (M)
> (1 — )y (P) + (1 — 1), (P)
> (= v)|d;(P) +dy(P)]
= (u—v)d(P).

Since zp is not a pole of any of the coefficients a;(j = 1,2, ..., n), therefore z; is
a zero of P[f, g] with multiplicity at least (u —v)d(P) where p = min{uy, ua}.

Lemma 2.3. For a differential polynomial P[f,g] = Z?Zl a;(z)M;|f,g] the
following inequality holds:

N(r, P[f,q]) < nld(P){N(r, f)+N(r,g)}+{Tp—d(P)H{N(r, f)+N(r, g)}]+S(r, f)+S(r, ).
Proof : Since N(r, f*)) < N(r, ) + kN(r, f), we have

NG Plf.g Z M If

N(r;a;(z)M;[f, g])

M:

<.
I
—

\E

[N (r,a;(2) + N(r, M;[f, g])]

.
I
—

I
M=

N(T,Mj[f,g])+S(r,f)+5(ng)

<.
Il
—

N (r, [f1'09 [f O] [f Ot [g]mes [gD) ™ [g )™ 4 S (r, f) + S(r, g)

I
[M]=

<.
Il
—

[N(r, [f]'°7) + N(r, [fD]9) + .+ N(r, [fF]5) + N(r, [g])

M=

<

<.
Il
—

+ N(r, [gM]™9) + ..+ N(r, [¢M]™)] + S(r, f) + S(r, g)

< (o N(ry f) + 1N, fOY 4 1 N(r, fO) + mg; N (7, g)

-

<
Il
-

+myN(r, gM) + o+ mpN(r, g M) + S(r, f) + S(r, 9)
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SZZOJ +11]{N( )+N(rvf)}+"'+lkj{N(T’f)+kN(Taf)}+m0jN(Tag)
+mi{N(r,g) + N(r,g)} + ... + mp;{N(r,g) + hN(r,g)}] + S(r, f) + S(r, g)

[(lo] + 11] + ...+ lk]) ( f) + (l1j + 2l2j + ...+ klkj)N(r, f) + (moj + my;

'Mz

~
Il
-

+ ...+ mhj)N(’r? g) + (mlj + 2m2j + .o+ hmh]‘)N(T,g)] + S(’I“, f) + S(T’ g)

3

= [(j ( ) (r, f)+{( oj + 201+ .. -‘r(k/’-i-l)lk]) (loj-l—llj—l—...—i-lkj)}N(T‘,f)

.
Il
N

+ d (M )N(T g) + {(moj + 2m1j + ...+ (h + l)mhj) — (moj + mij
+ o+ mg ) IN(r,g)] + S(r, f) + S(r, g)

< [dp(My)N(r, f) + dg(M;)N (7, ) + {(loj + 2115 + .. + (k + 1)l

+ mo; + 2m1j + ...+ (h + 1)mhj) — (loj + llj + ...+ l/cj + moj; + maj
+ o mp JH{N(r, f) 4+ N(r, g)}] + S(r, f) + S(r, )

F)+N(r,9)} + {Tar; — d(M)HN(r, f) + N(r,9)}] + S(r, /) + S(r, 9)

M

.
E.l

(PUN(r, £) + N(r.g)} +{Tp — d(PYHN(r. f) + N(r,9)}] + S(r, f) + S(r.9).

Lemma 2.4. Let P[f,g] be given by (2.1) where a;_1,a;—2,...,a¢ are small
functions of f and b,,—1,bm—2, ..., by are small functions of g. Then

n

m(r, P[f,g]) <20 x m(r, f) +2m x m(r,g) + S(r, f) + S(r, 9).

Proof : We have

m(r, P[f, g]) Zm(ﬂflgm-l-al LT A b 9T o f TP A bna flgT T+ aog™ +bof)
m(r, flg™ + a1 f7 g™+ ama f TP + L+ agg™)
—|—m(1" b1 g™+ b2 flg" TP 4+ b fY) + O(1)
=m(r, g™ {f' + a1 f Fa o f T+ .+ ag))
+m(r, fHobm-19™ " + bn—29™ % + .+ bo}) + O(1)
<m(r,g™) +m(r, fl+ a1 f Faof T4 .+ ag)
+m(r, f) +mr by 19™ + b2g™ 2 4.+ bo) + O(1)
<mxm(r,g) +m(r, f' + a1 f F o f 7 + o+ anf) +mr, ao)
+1xm(r, f) +m(r,bp-19™ " + bp_2g™ 2 + ... + brg) + m(r,by) + O(1)
<mxm(r,g)+m(r, f{If a1 f 4+ Faof +ar}) + 1 xm(r, f)
+ (7, g{bm-19""% 4 b—2g™ > + ... + bag + b1 }) + S(r, f) + S(r, g)
<(U+1)xmr, f) + (m+1) xm(r,g) +m(r, f + a1 f72 +
+agf +a1) +m(rbm19™ "% +bm2g™ % + .+ bag +b1) + S(r, f) + S(r, )

10
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< (I +1) xmr, f)+ (m+1) x m(r,g) + m(r, f{f 72 +a_1f 73+

+azf + az}) + m(r, g{bm-19""" + bn2g™ ! + ..+ bsg + b2}) + S(r, f) + S(r, g)
<(142) xmr, f) + (m+2) xm(r,g) +m(r, ff2+ a1 f73 +

+agf +az) +m(r,by—19™ 7% + bpo2g™ T+ o+ bsg + ba) + S(r, f) + S(r, 9).

Proceeding similarly, we ultimately get

m(r,P[f,g}) <2 xm(r,f)—i—(?m—l) Xm(r,g)+5(r,f)+5(r,g)
<20 xm(r, f) 4+ 2m x m(r,g) + S(r, f) + 5(r,9).

Lemma 2.5. If Q[f,¢] is a differential polynomial in f and g with arbitrary
meromorphic coefficients ¢;, 1 < i < n, then

m(r, Q[f, g]) < nd(Q)[m(r, f) +m(r,g)] + Y m(r.a;) + S(r, ) + S(r,9).

i=1
Proof : Let

g9l = a;M;[f,g] (2.8)

j=1

where each
M;lf, g} = [F ) [FD ()]0 [P (2)]) % [g(2)] ™0 [ (2)] ™2 .. [g") (2)] 7

is a monomial in f and g of degree

k h

= Z lij + Z My
i=0 i=0

Here the degree of the differential polynomial Q[f, g] is given by

d(Q) = maz{d(M;): 1 < j <n}.

From (2.8) and using Milloux’s Theorem we can have

m(r, Q[f, ) = qu

m(r, q;M;(f, g]) + O(1)

<
Il
—

KM:

m(r,q;) +y_m(r, M;[f,g]) + O(1)

j=1

r%+§)n A1 [P0 [ O g [g ). [P 4) 4 O(1)

‘M:

<
Il
—

i M: i M~

707 m f(l) lij m(r &lky‘

rq]+z +([f])+---+(7[f])
h (1) (h)

+mmm2mww+ww[21“w+ mi (L)) + )

11



UNDER PEER REVI EW

k (1 Fk)

< Zm T, q; +Z lej x m(r, f) —i—lljm(nfT) + .+ lym(r, T)
i=j

j=1 =0

h g g™
+ Z mi; X m(r, g) + maym(r, 7) + ... + mp;m(r, 7)] +0(1)
i=0
h

k
< Zm(r a;) + YDl xm(r, )+ miy x m(r,g)] + S(r, f) + S(r,9)

=1 1=0 1=0

n k
< Zm T QJ Z {lej +Zmlj} X {m(r7f) +m(r,g)}] +S(T,f) +S(Tvg)

=0 =0

= Zm(r g5) + Z[d(Mj) x Am(r, f) +m(r, g)}] + S(r, f) + S(r, 9)

n

< Zm(r g;) +nd(Q) x {m(r, f) + m(r,g)} + S(r, f) + S(r, ).

i=j
Hence the proof is complete.

Lemma 2.6. Let f(z) and g(z) be two transcendental meromorphic functions
with N(r, f) = S(r, f) and N(r,g) = S(r,g). Also let P[f,g] be given by (2.1)
where each ag,aq, ...,a;—1 being small functions of f and bg, by, ..., b,,—1 being
small functions of g. Now if |f(re?®)| = |g(re??)| > 1 on the circle |z| = r, then

UT(r, f) +mT(r,g)] <T(r,P[f,g]) + S(r, f) + S(r,9)
<20T(r, f)+mT(r,g)] (2.9)

[N

Proof : From (2.1) we have

m a—1 b1 | ai—2 | bp_2 ag by
Plf,g = flg™{1+ T T T et ) (210)

Now on the circle |z| = r, let

) ) NE TNE!
A(re”) = maz{|ai-1 (re”)], |ai—2(re”) |2, ..., [ag (re™)| T}

and _ _ . o
B(reze) = 77”Lasc{|bm_1(1"619)\7 ‘bm_g(’f‘elOHE, e |b0(7’eze)|ﬁ}.

Again if we suppose
Ey={0€[0,2n] : |f(re?)| > 4A(re'?)}

and 4 _
Ey,={0€][0,27]: \g(re“g)| > 43(1"@19)}7

12
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Ixm(r, f)

<

<

<

then on Fy N E, we have from (2.10)

ai—1 | bp—1 | ai—2 | bp—2 ag  bo
P(f, gl = |f|'lg|™1 + + + + +ot =+ =
Pl = g1+ 25 Dty Bney Dosr 20 B
a1 a2 ap bm—1 bm—2 bo
> flgl™ 1 — @2 % bnory bneay b
|H|[|f||f2| \fl||g|\g2| \gm]
m A A A B B B,
> el = 1 = 5P = =15 = = = =P = = =™
f / f g g g
1 1 1 1 1 1
> AL = = = (5)2 — e — (B = = = ()2 = ()™
T R & ]
1 1 1 1 1 1
l m 2 1 2 m
= 1—-{- — — —1{- - —
PGP+ 2t B = G (0t ()
1 1
> |f|l\g|m[1—{ﬁ}—{1 el
It It
1 1
l m
- 1_-_°=
VIS
1 1 m
S
Hence on E1 N Ey we have
31Pf, gl = |£1'lgl™
i.e., log" 3|P[f,g]| >log™ |f|'lg]™.
So,
llog™ |f| <log3+log™ |P[f, g]| (2.11)
and
mlog™ |g| <log3+log™ |P[f,g]|. (2.12)
Therefore using (2.11) and by our hypothesis that on the circle |z| = r, | f(rei?)| =
lg(re?®)| > 1, on E;°, |f(re'?)| < 4A(re'?) and on E1NEL°, |g(re'?)| < 4B(re'?),

we have

1 27 .
I % %/0 log™ | f(re'®)|do
1

27 EiNE,
1

27T E1NE;3

1 1 ! !
— log 3d6 + —/ log™ |P[f, g]|d0 + —/ log™ 4B df + —/ log™ 44 df
2 E1NE2 2m E\NE, 2m E1NE,° 2w Ey°

1 27 1 2 I 2 l 2w
—/ log 3d0 + —/ log™ | P[f, g]|dé + —/ log™ 4B df + —/ log™ 4A df
2 0 2 0 2 0 2w 0

log™ | f(re'?)|do + i/ log™ | f(re®)|df + i/ log™ | f(re'?)|do
E1NEs°© c

2 27 Jg,

l . l
(log 3 + log™ | P[f, g]|)d6 + 7/ log™ |g(re®)|df + 7/ log™ 4A df
27T Ei1NE>° 27T Eq°

1 2m 2m 2m 2m
log 3 + —/ log™ | P[f, g]|d6 + L / log™ 4d6 + L / log™ B df + L / log™ A df

log 3+ m(r, P[f,g]) + 2llog4d + 1 x m(r, B) + 1 x m(r, A)
m(r, P[f,g]) + 5(r, f) + 5(r,9). (2.13)

13



UNDER PEER REVI EW

Adding I x N(r, f) on both sides and recalling that N(r, f) = S(r, f) we get

m(r, P[f,g]) + S(r, f) + S(r,g)
T(r, P[f,g]) + S(r, f) + S(r, 9). (2.14)

IxT(r, f) <
<

|
?),

Similarly, using (2.12) and by our hypothesis that on the circle |z| = r, | f(re??)
lg(re?®)| > 1, on Ey°, |g(re?)| < 4B(re'®) and on E1°NEy, |f(re??)| < 4A(re
we have

1 27 )
m x m(r,g) =m X —/ log™ |g(re?)|do
2 0

1 )
= — mlog™ |g(re'?)|dd +
27 JEinE,

1

2m E1NE;

1 1
log 3d6 + — / log™ |Pf, g]|d6 + - / log* 4A4d6 + / log* 4Bdd
2 EiNE, Ei°NE; 2 Es©

27 J g nE, T 2T m

m m

log™ |g(re'®)|do + / log™ |g(re'?)|do
s [ o latrelab+ 57 [ log lg(re')

< (log3 + log™ | P[f, g][)do + - / log ™ | f(ret®)|dg + / log™ 4B df
Ei1°NEs 271'

2T Es°
<

1 27 1 27 27 27
< 7/ log 3d6 + 7/ log™ | P[f, g]|d6 + ﬂ/ log™ 44 d6 + ﬂ/ log™ 4B df
27T 0 27T 0 27T 0 27T 0

1 27 27 27 27
:10g3+—/ 1og+|P[f,g]\d9+T/ 1og+4d9+ﬁ/ log™* A df + E/ log™ B df

= log 3 + m(r, Pf,g]) + 2mlogd +m x m(r, A) + m x m(r, B)
=m(r, P[f,g]) + 5(r, [) + S(r, ). (2.15)
Adding m x N(r,g) on both sides and recalling that N(r,g) = S(r,g) we get

m x T(r,g) <m(r, P[f,g]) + S(r, f) + 5(r, 9)
<T(r,P[f,g]) + S(r, ) + S(r,9). (2.16)

Now adding (2.14) and (2.16), we get
IxT(r, f)+mxT(r,g) <2T(r, P[f,g]) + S(r, f) + S(r,9)
e, %[z < T(r, f) +m x T(r,g)] < T(r, PLf,g]) + S(r, f) + S(r.g).  (2.17)
Next from Lemma 2.4 we have
m(r, PLf,g]) < 20 x m(r, f) + 2m x m(r, g) + S(r, ) + S(r.g).  (2.18)

Finally using (2.18) and by our hypotheses that N(r, f) = S(r, f) and N(r,g) =
S(r,g), we get

T(T,P[ﬂg]) Zm(T,P[f,g])—l—N(T,P[f,g])
<20 xm(r, f) +2m x m(r,g) + S(r, f) + S(r, g)
<2k xT(r, f)+m x T(r,g)] + S(r, f) + S(r,g). (2.19)

Combining (2.17) and (2.19) we obtain the desired result.

Lemma 2.7. Suppose that M,[f,g] is a monomial in f and g. If f and g has

14
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a pole at z = zy of order p and ¢ respectively, then z, is a pole of M;[f,g] of
order atmost (p + ¢ — 2)d(M;) + Ty, .

Proof : Let

M;(f,g) = (F(2)' (FD (). (F P (2))"% (g(2)) ™ (g1 ()™ . (g (2)) 0

be a monomial in f and g of degree

k h
d(M;) = L+ Y mi
i=0 i=0
and of weight
k h
Lo, =Y (64 Dlij + > (i + 1)mij.
i=0 i=0
where loj, 15, ... , lgj, Moz, Maj, ... , My, are non-negative integers.

Now since zj is a pole of f and g of order p and ¢ respectively, zy; will be a pole
of M;[f,g] of order

={plo; + (p+ 1)li; + ... + (p+ k)li; } + {gmo; + (¢ + 1)myj + ...+ (g + h)mp; }

k k h h
:leij +Zilij —&—quij +Zimij
i=0 =1 i=0 i=1

k k h h
= (=D L+ i+l +(g=1)Y my+ Y (i+Dmy
i=0 =0 =0 =0
k h
< (p — 1)d<MJ) + (q — 1)d(Mj) + Z(’L + 1)lij + Z(l + l)mij
i=0 1=0

= (p +q— Q)d(M]) + FMJ
Hence the proof is complete.

Lemma 2.8. Suppose that Q[f,g] is a differential polynomial in f and g.
Let zg be a pole of f and g of order p and ¢ respectively and not a zero or
a pole of coefficients of Q[f,g]. Then 2y is a pole of Q[f,g] of order atmost

(r+q—1)v+ Tqo—9)
Proof : Let N
Qlf,9) = a;M;[f, ]
j=1
where each

M;(f, g = (F()' (F D ()1 (F8 (2)) 1 (g(2) ™0 (g1 (2))™19 .. (g M (2)) s
is a monomial in f and g of degree

k h

d(My) = "lij+ Y mi
1=0

=0

15
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and of weight
k h

FM]. = Z(Z + 1)[1']' + Z(’L + l)mw

=0 =0

Here the degree and weight of the differential polynomial Q[f, g] is given by
d(Q) = max{d(M;) : 1 < j < n}

and
Fg=max{ly; :1<j<n}

respectively.

Now since zp is a pole of f and g of order p and ¢ respectively and not a zero
or a pole of the coefficients of Q[f, g], by using the Lemma 2.7 we can say that
20 is a pole of Q[f, g] of order

< max (p+q— 2)d(M]) +FM]}

1<j<n
< — i .
< wax {(p+q = 2)d(M;)} + max {T, }

(p+q—2)d(Q) +Tq

=@P+q-1d@Q)+[Iq —d@Q)].

Hence the proof is complete.

We now present the main result of the paper.

Theorem 2.1 Let f and g be transcendental meromorphic functions in the open
complex plane and Q1[f, g](Z 0), Q2[f, g](Z 0) be two differential polynomials
in f and g such that v and d(Q1) be the order and lower degree of Q1[f, g], re-
spectively and Qz[f, g] consisting of n arbitrary meromorphic coefficients which
are small functions of f and g. Also let P[f,g] be given by (2.1) where each
ag, a1, ...,a;—1 are small functions of f and bg, by, ..., b,,_1 are small functions of
g If

F = P[f, gl1lf, 9] + Q:[f, 9] (2.20)

and on the circle |z| = r, |f(re?)| = |g(re?®)| > 1, then

L nd(@T(r £) + 12— nd(Q)IT(r.g)

2 2
< N(r )+ Nlr. ) + Lo, = 2(Qa))INr. ) + N(r.g)]
— d{N(, §> — Nl ;» + (N, §> — N, gm +m(r, ﬁ) 80 1)+ 5(r,0),

where d = d(Q1) if | > 2nd(Q2) and m > 2nd(Q2) whereas d = 0 if | < 2nd(Q2)
and m < 2nd(Q2); Ny 1(r, %) denotes the counting function of poles of f where
a pole of f with multiplicity u is counted g times if 4 < v+1 and (v + 1) times
if p>(w+1).

Proof : Without loss of generality we may suppose [ > 2nd(Q2) and m >

16
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From (2.20) we have

ie.,
F = EP[fv ]Ql[f,g]+%Q2[f,9]- (2.21)

Again differentiating (2.20) we have

= (P[f,9])Qlf, g1 + PLf. gl (Qu[f. 9])" + (Q2[f. )" (2.22)
Now comparing (2.21) and (2.22) we have

B PU @7, 01+ Qulf. 6] = (PLL. gl QLS 1+ PLF, 6@l ol) (@21 )

be. ToPU G0~ (PLS, )Y @il 0l PLS,al(@ilf. 6l = (Qalf.0)) sl
e PG a- A Qg (@l o)) = (@l o)~ Qalfd
N PIf, Q" [f. 9] = QU] (223)
where o P ,

@lrd - Loilrd - Ao - @iray ez
and

Qlf.6] = (@lF.6) ~ "= Qul.a). (225)

First we suppose that Q*[f, g] # 0. Then from (2.23) we have Q[f, g] Z 0.
Now a monomial in f and g is an expression of the form

M;lf, 9] = [fN [F D @) [f B @] [g(2)] 0 [gD ()™ [g ™ (2)) s

with degree
k h
d(My) =Y Lij+ Y mi,
i=0 i=0
where loj, 15, ... , lgj, Moz, M1y, ... , My, are non-negative integers.

On differentiation, we get

(V11,91 = los (£)1 7 (FO) 4 (£09)1 ()0 (g™ (gt
g () (FD) L (FO) 8 (g (g )™ (g )™
e D () (P01 (000 D) g )0 (g (g 00
o may (£)1% ()£ (gm0 (g1 1. g0y
(£ (DY (£ (g3 (g™ 0 (g1 .
et g ()1 ()5 (£09)05 (gms (gD (gL 0D,

+m1]

17
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Hence

d(Mj) = maz{[(lo; — 1) + (I + 1) + ... + L + moj + maj + ... + mp],
loj + (Lij — 1) + (loj + 1) + ... + lij + moj +maj + ..o+ mpg), ...
llog F 4+ (g — 1) + 14+ mo; +may + ..+ myyl,
[loj +11j + ... + lkj + (mo; — 1) + (ma; + 1) + ... + majl,
loj +lij+ .. + Uy +moj + (maj — 1) + (moj + 1)... + myjl, ...
llog F 4+ g +Fmog +mag + o+ (mpy — 1) + 1]}
= max{d(M;),d(M;),...,d(M;)}
= d(M;).

Thus we can write d(Q2) = d(Q%). Hence from (2.25) we have d(Q) = d(Qx).

Now using Lemma 2.1 on (2.23) and assuming that the coefficients of Q*[f, g]
and Q[f, g] are small functions of f and g, we get

m(r,Q*[f, g]) = m(r, Pif g]) + S(r, f) + S(r, g). (2.26)
Again from (2.23) we have
m(r PLf.g) = m(r )
1
<m(r,Qlf,g]) +m(r, oL g])- (2.27)

Using (2.25), Lemma 2.5, Milloux’s theorem and the fact that the coefficients
of Q2[f,g]) are small functions of f and g we have

m(r.QIf.g)) = m(r. (Q1f.g]) ~ = @ulf.)

(QQ[fag])/ _ E/})
QQ[fag] F

< m(r, Qulf. g]) + mir. (%Z[{J; gg?’) min -y o)

F
= m(r, Q2[f, g]) + S(r, f) + 5(r. 9)
< nd(Q2)[m(r, f) + m(r,g)] + S(r, f) + S(r,g). (2.28)
Also, by the First Fundamental Theorem and by using (2.26) we have

1 .
n O g]) =T(r,Q"[f.9) +0(1)

1 1 . )
m) +N(r, o7, g]) =m(r,Q"[f,g]) + N(r,Q[f,g]) + O(1)

1 1 1 )
T N g = B PN QL gD )48 ()

1 i} 1 1
) N U Bl

= m(r, Q?[fv g]{

T(

i.e.,  m(r,

i.e., m(r,

i.e.,  m(

)+S(r, f)+S(r, g)-
(2.29)

18
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Using (2.28) and (2.29) in (2.27) we can write

m(r, P[f,g]) < nd(Q2)[m(r, f) + m(r,g)] + N(r,Q"[f,g]) — N(r,
+m(r,ﬁ) +S(r, f)+ S(r,9). (2.30)
Now using (2.13) and (2.15) in (2.30) we get
l m - . 1
5 X m(r, f) + 5 x m(r, g) < nd(QQ)[m(rv f) + m(r, g)] + N(T7 Q [fa g]) - N(’I", m)

-+ m(r,

1
P[ﬂg]) +S(r, f)+ S(r, 9).

. " nd * -
e [ = nd(@)lm(r, ) + [ = nd(@)lm(r,9) < N(r, @"[f,9) = N )
1

+m(ram) +S(r, f) +S(r,9).
(2.31)

Obviously, from (2.24) we can say that the poles of Q*[f, g] occurs possibly only
from the zeros of F and P[f, g], the poles of f and g and the zeros and poles of
the coeflicients. Also we can note that the zeros of F' and P[f, g] are at most
simple poles of Q*[f, g].

Now suppose that zg is a pole of f and g of order p and ¢ respectively and not
a zero or a pole of the coefficients of P[f,g], Q1[f, g] and Q2[f, g].

Then from (2.1) we can say that zq is a pole of P[f, g] of order pl + gm.

Also by using Lemma 2.8 on (2.25) we can say that z is a pole of Q[f,g] of
order atmost (p + ¢ — 2)d(Qz2) + g, .

Now from (2.23) we have

O
(Y

[f, 9]
P[f,g]

and hence we can say that if zg is a pole of @*[f, ¢, it will be a pole of Q*[f, g]
of order atmost

Q*[f, 9] =

(p+4q—2)d(Q2) +Tq, — (pl +qm)
= [FQ2 - 2J(Q2)] —pll - CZ(Q2)] —qlm — J(Qz)}-

Thus we obtain

V(r, =) + N(r, =) + [Ta, — 2(Q)|[N(r, ) + N(r.g)]

N Q'1f.) < Nl )+ Nlr i
- [l - J(QQ)]N(T7 f) - [m - CZ(Q2)]N(T7.9) + S(Tv f) + S(Tv g)-
(2.32)

Again we can say that the order of the differential polynomial (Q1[f,g])’ is
v+ 1. Now let zy be a zero of f and g with multiplicities p;(> v + 1) and
uo(> v +1). Then by Lemma 2.2, we can see that zp is a zero of Q1[f, g] with
multiplicity at least (u—v)d(Q1) where p = min{puy, po}. Also zp may be a pole
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of [£ (1;[[’}57]) | of order atmost 1. Hence 2 is a zero of [£- — (P[f g]) @111, 9]
with multiplicity at least (1 — v)d(Q1) — 1.

Again, since d(Q}) = d(Q1), it follows from Lemma 2.2 that zo is a zero of
(Q1[f,g]) with multiplicity at least (u — v — 1)d(Q1).

Hence, assuming d(Q) > 1, from (2.24) we can say that zg is a zero of Q*[f, g]
with multip11c1ty at least (u—v —1)d(Q1).

Thus if N(r, | fyg = 0,> v+ 1) denotes the counting function of those
poles of Q*| f, ], counted with proper order, which are zeros of f and g with
multiplicities greater than v+1; N(r, %| > v+1)and N(r, %| > v+1) denote the
counting functions of those zeros of f whose multiplicities are greater than v+1,
counted according to its multiplicities and ignoring its multiplicities respectively,
then

1 1
N(T7m)2N(7’7m|ﬂ9=0,>u+l)
> d(Q1)[N(r, }| >v+1)+ N(r, f| >v41)
—d(Q1) (v +1)[N (r,?|>y+1)+N(r,$|>y+1)}
S(r, )+ S(r,9)
=d(Q)[V (,%) {N(T’l\§V+1)—|-(V+1)]\7(r,%|>1/+1)}]

+d(Q1)[N(r, ) {N(Tf|<u+1)+(u+1) (7“*|>V+1)}]

S, 1) + S0
— d(Q1)IN(, §> — Ny, %)1 +d(QUN(r, §> Nl gn
+S(r, )+ 5(r, 9) (2.33)

If d(Q1) = 0, (2.33) obviously holds.
Now using (2.32) and (2.33) in (2.31) we get

3~ nd(@lm(r 1) + [y~ nd(@2)mir,o)
< N(r, %)+ N(r, ﬁ) + [Pay — 20(Q)][N( f) + N(r.g)
1 1

7?)
= [1=d(@Q2)IN(r, f) = [m — d(Q2)IN(r, 9) — d(Q1)[N(r, }) — Ny (r, ?)]

— d(Q1)[N(r, é) = Noga(r, é)] +m(r )+ 5(r, f)+5(r9)

1
" P[f, 9]

ie., [% — nd(Qs)|m(r, f) + [% — nd(Q2)]m(r, g)

< N(r, %) + N(r, ﬁ) +[Pq, — 2d(Q)][N(r, f) + N(r,g)]
_ [é —nd(Q2)IN(r, f) — [* —nd(Q2)]N(r,g) — d(Q1)[N(r, %) — Ny (r,

— d(QUIN(r, §> — Ny, én T+, ) + 8(r, ) + 5(r )

1
PIf, 4]

20
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e [y =~ nd(@)IT(r, 1) + [ —nd(@)]T(r,0)
< N(r )+ Nlr. ) + [P = Q)N r. 1) + N(r.o)]
~ QNG ) = Nona (. Pl = d@UING. 0) = N )
+m(r, P[; )+ S ) +5(09)
Next let us suppose that Q*[f, g] = 0, then from (2.23) we have

Qlf, 9] =0,

which implies from (2.25),

(@lf.a) - qulf.g) =0

L@l P
T Qafy ] F
Integrating we get
F= ClQ2[f7 g]
ie., Plf,glQilf gl + Q2lf, 9] = C1Q2[f, 9],  using (2.20)
i'e'7 P[fa g]Ql[fvg] = CQQ[fa g}? (234)

assuming C7 — 1 = C( 0) is a finite complex number.

Now using the Lemma 2.1 and assuming that the coefficients of Q1[f,g] and
Q21f, g] are small functions of f and g, we get

1
m(r,Qulf. ) = mir. i)+ S £) + S(r:9) (2.35)

Again from (2.34) we have

= mlr QZ[fa g]

m(r, P[f, g]) = m( ’CQl[f,g])

< m(r,Qzf.g)) +m(r,ﬁ) +0(1). (2.36)
Using (2.13) and (2.15), we can rewrite (2.36) as following
3 Xl )+ 5 X mir.g) < mir, Qulf.a]) + mir. o) £ S() + S(r.0).

(2.37)
Again if Qs[f, g] consists n arbitrary meromorphic coefficients then applying
Lemma 2.5 and using the hypothesis that the coefficients of Q[f, g] to be small
functions of f and g, we get

m(r, Qa[f, g]) < nd(Q2)[m(r, ) +m(r,9)] + S(r, f) + S(r,9). (2.38)
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Also, by the First Fundamental Theorem and using (2.35) we have
1

T(Ta Ql[fa g]) = T(Tv Ql[f’ gD + O(l)

; 1 L =m(r T

i-e., m(ﬂm)'i'N(Tam) =m(r,Q1[f,g]) + N(r,Q1[f, g]) + O(1)

] ! ! = T m(r ! 7 r

1.€., m(r, m>+N(T7 M) - N( an[fa g])+ ( ) P[f7 g])+S( ’f)+S( vg)

) L = r —N(r 71 m(r 1 r T

1.€., m(r, Ql[fyg]) - N( 7Q1[fvg]) N( an[f’g])—’_ ( 7P[f,g])+5( 7f)+S( ag)
(2.39)

Now using (2.38) and (2.39) in (2.37) we get

5 X m(r )+ 5 x m(r.g) < nd(@lm(r.£)+ m(r. )] + N Qull.g) = N )

1
(g )+ 50 6) + 5(r9)

i [~ nd(Qa)lm(r, )+ [y~ nd(@2)}m(r,9)
1 1
< N(Tan[fv g]) - N(Tv M) + m(r, P[f,g]

)+ S(r, f)+5(r.g)
(2.40)

It is clear that a pole of @Q1[f,g] is either a pole of f or g, or a pole of the
coefficients of @1[f, g]-

Now suppose that zg is a pole of f and g of order p and ¢ respectively and z
is not a zero or a pole of the coefficients of P[f,g], Q1[f,g] and Q2[f, g]. Then
from (2.1) we can say that zg is a pole of P[f, g] of order pl + gm.

Also from Lemma 2.8 we can say that zp is a pole of Q2[f,g] of order atmost

(p+q—2)d(Q2) + T,
Now from (2.34) we have

QQ[f7 g]
P[f, 9]

and hence, we can say that 2z is a pole of Q1[f, g] of order atmost

Qilf, g9l =C

(p+q—2)d(Q2) + g, — (pl +qm)
= [FQ2 - 207(@2)] —pll - J(QQ)] —q[m — J(Qz)}-

Thus we obtain

N(T’7 Ql[fa g]) < [FQ2 - QCZ(QQ)} [N(T7 f) + N(T’, g)] - [l - J(QQ)]N(T7 f)
= [m = d(Q2)IN(r,g) + S(r, f) + S(r, 9). (2.41)

Again if zp be a zero of f and g with multiplicities p1 (> v +1) and p2(> v +1)
then by Lemma 2.2, we can see that zy is a zero of Q[f, g] with multiplicity
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greater than (u — v — 1)d(Q1) where p = min{u, p2}.
Thus we have
1 1
) > N(r, 5=
alra = "oy

> d(Q1)[N (,;|>V+1)+N<r,,|>y+1>]

lf,g=0,>v+1)

N(r

—d(Q)(v + 1[N (r, 5 |>V+1)+N(7“,*|>V+1)]

S(r. f)+ S(r.g)
— d(QUIN(r, }) {N(r1|<u+1> <u+1)N(r§|>u+1>}]

+ d(Q1)[N(r, g) {N(r, *|<V+1) (v +1)N(r, *|>V+1)}]

S(r. f)+ S(r.g)
— d(QV)N(r, §>—Nu+1<r P+ d@uING ;>—Ny+1<r,§>]
S(r, )+ S(r,9) (2.42)

Now using (2.41) and (2.42) in (2.40) we get

5~ nd(@lm(r 1) + [y~ nd(@2)mir,o)

< [FQz - 262(@2)][N(T7 f) + N(r> g)]
— [l = d(Q2)IN(r, f) = [m — d(Q2)]N(r,

9) = QNG 1) = Ny . 7)
~dQUING. ) = Nowa (1 2]+ mlr. i) + S(r.f) + S(r.0)

e I3 = nd(Qa)lm(r, 1) + [y~ nd(@2)m(r,g)
= 1 — 1 - _ _
< N(r, 7))+ N m) + [P, — 2d(Qa)][N(r, f) + N(r,g)]
-5~ nd(@ING. )~ [ ~ nd(@IN(r.g) = dQ)IN(r 7) = Noia (¢ 7)
1

~ d(QUIN(r. ) = Ny (. )]+ mlr, o)+ S(r. 1) + S(r.9)

l - m - )

[ ) + [FQz - 26{(@2)“]([(717 f) + N(T‘, g)]
1 1 1
— Ny (r, ?)] —d(Q1)[N(r, 5) = Nyga(r, E)]

+S(r, f)+ S(r, 9).

PIf, 9]

Hence the proof is complete.
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